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The response of a critical chain-reacting pile to a thermal neutron absorber which is oscillated 
back and forth inside the pile is calculated. It is shown that at frequencies which are low com- 
pared to the periods of delayed neutrons, the neutron intensity in the pile rises and falls as a 
whole, the shape of the stationary distribution always being maintained. As the frequency of 
the oscillation increases, the nature of the neutron response changes from the over-all fluctua- 
tion characteristic at low frequency to a propagated and attenuated neutron wave which 
emanates from the neighborhood of the oscillator. These neutron waves set up at high fre- 
quencies are entirely analogous to the familiar thermal waves which are established in Ang- 
strom’s method of measuring thermal conductivities. It is pointed out that since the pile 
equations are linear, the amplitude of the oscillating response is proportional to the total 
neutron absorption of the oscillated absorber, and therefore a known and an unknown absorber 
can be compared by observing the magnitude of the neutron oscillations caused by each. 





1. INTRODUCTION 


F a chain-reacting pile is modulated, i.e., if its 
reactivity is subjected to periodic fluctuations 
about critical, the neutron flux in the reactor 
will undergo oscillations of the same period. 
Qualitatively this is evident since the flux waxes 
while the reactor is super-critical and wanes 
while the reactor is sub-critical. 

If the reactivity modulation is effected by 
periodically moving a neutron absorber between 
regions of high and low flux, then, since the pile 
equations are linear, the amplitude of the result- 
ing neutron fluctuation must be proportional to 
the magnitude of the absorber. Thus a known 


* Declassified June 7, 1948. 

** Work performed under Contract No. W35-058, eng. 
71, with the Atomic Energy Commission, and the informa- 
tion contained herein will appear in the National Nuclear 
Energy Series as a contribution of the Oak Ridge National 
Laboratory. 


absorber can be compared with an unknown by 
measuring the amplitudes of the neutron re- 
sponses when each of the absorbers is oscillated 
in the same way, inside the pile. 

In addition to reducing the reactivity of the 
pile, a localized absorber introduced into a chain 
reactor also lowers the neutron flux in its imme- 
diate vicinity. If the absorber is moved back and 
forth, this local neutron depression will move 
with the absorber, and the response in a nearby 
neutron-sensitive chamber will fluctuate with the 
same frequency as that of the oscillating ab- 
sorber. This local response, like the over-all re- 
sponse which arose from the reactivity modula- 
tion, is also proportional to the size of the ab- 
sorber, and hence can also be used to compare 
two neutron absorbers. Both methods have been 
used for neutron absorption cross-section meas- 
urements, the reactivity response by A. Langs- 
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dorf! and the local response by Pomerance, 
Hoover et al.” 

The character of the response to an oscillating 
absorber depends on the frequency of the oscilla- 
tion. At low frequencies the reactivity change 
predominates and the pile response is adiabatic: 
the neutron intensity rises and falls, always keep- 
ing essentially the shape it had before the ab- 
sorber was oscillated. At high frequencies the 
positive and negative reactivity changes tend to 
cancel and what remains is the local depression. 
This depression in neutron intensity is propa- 
gated away from the absorber as a damped wave 
which is reflected at the pile boundary. The 
wave-length, velocity, and attenuation length of 
the waves depend on the properties of the chain- 
reacting medium. These ‘‘neutron waves’ are 
analogous to the thermal waves set up in a con- 
ducting medium in which is placed a localized 
heat source whose strength varies periodically. 

In the present paper we calculate the response 
of a pile to a periodically varying absorber. In 
particular we trace how the neutron response 
changes from an over-all fluctuation at low fre- 
quencies to a propagated wave which appears at 
high frequencies. The considerations reported 
here are a generalization of results first obtained 
by Cahn, Monk, and Weinberg? (for a reactor in 
which slowing down was ignored) and then ex- 
tended to age theory slowing down by Wigner.‘ 
The method used bears considerable resemblance 
to that employed by Placzek and Volkoff® in 
discussing the response of a sub-critical pile to a 
stationary neutron source. 


2. THE PILE EQUATION 


We consider a non-reflected, homogeneous, 
uniform chain-reacting pile which is just critical. 
We suppose that the extrapolation distance is 
independent of the energy so that the density of 
neutrons of all energies extrapolates to zero at 
the same distance beyond the pile boundary; this 


1 Alexander Langsdorf, Jr., Bull. Am. Phys. Soc. 23, 
No. 3, 20 (1948). 

2H. Pomerance and J. I. Hoover, Phys. Rev. 73, 1265 
(1948); also J. I. Hoover, W. H. Jordan, C. D. Moak, 
L. A. Pardue, H. Pomerance, J. Strong, and E. O. Wollan, 
Phys. Rev. 73, 1259 (1948). 

3 A. Cahn, Jr., A. T..Monk, and A. M. Weinberg, Metal- 
lurgical Project Report, CP-2907. 

4E. P. Wigner, Metallurgical Préject Report, CP-3066. 
as a} Placzek and G. Volkoff, Can. J. Research A25, 276 
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assumption simplifies the analysis enormously 
without introducing any important error so long 
as the pile is large compared to the extrapolation 
distance. The pile equation, which describes the 
slowing down, diffusion, and multiplication of 
neutrons, is 


eo 


k 
DAno—opn0+-(1 —B)arf no(r’)P(|r—r’ | )dr’ 
p 





+5 f Per par=0, (1a) 
(k/p)Bjopno— (cio/7;) =0, (1b) 


where 


no(r) = thermal neutron flux at r, i.e., number of neu- 
trons/cc Xaverage velocity, v. 
D=thermal neutron diffusion coefficient + 2. 
op=thermal neutron absorption cross section of 
pile per cc. 
k=multiplication constant; i.e., average number 
of neutrons produced per neutron absorbed. 
p=resonance escape probability; k/p is the aver- 
age number of neutrons produced per slow 
neutron absorbed. 
6;=fraction of neutrons produced per fission 
which are delayed with a mean life 7;. Each 
delayed neutron comes from a delayed neu- 
tron emitting fission fragment. 
=z Gj. 

P(|r—r’|) =the prompt neutron slowing down function, 
i.e., number of neutrons becoming slow at r* 
due to a prompt fission neutron produced at 
f in an infinite chain-reacting medium having 
the same slowing down and resonance absorp- 
tion characteristics as the actual pile. Since 
the resonance escape probability is p, 


J P(l—1'|)de' =p. 


cio(t) =density of fission fragment nuclei at r which 
will emit a delayed neutron with mean life 7;. 
P;(|r—r’|) =jth delayed neutron slowing-down function, 
ie., number of neutrons becoming slow at r’ 
due to a jth-type delayed fission neutron pro- 
duced at r in an infinite chain-reacting me- 
" dium. P;(|r—r’|) may differ from P(|r—r’|) 
because the energy of the delayed and prompt 
neutrons may not be the same. 


In Eq. (1a), DAmpo is the net diffusion flow of 
neutrons into a cubic centimeter, opm is the 
number of thermal neutrons absorbed per cc per 
second, while the two integrals represent the 
number of neutrons which become thermal per 
cc per second at r after birth as prompt or delayed 
fission neutrons, respectively. 
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The integrals in (1a), as indicated by sub- 
scripts ©, are to be extended over all space. At 
first sight this would appear incorrect since the 
reactor is finite. However, as is well known in pile 
theory, #o(r), and therefore cj, satisfy 


Ano(r) + ko?n0(r) =(, (2) 


ko’ being a constant; hence, as will be shown 
below, the integrals 


a(t)=(#/P)(1— Bo» f mole’) P(|t—¥'[)ar’, (3) 


oo 


and 





jo(r’) 
q(t) = { OEP |r—r'|)dr’, (4) 


Tj 


which represent the number of prompt and de- 
layed neutrons becoming slow at r, satisfy the 
same boundary conditions as o(r). Thus the slow 
neutron production density g(r) [and q,(r)] is a 
linear superposition of infinite system slowing- 
down functions which satisfies the same bound- 
ary conditions as the thermal neutron density. 
Since we assume the density of neutrons of all 
energies extrapolates to zero at the same distance 
beyond the pile boundary, g(r) and q;(r) are the 
proper production densities for a finite pile, i.e., 
it is correct to extend the integrals in (1) over 
all space. 

The physical meaning of the preceding re- 
marks, which are fundamental in pile theory, is 
the following: 

The neutron distribution in a finite pile (in 
which the extrapolation distance is energy inde- 
pendent) can be calculated by extending the pile 
to infinity and finding the asymptotic neutron 
distribution in this infinite system. This solution 
oscillates, positive neutron densities alternating 
with negative ones ad infinitum. The positive 
and negative densities are so distributed that on 
the extrapolated pile boundary their superposed 
effect vanishes. In particular, the production 
density g(r) in a finite pile is the same as that in 
an infinite system in which the neutron density 
n(r) is the analytic continuation of the density 
appropriate to the finite system. 

The regions in which the neutron density is 
negative may be called “‘negative’’ piles. The 
positive and negative piles constitute a system 
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of images of the sort commonly used to solve 
ordinary boundary-value problems. In problems 
ordinarily encountered, which lead to non- 
homogeneous differential equations, e.g., the po- 
tential of a pre-assigned source distribution, the 
system of images can be constructed easily only 


‘if the bounding surface has sufficient symmetry. 


In the pile case, however, even if the boundary 
is arbitrarily shaped, the proper intensity and 
distribution of the image piles are automatically 
given “by the analytic continuation of the 
asymptotic neutron distribution defined by (2) 
outside the pile. 

It remains to show that gq, g;, and mp all satisfy 
the same boundary conditions (actually it will 
be shown that these functions are everywhere 
proportional). We represent mo(r) as a Fourier 
integral: 


no(t)= f A(e)e*de, 


where a=a,i+a,j+a,k is a vector integration 
variable. Since m(r) satisfies (2), the function 
A(a) must vanish unless a? = xo”; i.e., it is propor- 
tional to a 6-function on the surface of a sphere 
of radius xo. Now 


k 
q(t) =-(1—A)e, f no(t’)P(|r—r' | dr’ 
Pp 


i) 


k 

—"1-Ben ff Ae P(r—¥ )ar'da 
k 

“a “Barf A (a)e*"da 


x f ee -oP(|r—r' ate’), 


or, since A(a@) is a delta-function, i.e., since 
A (a) = 0 for a’? Ko’, A (a) = 0 for a’ = Ko’, 


k 
q(r) Ss —B)opP(xo?)no(r), (5) 
where P(xo?) is the three-dimensional Fourier 
transform of P(|r—r’|): 
SiN Ko? 


P(e?) =49 f F P(r)——r"dr. (6) 
0 


Ko? .- 
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An exactly similar argument shows that gq; is also 
proportional to m9(r): 


Cio(K) _ k = 
P;( ko?) tata a (7) 





q;(r) = 

Tj 

where P;(xo?) is the Fourier transform of the jth 
delayed neutron slowing-down function. 

The characteristic equation which ko satisfies 

is found by substituting the expressions for g(r) 

and q;(r) from (5) and (7) into (1), The result is 


R 
—P (Ko) — Lx — 1 = 0, (8) 


where 


Pu (ic?) = (1-8) P(x) +E BP, (ne). 


Since xo? depends on the size of the pile—for 
example, xo?=72’/R? for a sphere of radius R— 
Eq. (8) serves to determine the critical size of a 
pile in terms of its microscopic properties. 

We now suppose that an absorber, whose ab- 
sorption cross section per cc at position r and 
time ¢ is o,(r, t), is placed in the pile. We assume 
that introduction of the absorber does not alter 
the pile scattering cross section. Since the pile is 
critical before the absorber was introduced, it 
will not be so, on the average, after the absorber 
is in place unless the multiplication constant is 
increased (by moving a control rod out) to a new 
value k’>k. After this adjustment has been made 
the pile equation is 


DAn—([op+coa(r, t) ]n 


k’ 
4—(t~<pited f n(r’, t)P(\r—r' | dr’ 
p 


@ 





i(r’, | 10 
+> f- OC piesttn (9a) 
7 2 Tj v ot 
(k’/p)Bjopn — (c;/7;) = Oc;/dt, (9b) 


where the subscripts of Eq. (1) have been 
dropped. To determine how much k’ must differ 
from k in order that the pile remain critical, on 
the average, we multiply (1a) and (ib) by 2, 
(9a) and (9b) by mo, subtract, integrate over the 
pile, and integrate with respect to time from 
time 0 to «. The integrals involving mpAn and 
nAno vanish by Green’s theorem and the homo- 
geneity of the boundary conditions, Now the 
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integral in (9) of the form 


f n(r’, t)P(|r—r’|)dr’, 


i) 


(10a) 


where the integration is extended over all space 
and P(|r—r’|) is the slowing-down function ap- 
propriate to an infinite system, is equivalent to 
f n(r’, t)Pp(r, r’)dr’, (10b) 
p 
where the integral extends over the pile (p), and 
P)(r, r’), the slowing-down kernel in a finite pile, 
can be constructed from P(|r—r’|) by a suitable 
superposition of images. The equivalence of the 
pile integral (10b) and the all-space integral 
(10a) follows from the fact that the all-space 
integral vanishes on the extrapolated pile bound- 
ary. This, therefore, insures that the linear super- 
position of infinite system slowing-down kernels 
represented by the all-space integral is exactly 
that superposition which satisfies the boundary 
conditions on the finite pile. To show that (10a) 
vanishes on the extrapolated boundary of the 
pile we express n(r, ¢) as a superposition of func- 
tions Z,(r) which vanish on the extrapolated pile 
boundary and satisfy the wave equation 


AZ,(r) +«,7Z,(r) =0; 
that is, 
n(r, t) => n,(t)Z,(r), 


n,(t) being expansion coefficients and »v being an 
index which orders the eigenfunctions. Upon 
substituting this expansion into (10a) we obtain 


f n(r’, t)P(|r—r’| dr’ => n,(t)Z,(r) P(x,?), 


i) 


which vanishes on the boundary, even for arbi- 
trary n,(t). The double integrals can therefor 
be transformed thus: e 


ff no(r)P(|r—r’|)n(2’, t)dr’dr 
Pw 
ff no(r)P»(r, r')n(r’, t)dr’dr 
pvp 
- f f no(t)P(|r—r'|)n(v’, t)dr'dr 
ao’ p 


= P(x?) f w(t’, t)me(t’)dr’. 
p 
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The result of the manipulation with Green’s theorem is therefore 


k'—k 
{ Bet) = = lim 





f f ca(t, #)m(r, t)mo(r)drdt 
0 p 





p T+. 


és f : f n(x, t)mo(2)drdt 


[no 


+ 


;» P (xo?) {e,(r, T) —c;(r, 0)}+ 


7 v 





’ T)- ’ \ 
n(r, T)—n(r i 





Since k’ is so adjusted that the pile remains 
critical on the average after the absorber has been 
introduced, (r,t) and c;(r,¢) are bounded as 
t+; the second term on the right therefore 
goes to zero at long times 7. Thus the required 
change in k is 





f (oaNNo) dt 
p r) 
k'’—k=— ' (11) 
Pwy( ko?) 
Tp J (nno) dt 
where . 
1 > 
(gaNNo)w = lim — f Tannedt. (12) 
T+ z 0 


If we introduce the notation 


Se= lim -- J Jf oa(f, parat| (13) 


oa(f, 4 
Nie 





(14) 


a 


? 
J J f(r, t)n(, t)no(r)drdt 
n= lim , (15) 


Pa J 4 n(t, t)n(r)dedt 


the required k change is 








> (16) 
Ade, 


ok=k'—k= 


The quantity S, is equal to the time average of 
the absorption cross section per cc of the absorber 


i 


oof f ne, t)no(r)drdt 
0 “p 


multiplied by the volume of the absorber; 7 is the 
average ‘“‘statistical weight’’ of the pile region 
occupied by the absorber. Thus Eq. (16) is the 
generalization for a time-varying absorber of the 
usual statistical weight formula: the average 
change tn multiplication constant caused by a time- 
varying absorber is the average cross section multi- 
plied by the average statistical weight of the absorber. 
Since the time average is over mo, or, approxi- 
mately, over the square of the neutron density, 
the average k change is not the same as the k 
change caused by the absorber if it were sta- 
tionary in its average position. 





The following example illustrates this point. Consider a 
point absorber which oscillates along the z axis perpendicu- 
lar to the faces of an infinite slab pile with amplitude é 
and frequency w/2x around z=2Zo. Then 


f(r, t) =8(so—2+£e™")5(x)5(y), 


and 


n(r) = sins no(r), 


H being the width of the pile, H>¢. It is understood 
throughout that only the real part of the exponential is to 
be used. If the sink were stationary at its equilibrium point, 
Zo, the statistical weight, 70, would be 


sintm=? 
= H Ss 2 a 
an indica 
i iy sin? dz a a 
0 H 


Since the absorber oscillates, its actual average statistical 
weight is 


7 f. , J. % 5(29 —2+£e'*) sin*dedt 2 





=F sin 
j of he in*dedt 
wig? 082722. 
+75 C87 


If the absorber oscillates around zo=H/4, the average k 


nee Ay 


Bo MG lj Rp elt ey 


' 
: 


REO SRLS 


we eT 


Si RYOBI F 


Pe IE GRE TLE BS 
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change is the same as the k change at the average position, 
since the two statistical weights are the same. If 3H/4>2 
>H/4 (toward center), the k change is less than the sta- 
tionary value, while if zo<H/4, the k change is greater. 


3. SOLUTION OF THE PILE EQUATION 
FOR OSCILLATING ABSORBER 


We now calculate the pile response to an ab- 
sorber of small volume V, and cross section ga 
which is oscillated back and forth about the point 
Yo with frequency w/2m and amplitude || in the 
direction 9. We assume that || is small compared 
to any pile dimension. Then by definitions (13) 
and (14), 


(17) 
(18) 


Se == Va, 
f(t, t) =6(to—r+ge*), 


where 6(r) is normalized to 


foaar= ff foeoa@andyds=1. 


If |ro—r| is large compared to ||, it is appro- 
priate to expand the 6-function formally in 
Taylor’s series and keep only the first two terms: 

f(r, t) ~6(to—1r) +e“'o-Vi(ro—r), ~ (19) 
where V is the gradient with respect to rm. The 
higher terms in this expansion have frequencies 
which are multiples of w; if the detecting equip- 


ment is tuned only to w, these overtones will not 


be recorded. 

The neutron and delayed emitter densities will 
consist of a stationary part, (7, ¢;), and an oscilla- 
tory part, (y(r)e!, w;(r)e™*): 


n(r, t)=n(r)+y(r)e**, (20a) 


c;(r, t) =é,(r) + w;(r)e*. (20b) 
In (20), and in the remaining calculations, 
only the real part of any complex quantity is 
significant. 

Upon substituting (17), (19), and (20), into the 
pile equation, (9), and equating time-dependent 
and time-independent quantities, we obtain for 
the oscillating part of the flux, 
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k 
Diy et - ~e f y(r’)P(|r—r" | )dr’ 
p 


4) 





+z f = °PA\e—# Dae’ —y 


Ty 


= Savio: V6(ro—r) + Sayd(ro—1r) 


bk 
ane ies f y(r’)P(|r—r’|)dr’, (21a) 
p 


i} 


k bk W, | 
Bio py +—Bjo py —— — Www; = 0. 
p p 


Tj 


(21b) 


Since y vanishes with S,, the terms Say, yék, 
and 6kfy(r’)P(|r—r’|)dr’ are of second order 
in Sa, and, on the assumption of weak absorber, 
can be neglected. Similarly, 7i(r) in the term 
Satie: Vé(ro—r) can be replaced by mp(r), the 
density before the absorber was introduced (this 
corresponds to using Born’s approximation). 

Since the amplitude of motion, |@|, is small 
compared to the pile dimension, m(r) [or mo(r) ] 
in (21) can be expanded around fo. Thus, for 
points not too near to the absorber, 


Sato: V6(ro—r) = Sa[ no(Fo) 
+ (r—fo)- Vno(to) JLo: V6(r—ro) | 
= Sa(o-V)[mo(to)6(r—1o) J. (22) 


In this approximation, therefore, the solution to 
(21) can be obtained by solving 


k 
DAg—o,9-+—(1—A)s» f g(r’) P(|r—2" | dr’ 





p wo 
w;(r’) 1a) 
+E f Pi(lr-2' ar’ 
7 a. TH Vv 
= 'aNo(o)d(r—Fo), (23a) 
k Wj 
—Bjo pj —— —twb;=0, (23b) 


7; 


and taking the directional derivative o-V of the 
results: 


(24a) 
(24b) 


y(t) = (9° V)9(, To), 
w(r) = (9-V)w(r, fo). 


The solution g of (23a) when multiplied by e 
represents the oscillatory part of the response to 





OSCILLATING ABSORBER IN CHAIN REACTOR 


a point absorber at ro whose absorption cross 
section oscillates with amplitude S,. 
To solve (23) we first replace #; in (23a) by 
its value from (23b): 
k Bjopi 
oj=—-———. (25) 
p tw+1/7; 
We then expand # and 6(r—ro) in the complete 
orthonormal set ’ 


Z,(r), 


*which consists of those solutions of 
AZ,(r)+«,7Z,(r) =0, 


which vanish on the extrapolated boundary. 
Thus 


(26) 


g(t) =X 9,Z,(r), 
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where 


j.= J 9(r)Z,(r)dr. 


The index » is an abbreviation for the three*in- 
dices (A, u,v) in case the pile is three dimen- 
sional, and the characteristic functions depend 
on three coordinates. 

Since 


f 2@)PCl—2'|)de’ = P(eA)Z(0), (28) 
the integral terms in (23a) reduce to 


f 9@)P(r-r pares G»P(«2)Z,(t). (29) 


a) 


After substituting the expansion (27) for g(r) in 
(23a) and (23b), and equating coefficients of Z,, 








6(r—fo) = x Z,(t)Z,(¥o), (27) there results 
= ee 2p 
g(r) =— > k = = = : (30) 
Tp ” 2 
"= (1-8) Pl?) +E P(x?) | — Le? — ior 
p il WT j . 


where r=1/v<, is the lifetime against capture of a thermal neutron in the reactor, and L=(D/c,)! 
is the diffusion length of the thermal neutrons. With this value for 7, we find, finally, 


Sa 
u(r, t) =n(t) +y(r)e*! =n (£) ++—(0-V)mo(0) 


Oop 





Xd 





Z,(10)Z,(r)e! 
; P , (31a) 
—| (1—8)P(«,2)-+, ——P,(«,2) } —L%«,2—1—ter 
p i 1+4tw7; 
(31b) 


k B; j iy . 
cj(r, t) =E;(r) +w;(r)e* =6;(r) +— ON 
Pp 1+107; 





The real parts of Eqs. (31a) and (31b) constitute the formal solution of the problem. We now dis- 
cuss the physical properties of the solution in various cases. 


a. Absorber of Fluctuating Strength Distributed Uniformly throughout Pile 


In this case 


Sa 
oa(r, t) =—(1+ae'), (32) 
V 


Pp 
where JV, is the pile volume and a measures the relative amplitude of the oscillation. The oscillatory 


part of the neutron density can be obtained from g(r) (which, except for the factor e“‘, is the solution 
for a stationary point absorber whose strength oscillates with amplitude S,) by integrating with 
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respect to rp over the whole pile and multiplying by ae‘. Since mo(ro) is proportional to Zo(fo), all 
terms except the fundamental disappear in the integration, and the result is 








aSa no(r)e* 
n(r, t)=7"(r)+ = ’ (33) 
rp k 7 B;P;(xo*) ae 
= (8 —- Pl) +3, a ed 1 tr 
p i 1+%7; 
If there are no delayed neutrons, the fluctuating part of the response is 
aSa no(r)e** 
n(r, t)—n(r) = ; (34) 


o = 
gare —P (xo?) —L? xo? —1—twr 
Since the pile was critical before the absorber was introduced, Eq. (8) holds: 
ke 
—P (ko?) — Lx 1 = 0, 
p 


hence, 
n(r, t) —7n(r) aS,e! 





no(r) Vptpior 


The amplitude of the neutron response falls off with increasing frequency; it lags behind the absorber 
oscillation by 90°. This phase lag arises because it is the rate of change of the pile intensity, not the 
intensity itself, which is determined by the instantaneous value of k. If the delayed neutrons are 
taken into account, the phase lag is a little less than 90°. 
b. Localized Absorber, Slow Oscillation (w:;<1) 
If the absorber moves back and forth slowly, w7;<«1, and (31a) becomes 


Se Z,(¥0)Z,(r)e™! 
n(r, t) ~n(r) ++—(e-V)mo(Fo) > - : (35) 


- , —Puy(K,?) —L?x,2?—1—iwlr+ Dd Bj75P3(x,)] 
p j 





Since the pile is critical, 


R 
—P ry (Ko?) — L?xe—- 1 = 0, 
p 
and the ratio of the fundamental to the vth harmonic in the series (35) is 


- ' e 
—P ry Ay — [? ~—1—4 + ] P; x, 
Zalts)Zo(t)| p w(K”) — L?x twoLr 2. Bits i(y?) ] 


- (36) 
Z,(¥0)Z,(r) —tw[r+h By73P;( Ko") ] 





This ratio becomes infinite as w—0; i.e., the fundamental predominates as the oscillation becomes 
slower. In other words, if the oscillation is very slow the pile intensity fluctuates as a whole, the 
neutron flux at any point having the same phase as at any other point. 

The slow oscillation method in which the over-all pile response to a moving absorber is detected 
has been used in Langsdorf’s oscillator for cross-section measurements. 
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c. Localized Absorber, Fast Oscillation (w+;>1), or Detector Close to Absorber 


If the oscillation is fast, or if the detector is close to the absorber (ry~r’), the fundamental no 
longer predominates, and the series (31a) converges poorly. Since the higher harmonics all have 
different phases (because the coefficients in the series are complex), the phase of the neutron in- 
tensity oscillation will change from point to point. Close to the absorber the intensity will be in phase 
with the motion of the absorber since the local neutron depression caused by the absorber will be 
the major part of the intensity fluctuation. Far from the absorber the neutron intensity will tend 
more and more toward the phase of the fundamental. The disturbance set up by the oscillating 
- absorber is therefore wave-like: the absorber sends out damped waves of neutron intensity which are 
reflected at the boundary. As will be shown below, the wave-length of the traveling disturbance is 
short at high frequency and long at low frequency. It is for this reason that the disturbance has 
the same phase everywhere at low frequencies, and has a varying phase at high frequency. 

These qualitative considerations can be made exact by transforming the poorly converging series 
(31a) into a form which displays the wave character of the disturbance. In order to effect this trans- 
formation it will be convenient to specialize the shape of the pile; we therefore suppose the pile to 
be a rectangular parallelopiped of sides a, 6, c. The normalized characteristic functions are 





lrx mry nz 
Zimn(¥) = (— ) le to sin—, (37) 
abc c 
and 
Px? mx? n?x? 
tt ne =—-+ +—. (38) 
a? b? a 


The intensity, as given by (31a), is therefore 





a 
n(r, sina ee (o-V)no(roe*? > 


Lm, n 


























x—Xo y—Yo Z—Zo x+Xo yt+yo 2+20 
(|=) +=) +(e) 
C 
. BjP;(«*mn) 
- jf j\ K lmn 
“| (1—8) P(2imn) + = —L*2ing—1—teor 
p i 1+07; 
| (39) 
the sums being taken from — © to +. 
We now apply Poisson’s summation formula® 
DV oll, m,n)= DL f f f o(u, v, we ?xtOutuetr)dudydw, (40) 
l,m, n 4,» 


to the series in (39). The series then becomes, after making the transformation, 


Rina ts en An Ai as OE At), 


2 m,n RQ(k2tmn) — Dib ine —1—wwr 


abc , exp(ié- (R-—A)) —exp(iE- (R*— A)), 
Sane ¢. 41 
hd 2, Sf kQ(#) —L??—1—twr 1) 


6 Courant-Hilbert, Methoden der Mathematischen Physik (Verlag Julius Springer, Berlin, 1931), Vol. I, p. 65. 
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where 
TU 


g= =i j4+ dé = =~ audi, 
R+ = (x4%o)i+ (y+yo)j+ (s420)k, - 
A =2dai-+2ubj +2vck, 

B; PAB) 


1WT 





Q(2) -{ (1 —A)PH)+E — 
To evaluate the integral in (41) we shift to spherical coordinates and obtain 


h exp[7&-(R—A) ] 4a - sing|R—A| 
fff 08) —L? en i —tde 
JJ RQ(@)-L'-1-iwr  [R-A| Jo QUE) -—L?P—-1 tar 


Ar f exp(t|R—A| &) 





ree’ —tdg. (42) 
2i|R—A| J_. kQ(#) —-L?2—1—iwr 





To compute this integral we follow a semicircular contour which embraces the entire positive half- 
plane. If B, are the zeros (assumed simple) with positive imaginary part of 








kQ(#) —L?#—1—iwr=0, (43) 
then the value of the integral is 
* exp(t/R—A|é) exp(7B,|R—A|) ‘ 
f —- | | fist p( | | (44) 
—« RQ (é?) — L*?—1—twr s kQ’(B?)—-L? 


Q’ (B.’) =e) |g=B,. 
Hence 
exp(iB,|R—A|) 


abc exp[7é-(R—A) ] 2abe ‘ 
d= = ; 45 
“SSS 20) —L'—1—iwr «iR—A| & kQ’(B2)—-L? * - 








Substituting this into (41), and then putting the resulting series into: (39), we finally obtain the 
transformed series: 





1 exp (iB. Rw) exp(tB,R* yy») 
n(r, t)—n(r) = ni V)no(roe** DY de “ » (46) 
op Ay 8 kQ’(B, 2) — — it 4nrR- yw 4rR* yy 
where 
Ryu» = ((x2X0 — 2da)?+ (yAyo—2ub)?+ (z29—2vc)?)}. (47) 


Equation (46) can be described as a sequence of positive and negative neutron sources. The positive 
sources are situated at the points 


(xo 2da)i+ (—yo+2ub)j+(—20-+20c)k, 
and negative sources at the points 


_(Xo+2da)i+ (Yo+2ub)j+ (20+ 2vc)k. 
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Thus (46) constitutes a sequence of images which are so placed that the boundary conditions are 
satisfied on the pile surface. 
Each term in the series (46) is of the form 


Sa (0:V)no(ro) exp[4(wt+B,R) ] = S 1 exp[7(wt+B,R) ] 
oy kQ’(B,2)—L? 4nR ~ gy kQ'(B2) —L? 4nR 





0° Vno(Lo) 





i(witB,R 
padtiie Cn oe ae 
4rR 





According to (48), the disturbance represented by each term in (46) is a spherical traveling wave of 
complex wave-length 1/B,. The traveling wave, in the approximation in which ||, the amplitude 
of oscillation, is small compared to |r—ro|, consists of two parts: a spherically symmetric wave 
emitted by a point sink of strength 


Sa(o ¥ V)no(fo), 
and a non-spherically symmetric wave emitted by a dipole of strength 
Sano(fo) | 9|. 


The spherically symmetric wave falls off as exp(tB,Ryy»)/Rayw» while the dipole wave falls off as 
exp(tB.Ryy»)/Rvy? hence, far from the absorber only the spherically symmetric wave prevails. 

Actually waves corresponding to multipoles of all orders are generated by a periodically moving 
absorber. The appearance of only the first two multipoles in (48) is a result of the approximation 
|o|<|r—ro|, which was the justification for keeping only two terms in the Taylor expansion (22) 
of the neutron flux. In principle, of course, there is no difficulty in extending the expansion to higher 
order in || /|r—ro| ; this would lead, in the final answer, to multipole ‘‘radiation”’ of correspondingly 
higher order. 

Corresponding to each different root B,, the wave sources emit a wave. Each wave has an amplitude 
and phase which depends on the value of its B,. The number of roots B,, and therefore the number 
of different waves emitted by each source, depends on the slowing-down function—for a general 
kernel P(r), (43) will be a transcendental equation and there will be an infinite number of roots B,. 

The waves with s>0 are significant close to the oscillator; as s increases they fall off more and 
more rapidly with |r—ro| because the real parts of 7B, increase with s. In order to see more 
clearly the physical significance of these transient waves, we compute the fluctuating part of the 


‘ slowing-down density. This is obtained according to (3) and (5) by multiplying each term in (46)- 


by (k’/p)(1—B) opP(B.*); ie., ; 
k! 

g(t, )—9(t)=—(1—B) oy f n(x’, t) a(t) JP(|r—r" | ar’ 
p a 


(49) 





k’ P(B2)  exp(iB.Row) exp(iB.Rtrw) 
=—(1—B)S.(9-V) no(roe** 5X —— —}. 
p AY 8 kQ’ (B,’) —l[? 4maR- yy 4AnR* yy 


Because of the extra factor P(B,*) in each term of (49) as compared with (46), the slowing-down 
density is not proportional to the slow neutron flux close to the oscillator. In fact, the spectrum of 
epithermal neutrons changes continuously from its shape close to the oscillator, where the epithermal 
neutrons have no singularity while the thermal ones do, to its shape far from the oscillator, where 
the neutrons of all energies have similar spatial distributions. Thus the transients (s>0) are necessary 
to describe the variation in neutron spectrum which exists in a chain reactor near an absorber 
which captures only thermal neutrons. 
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4. PROPERTIES OF THE NEUTRON WAVES 


Far from the absorber, and far from the pile 
surface, only the s=\A=y=v=0 spherically sym- 
metric wave persists. From (48) this is 


1 
Tp = (Bo?) —L?] 





~ t) —7i(r) = 


et(wt+BoR) 
X——(e-V)n(r.), 
4rR 


v 


(50) 


R being used to denote Roo. 

The value of Bo is calculable explicitly pro- 
vided the pile is large (i.e., 1) and the oscilla- 
tion is fast compared to the delayed neutron 
periods but slow compared to the pile period: 


wrK1, wr;>1. (51) 


Since 7; is of the order of 10 seconds or more, 
while 7 is of the order of 10-* to 10~ sec., an 
angular frequency w of 1 to 100 sec.— will satisfy 
these conditions. To compute Bo under these 
assumptions we return to the definition of Q(#): 


Oe) -{a- 





Pye) | 
rdr 


--| (1-8) f ’ wit 


B; ¥ sinér 
+5—— [Pi 
i 1+1w7; 70 tr 











rdr ; 


We expand (sinér/ér) in Taylor’s series and in- 
.tegrate term by term; the result, correct to 
terms of order ?’, is: 





Q(#) =1- ~B+h = (6) ut OC, (52) 


Ww; 


or, if the condition (51) is fulfilled, 


# 
Q(#) ~ (1-8) ~ GO FOE), (53) 


where 


re n=—] J ” P(p)rtdr 


B; “4 
25 f Pier 
7 1+47; 0 
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and O(é) is an abbreviation for terms of order 
€* and above. 
When w=0, 


4nt 7” ” 
m= f PO)ridr+ 2 asf Pi(rrdr|, 


i.e., (7?(0))w is the mean square distance which 
a fission neutron travels while slowing down. In 
general, for w+0, (r?(w))w is a complex number. 

We now substitute (53) into the characteristic 
Eq. (43): 


M??—k(1—8)+1+tw7r—kO(H) =0, (54) 
where 
k(r?(0))av 
ee ; ) +L? (55) 


is called the ‘‘migration area.’”’ Equation (54) can 
be solved by successive approximations provided 


kO(Bo') 
< 
MB? 





B,?. being the value of # which solves (54). In 
first approximation, 
R(A ~8) —1—wWwr 


ls . ’ 


M2 


(56) 





while the first and most important term in 
O(Bo') is 


1 
O(B o*) =—B 0*(7r4(0))w; 
120 








1.€., 

RO(Bo' 1 (0) av 
wai ~——[kR(1— niin icigaame © “ 

M*B?? 120 


3 k(1—8)—1—iwr (r*(0))w 
10 k [V?0))wP 


Now for any physically plausible kernel (74(0))a/ 
[<r?(0))w |? is of order unity; hence since k—1<1 
and wr<1, the required ratio is small in absolute 
value, and the successive approximation is justi- 
fied. The remaining discussion will be based on 
the value (56) for By’. 




















Since 
# 
kQ(#) ~R(1 —8)- BAO) dan 
the quantity in the denominator of (50) is 
kQ' (Bo?) —L? = — M?, 


and therefore 


— Sq eiwttBoR) 





n(t, t)—A(r) = (9-V)m(to). (57) 


opM? 4 


In order to calculate the velocity, wave-length, 
and attenuation length (distance for wave ampli- 
tude to damp by factor e), it is necessary to 
compute By explicitly. From (56), 








ees 

” Me 2 
} X?2+ (wr)? }}—-X\3 
=(- +(wr)?] }. (58) 
M 2 

where 


X =k(i-—£g)-1. 


Upon substituting (58) into (57), we observe 
that the resulting damped wave has a velocity 


(eee ) 





(59) 
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a wave-length 
24M 
ae 
2 





(60) 





and an attenuation length 
M 
ey 
2 





(61) 





If X =0, the medium is neither a net absorber 
nor producer of prompt neutrons. In this case 


2w\ 4 
»-u(—) , (62) 
av} 
\=2nr(—) , (63) 
a\} 
'-u(—) ‘ (64) 


The waves characterized by (62), (63), and 
(64) are completely analogous to the classical 
thermal waves set up in a conducting medium 
in which the ratio of conductivity to specific 
heat per unit volume is M?/r, and the angu- 
lar frequency of the impressed oscillating heat 
source is w. 

The authors wish to thank Professor E. P. 
Wigner for many helpful discussions. 
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The following paper deals with the measurement of ther- 
mal neutron cross sections by a technique referred to as 
the pile oscillator. In this method, a neutron absorber is 
moved back and forth in a field of thermal neutrons such 
as that existing in a chain reactor. In the vicinity of the 
absorber there is a depression in the neutron flux and the 
motion of this depression past a nearby ion chamber pro- 
duces an oscillating signal whose amplitude is proportional 
to the total neutron absorption cross section of the sample. 


In the instrument considered here, the oscillating signal. 


generated in the ion chamber is amplified, rectified, and 
fed to an integrating circuit. The absorption cross section 
of an unknown sample is determined by comparing the 
charge accumulated in the integrating circuit with that 
produced by a standard gold absorber. The instrument will 


detect a total absorption cross sestion of about 10-* cm? 
and hence it is suitable for measuring cross sections of 
separated isotopes which are available only in small quan- 
tities. One of the major difficulties in making this instru- 
ment useful for absorption measurements has been the 
elimination of the effects of scattering by the sample. It was 
found that the signals caused by absorption and scattering 
are slightly out of phase with each other, and by properly 
phasing the rectifier, absorption cross sections which are no 
greater than 1 percent of the corresponding scattering 
cross sections can be measured. A number of thermal cross 
section measurements have been made with this instru- 
ment, most of which will be published separately; as illus- 
trations, the following thermal cross sections are given: 
In, 191.25; Ag*7, 29.96; Ag, 83.75. 





INTRODUCTION 


HEN a neutron absorber is placed in a 
chain-reacting pile it produces a change 

in reactivity which is proportional to the total 
absorption cross section of the absorbing sample. 
This fact has been used in the so-called ‘‘danger 
coefficient’”’ method! of measuring absorption 
cross sections in which the change in reactivity 
produced by a sample is balanced by the change 
in position of a calibrated control rod. Because 


of the inherent fluctuations of neutron intensity 


in a chain reactor, this static danger coefficient 
method requires rather large amounts of ab- 
sorber for accurate cross-section measurements. 
It is therefore not adequate for the measurement 
of capture cross sections of rare substances such 
as separated isotopes. In this paper a high sensi- 
tivity ‘‘pile oscillator’? method which has been 
developed for the measurementy,of cross sections 
of small samples will be described. This method 
is now being used at the Oak Ridge National 
Laboratory to make a systematic survey of the 
absorption cross sections of separated isotopes. 


* Declassified February 10, 1948. 

** Now at University of Kentucky, Lexington, Ken- 
tucky. 
hii Now at Hillyer Instrument Co., New York, New 

ork. 

1H. L. Anderson, E. Fermi, A. Wattenberg, G. Weil, 
and W. Zinn, Phys. Rev. 72, 16 (1947). 
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The pile oscillator method,? as proposed origi- 
nally by E. P. Wigner, involves oscillating the 
unknown absorber in and out of the reactor or 
back and forth within the pile from a region of 
low neutron flux to a region of high flux. The 
reactivity of the chain reactor undergoes oscilla- 
tions about criticality with the same frequency 
as the oscillations of the absorber, the reactivity 
being reduced when the absorber is in the pile. 
This reactivity oscillation produces an oscilla- 
tion in the over-all neutron flux which then gives 
rise to a corresponding signal in a neutron- 
sensitive ion chamber located in the pile. Since 
the amplitude of the flux oscillation is propor- 
tional to the absorption of the sample, the in- 
strument constitutes a means of determining 
unknown neutron-absorption cross sections by 
making comparisons with substances for which 
accurate direct measurements have been made. 
The gain in sensitivity of the oscillator method 
over the static danger coefficient method ‘accrues 
both because it averages effects over so many 
cycles that random fluctuations tend to cancel, 
and because it makes a.c. amplification possible. 

The original pile oscillator depended for its 
working on the change in pile reactivity caused 
by the motion of the absorber. The recording ion 


2 The theory of the pile oscillator is given in A. M. 
Weinberg and H. C. Schweinler, Phys. Rev. 74, 851 (1948). 



















NEUTRON ABSORPTION CROSS SECTIONS 865 


chamber in this method is best placed at a large 
distance from the absorber so that local neutron 
density changes near the absorber are not picked 
up. However, it was pointed out in a paper on 
the theory of the pile oscillator by A. Cahn, 
A. T. Monk, and A. M. Weinberg,® that a sig- 
nificant increase in sensitivity could be achieved 
by placing the ion chamber very close to the 
oscillating sample. By this means not only the 
over-all fluctuation in pile intensity, but also the 
local depression in neutron flux which exists in the 
neighborhood of an absorber is measured. Thus 
when the local neutron depression is measured, 
the pile is used primarily as a neutron flux field; 
the fact that the reactivity of the chain reactor 
also depends on the position of an absorber 
within it is only incidental. It is therefore possible 
to make measurements wherever there is a strong 
neutron flux, irrespective of how the reactivity 
of the pile is affected by the absorber. For ex- 
ample, to measure thermal cross sections it is 
advantageous to oscillate the sample in the 
graphite reflector of the pile where there are very 
few epithermal neutrons, even though the reac- 
tivity is little affected by motion of an absorber 
in the reflector. 

While the measurement of the local depression 
increases the signal to noise ratio and makes it 
possible to measure thermal neutron cross sec- 
tions unperturbed by epithermal neutrons, it has 
a serious disadvantage, namely, that the details 
of the spatial distribution of the neutron density 
around an absorber depend on its scattering cross 
section as well as its absorption cross section. 
It is therefore necessary to arrange the position 
of the ion chamber with respect to the absorber 
so as to reduce the scattering effect as much as 
possible. The extent to which the scattering sig- 
nal has been eliminated is discussed below. 

The Oak Ridge‘ pile oscillator has undergone a 
number of changes during its development; it 
will be described here in its present state in 
which the absorber is oscillated in close prox- 
imity to the ionization chamber and the local 
depression signal is recorded. 


§ Manhattan Project Report CP-G-2907. 

‘ An oscillator depending on the reactivity change effect 
has been developed by A. Langsdorf at Argonne National 
Laboratory, a preliminary report of which was presented 
at the Washington Meeting April 29, 1948. 


APPARATUS 


The pile oscillator consists essentially of a 
mechanical device to oscillate the sample, a 
neutron-sensitive ionization chamber and an elec- 
trical system to amplify and convert the voltage 
pulse generated within the chamber toa quantity 
which can be readily measured. 

The mechanical system for oscillating the 
sample is shown in Fig. 1. It consists of a wash- 
ing machine gear box, on the drive shaft of which 
is mounted an aluminum wheel 30 in. in diameter. 
A braided steel cable passes over this wheel, over 
two idler pulleys and over another pulley inside 
the pile. On the lower cable, which passes into 
the pile through a 3} in. square channel in a 
graphite stringer, there is fastened a rectangular 
beryllium boat with inside dimensions ?-in. 
xX 3-in. X23-in. This boat carries the samples to 


be measured. The to and fro motion of the wheel 


produces an oscillation of the boat along the 
graphite channel with a total travel of 32 in. The 
large drive wheel can bé disengaged from the 
drive shaft so that the boat can be reeled out of 
the pile for loading and then reeled back into 
position. The frequency of oscillation which has 
been used is about 1 cycle per second. 

Two types and locations of ionization cham- 
bers have been used. One which shall be referred 
to as A was an aluminum chamber, 10 in. long, 
1 in. in diameter, coated internally with about 
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Fic. 1. Pile oscillator mechanical assembly. The portion 
of the drawing showing the graphite channel and ionization 
chamber has been enlarged to show details. 
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Fic. 2. Amplifier and integrator circuit: The ionization chamber is connected to J1 
and a 500-volt battery is connected to J2. 


2 mg/cm? of enriched boron. This chamber was 
buried in the graphite stringer with its axis 
parallel to and its center line 1 in. below the axis 
of the boat channel. A second annular chamber, 
which will be referred to as B, has been found 
more Satisfactory, and’ this is the chamber that 
is now being used. This chamber, shown in Fig. 1, 
is placed coaxially to the path of the oscillating 
sample, and its center coincides with the mid- 
point of the absorber’s path of oscillation. The 
active volume is contained between two concen- 
tric aluminum tubes 11 in. long, the outer tube 
being 2 in. o.d. and the inner tube j in. o.d. The 
collecting electrode, which is insulated from the 
rest of the chamber by polystyrene, is 10 in. long 
and 13 in. o.d. It is coated on both sides with 0.5 
mg/cm? of boron enriched in B!°. A graphite in- 
sert machined to the dimensions of the boat 
channel extends through the inner tube which 
protrudes 8 in. on either side of the ionization 
chamber. Graphite was used for the insert to 
reduce scattering effects which might arise from 
the streaming of neutrons through the boat 
channel. The protruding sections of the tube are 
coated with about 2 mgs/cm? of enriched boron 
in order to reduce abrupt changes in neutron 
density at the boundary of the active section of 
the chamber. 


The voltage pulses from the ionization cham- 
ber have been measured by both a resonance 
galvanometer and by an integrating circuit 
method. The latter method, which is more con- 
venient, is now being used. The signal from the 
ionization chamber is first amplified by a fairly 
narrow band feed-back amplifier, then rectified by 
a synchronous switch and integrated by means 
of a long time-constant R-C circuit. (See Fig. 2.) 
The voltage appearing across the integrating 
condenser is measured by means of a vacuum 
tube voltmeter. The use of the synchronous recti- 
fier and integrator discriminates strongly against 
frequencies other than the desired signal so that 
noise from the chamber, because of statistical 
fluctuations in the ion current, is greatly reduced. 

The rectifying switch is operated by a cam 
connected to the gear box of the mechanical 
driver and provision is made for selecting any 
desired portion of the cycle. This is of importance 
in connection with reducing the effects of scatter- 
ing, as discussed in the next paragraph. 


THE EFFECT OF SCATTERING BY 
THE SAMPLE 


The voltage pulse from the ionization chamber 
is primarily caused by the absorption of neutrons 
in the sample. It is found, however, that by 











oscillating a piece of graphite which has negligible 
absorption, a signal may also be generated by 
the scattering of the sample. To make the oscil- 
lator a satisfactory instrument for absorption 
cross-section measurements, the effects of scat- 
tering must be largely eliminated. Toward this 
end the voltage pulses produced by absorbers and 
scatterers have been studied for both the A and 
B types of chambers. With the A-type chamber, 
which was located below the oscillating sample, 
the absorption and scattering signals are so simi- 
lar that their effects cannot be separated. With 
the B-type chamber, which is coaxial with the 
oscillating sample, the signal from a nearly pure 
scatterer is considerably different from that re- 
sulting from a sample with a large absorption 
cross section. This can be seen from the patterns 
shown in Fig. 3 which were traced from an oscillo- 
scope with an approximately linear sweep on the 
horizontal plates. The trace started at the left 
each time the oscillating sample reached its outer- 
most position. Thus two traverses through the 
chamber appear on each sweep, the first as the 
sample moves into the pile, the other as it moves 
out. One of the vertical deflection plates of the 
oscilloscope was connected to the last stage of the 
amplifier, ahead of the rectifier and integrator. 
Figures 3c and 3d were taken with the amplifier 
normally used with the equipment, Figs. 3a and 
3b with a specially constructed amplifier having 
extended low and high frequency responses. 
Traces 6 and d are reproductions of the signal 
shape with graphite in the boat; traces a and c 
were obtained by putting cadmium in the boat 
and reducing the amplifier gain by a factor of 4. 
One observes that the scattering signal is oppo- 
site in sign, has a steeper rise, and reaches its 
maximum at an earlier time than the absorbing 
signal. This can be explained if one assumes that 
the scattering signal arises chiefly from neutrons 
which are scattered out of a beam of neutrons 
streaming down the channel. Neutrons that 
otherwise would have passed through the central 
hole of the chamber without being detected are 
deflected into the chamber by the sample which 
blocks the channel. This is substantiated by the 
results obtained when graphite rods are attached 
to either side of the boat and oscillate with it. 
In this instance one still obtains a scattering 
signal caused by the hole in the boat, but, since 
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(a) DIRECT COUPLED AMPLIFIER 
CADMIUM 


VV 


(b) DIRECT COUPLED AMPLIFIER 
GRAPHITE 


(c) NORMAL AMPLIFIER 
GAIN 2 
CADMIUM 


(d) NORMAL AMPLIFIER 
GAIN 6 
GRAPHITE 


Fic. 3. Wave forms of voltage from amplifier for one 
complete stroke of sample past the ionization chamber. 
a and c correspond to pure absorption (cadmium) and b 
and d to pure scattering (graphite). 


the channeling of the neutrons is largely elimi- 
nated, the amplitude of the signal is much 
reduced. 

The low frequency response of the amplifier 
normally used with the pile oscillator has a con- 
siderably higher low frequency cut-off than the 
special amplifier previously referred to, so that 
transients and low frequency disturbances are 
very much reduced in the actual measurements. 
This causes considerable distortion of the signal 
as shown in (c) and (d). By phasing the rectifying 
switch so that signal integration occurs only dur- 
ing the interval indicated between the two ver- 
tical lines, the galvanometer deflection because 
of a scatterer can be made very small. With an 
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Fic. 4. Galvanometer deflection versus amount of gold. 
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TABLE I. Thermal neutron absorption cross sections 
of indium and silver. 











Absorption 
cross section 
¢ (barns) of sample 
Sample Run i Run2 Run2_= Av. in mm? 
In (153 mg) 189.5 192.7 191.5 191.2 15.3 
In (5.0 mg) 186 197 224 202 0.5 
Agi07 (444 mg. 90%) 29.0 30.8 29.9 9.7 
Ag! (373 mg. 92%) 83.9 83.5 83.7 16.6 
0.520197 +-0.480109 55.6 56.2 55.9 
59.2 60.5 59.8 11.6 


Natural Ag (357 mg) 








absorbing sample, integration over this same 
time interval produces a large deflection. It is by 
this means that we have been able to measure 
small absorption cross sections without correct- 
ing for the scattering by the sample. Evidence 
for this can be seen from Fig. 4, where the boat 
was loaded with 5.5 g of carbon corresponding 
to 132 mm? of scattering cross section and 0.13 
mm? of absorption cross section. With the A type 
chamber, 20 mm? of scattering cross section were 
required to give a signal equal to that produced 
by 1 mm? of absorption cross section. Although 
a scattering signal of this size is of minor signifi- 
cance when measurements are being made on 
materials with large capture cross sections, it 
would introduce large errors with materials hav- 
ing small capture cross sections. With the B-type 
chamber it was found that by carefully adjusting 
the rectifier switching points, the scattering 
effects were reduced to the point where equal 
scattering and absorption cross section in the 
sample gave signals in the ratio of 1 to 200. Under 
these conditions the effects of scattering need 
only be considered when the samples to be meas- 
ured have absorption cross sections of a fraction 
of a barn. When the scattering cross section of a 
sample is known, corrections can be made for it 
by subtracting from the over-all response the 
signal yielded by a graphite sample having the 
same scattering cross section as the unknown 
absorber. 

Although no extensive theory of the scattering 
effect has been developed, there are certain 
qualitative observations concerning scattering 
which are relevant. The scattering signal should 
vanish identically if the neutron flux were every 
where the same, since as many neutrons will be 
scattered into a given solid angle as are scattered 
out of it. Under ideal circumstances the oscillator 
should therefore be placed at some point in the 


pile where the flux is constant over a distance of 
a few mean free paths. 

Since such a position of uniform flux was not 
available, it was necessary to place the ion 
chamber in a region where the flux had gradients 
both in directions parallel and perpendicular to 
the direction of oscillation. In a spatially varying 
neutron flux a pure scatterer will perturb the 
neutron density in its neighborhood because it 
blocks neutrons originating in a region of high 
flux from reaching the region of low flux. A 
chamber placed on the low neutron intensity 
(‘“‘downstream’’) side of a scatterer will record a 
lower signal than when the scatterer is absent, 
while if the chamber is placed on the high- 
neutron-intensity side the opposite will be true. 
Thus, if a chamber is arranged to surround the 
scatterer, it is plausible to suppose that, to a first 
approximation, the scatterer will give no signal. 

In the actual arrangement in which the cham- 
ber is coaxial with the oscillating sample, the 
effect of the transverse gradient is fairly well 
eliminated. There is still a large longitudinal 
gradient and there is a beam of neutrons flowing 
through the channel. As stated previously, we 
believe the deflection into the chamber of neu- 
trons streaming down the channel to be the chief 
cause of the observed scattering signal. 

There is one other consequence of using a 
coaxial chamber and that is a hardening of the 
neutrons at the center of the chamber as a result 
of absorption of slow neutrons by the surround- 
ing boron. This can be reduced at some sacrifice 
in sensitivity by keeping the boron coating thin. 


PERFORMANCE 


There are certain obvious factors which must 
be considered in order that accurate measure- 
ments of absorption cross sections can be made 
with the pile oscillator. The scattering effect has 
been considered separately because it has a 
fundamental bearing on the design and properties 
of the instrument. The interpretation of cross- 
section measurements which involve a compari- 
son of the effects produced by two absorbers 
placed alternately in a thermal neutron flux must 
be considered. A standard with which to compare 
other materials must be chosen for which the 
cross section is accurately known. We have used ° 
gold as a standard since it fulfills the above re- 
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quirement and in addition its cross section has a 
1/v dependence in a thermal region. If the un- 
known absorber sample also has a 1/v depend- 
ence, a comparison with gold will give an unam- 
biguous value for the cross section of the un- 
known. If the sample in question has a cross 
section with an unknown energy dependence, 
then any comparison method will give some 
average cross section for the existing neutron 
energy spectrum. The energy spectrum of the 
neutrons at the center of the chamber has been 
investigated by measuring the activity of indium 
foils with and without cadmium covers. A cad- 
mium ratio of 35 was obtained, showing that the 
neutrons are well thermalized. Further evidence 
for this is seen in Table I where the cross section 
of indium as measured with the pile oscillator 
agrees very closely with the value of o1,(0.025 ev) 
= 190 barns obtained by McDaniel® and Borst.® 

As with all cross-section measurements the 
preparation of the samples with respect to their 
purity, their physical shape, and their location in 
the sample carrier must be considered. The 
samples should be made thin enough so that the 
corrections for self-absorption are small. Since 
the measurement involves a comparison, best 
results can be achieved if the unknown samples 
and the ‘standard are made as nearly alike as 
possible with respect to shape, location in the 
boat, and amount of self-protection. 

The amplifier and integrator are subject to the 
characteristic limitations of electronic equip- 
ment. Although the sensitivity changes slightly 
from day to day, drifts in the instrument are 
negligible over the period of time necessary to 
make a measurement. A device has been installed 
to check the instabilities throughout the elec- 
tronic circuit and switching mechanism. It con- 
sists of an artificial signal which can be intro- 
duced to the first stage of the amplifier. The repe- 
tition rate of the signal is controlled by the re- 
ciprocator wheel, as is the absorber signal, and 
its amplitude can be adjusted to approximate 
the absorber signal from the ion chamber. Meas- 
urements with these artificial signals from time 
to time indicate that the major part of the varia- 
tions between successive sample determinations 


5B. D. McDaniel, Phys. Rev. 70, 832 (1946). 
6 Borst, Ulrich, Osborne, and Hasbrouck Phys. Rev. 70, 
557 (1946). 
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are not ascribable to the electrical circuits but 
are due largely to fluctuations in the current in 
the ionization chamber and in the neutron den- 
sity. The average neutron density during a series 
of measurements is held constant to within less 
than 0.5 percent. The signals which arise from 
fluctuations in neutron density and in ionization 
chamber current should be random and should 
give a small residual signal which causes a varia- 
tion in successive absorber signal readings. The 
maximum over-all variation in the integrated 
signal in terms of the average gold value is about 
0.2 mm? and the average deviation from the mean 
is usually less than 0.1 mm?. 


RESULTS 


The absorption cross sections of a number of 
elements and isotopes have been measured with 
this apparatus and these will be reported in a 
separate paper. The values obtained for indium 
and silver are reported here in Table I to give 
some indication of the capabilities of the ap- 
paratus. The atomic absorption cross sections 
are expressed in barns (10~*4 cm?) on the basis of 
gau(0.025 ev) =95 barns. 

The second row in the table is included to show 
that the apparatus is capable of measuring small 
samples of material. The results quoted in the 
third and fourth rows were derived from meas- 
urements on two samples of enriched silver iso- 
topes obtained from the electromagnetic separa- 
tion plant. One sample was enriched to 90.2 
percent of Ag!’ and the other to 92.2 percent of 
Ag!®, The fifth row gives the values to be ex- 
pected for natural silver on the basis of the above 
measurements of the isotopic mixtures, and the 
last row gives the measured cross section of 
natural silver. The small discrepancy between 
the values may be due to contamination of the 
natural silver sample. Havens and Rainwater’ 
have quoted a value of o4,(0.025 ev) =57.3 barns 
for natural silver. 
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A radioactive isotope of 2.4-day half-life has been pro- 
duced in bromine by deuteron bombardment of electro- 
magnetically enriched Se”®, and by alpha-particle bombard- 
ment of electromagnetically enriched Se”. Assignment of 
the isotope is made to Br*’. A positron end point of 0.4 Mev 
is determined. In addition to annihilation radiation, 
gamma-rays and K-capture are observed. The ratio of 
K-capture to positron emission is determined to be 20. The 
cross-section ratio of the (d, m) to the (d, 2m) reaction pro- 
ducing the isotope is 0.3. The ratio of the sum of the cross 
sections for formation of Br?’ by Se7§(d, m) and Se7"(d, 2n) 
to the cross section for Br® by Se®(d, 2m) is 0.4. A radio- 
active isotope ‘of 1.7-hour half-life has been produced in 


YCLOTRON bombardments have been 
made with alpha-particles, deuterons, and 
protons on electromagnetically enriched sele- 
nium.*** Samples in which the stable isotope Se”4 
was enriched from 0.9 percent to 14.1 percent 
and samples in which the stable isotope Se”* was 
enriched from 9.5 percent to 41.5 percent were 
used. For comparison purposes, bombardments 
were also made with Hilger selenium. 

As a result of these bombardments, two previ- 
ously unreported radioactive isotopes in bromine 
have been found. The location and characteristic 
radiations of these isotopes, and also results of 
investigations on the 4.4-hour Br®® isotope, will 


-be presented in this paper. 


* Lt. Col., U.S.A.F. Research under auspices of Air Uni- 
versity, Maxwell Air Force Base, Montgomery, Alabama. 
** Captain, U.S.A.F. Research under auspices of Air Uni- 
versity, Maxwell Air Force Base, Montgomery, Alabama. 
*** Supplied by the Y-12 plant, Carbide and Carbon 
Chemicals Corporation, through the Isotopes Division, 
U. S. Atomic Energy Commission, Oak Ridge, Tennessee. 


bromine by deuteron bombardment and by proton bom- 
bardment of enriched Se”. Assignment of the isotope is 
made to Br”. A positron end point of 1.6 Mev is deter- 
mined. K-capture is observed in the activity. No gamma- 
ray activity other than that due to annihilation is found. 
The ratio of K-capture to positron emission from the 
Se”(d, n) reaction is determined to be 4.4. The ratio of the 
cross section for formation of Br™ by Se”(d, m) to that of 
Br® by Se®(d, 27) is 2.1. The 4.4-hour Br®° isotope has been 
produced by a Se(a, p) reaction and found to emit posi- 
trons with an end point of 0.8 Mev. In producing Br™ by 
proton bombardment of Se the (, y) reaction is observed 
to be two-thirds as probable as the (p, m) reaction. 


THE 2.4-DAY Br” ISOTOPE 


Samples of enriched stable Se’4 and Se”® iso- 
topes were prepared for alpha-particle bombard- 
ment by pressing equal amounts by weight of the 
finely ground selenium into the bottom of alu- 
minum target holders under approximately 5000 
pounds pressure. The two targets were bom- 
barded simultaneously in the cyclotron by means 
of a rotating probe. 

Figure 1 shows the decay of total activity ob- 
tained in each of the samples from this bombard- 
ment. A new activity of 2.4-day half-life ap- 
peared in the Se’4 sample but not in the Se”® 
sample, in which only 0.5 percent of stable Se’ 
was present. It was concluded that this 2.4-day 
period was formed from Se74 and must belong 
either to Kr?’ or Br’. 

To locate the activity, samples of enriched Se”* 
and Se’® were bombarded simultaneously with 
deuterons. The samples were prepared for bom- 
bardment in a manner similar to that in the 




















experiment above. Figure 2 shows the decay 
curves of Br activity from the two samples. 
Measurements were taken on a Wulf electrometer 
attached to a Freon-filled ionization chamber. 
To obtain the y-activity curves, a }-inch alumi- 
num absorber was inserted between the sample 
and the ionization chamber. This amount of 
absorber was sufficient to stop all 6-radiation and 
x-ray radiation present. In both samples, the 
established 34-hour Br® activity and the new 
2.4-day activity appeared. The 34-hour Br® ac- 
tivity appeared in nearly equal intensities in both 
samples since the parent Se® isotope was present 
in approximately equal percentages in both cases 
and since equal amounts by weight of the two 
samples were bombarded. The 2.4-day activity 
appeared in the Se’® sample approximately 28 
times as strong as in the Se”4 sample. Since stable 
Se’® was 28 times as abundant in the Se’® sample 
as in the Se’4 sample, it was concluded that the 
2.4-day activity was that of a Br isotope formed 
by deuteron bombardment of Se7®. Since bom- 
bardment of Se with alpha-particles had previ- 
ously located the activity as either Kr” or Br”, 
assignment of the activity was made to Br7’. 

To determine the character of beta-activity in 
the 2.4-day period, a sample of Br activity from 
deuteron bombardment of enriched Se’® was 
placed in an electromagnetic field, with a Geiger 
counter tube located so as to intercept either B-- 
or B+-activity separately, according to the direc- 
tion of the magnetic field. Figure 3 shows the 
decay curves obtained from these measurements. 
In addition to the gamma- and 6--decay curves 
of the 34-hour Br® period, a 2.4-day positron 
activity appeared. From the decay curve of this 
activity it was determined that the Br7’ isotope 
emits positrons, 

Figure 4 shows the results of aluminum absorp- 
tion measurements of Br activity from deuteron 
bombardment of enriched Se7*. Measurements of 
activity were taken with various thicknesses of 
aluminum absorber placed between the sample 
and an ionization chamber. The curve of £- 
activity was obtained by a subtraction of the 
curve representing electromagnetic activity from 
the curve representing total activity. A beta-end 
point of 0.097 g/cm?, corresponding to 0.36 Mev 
by the Sargent range-energy relation, and a beta- 
end point of 0.172 g/cm’, corresponding to 0.50 
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Mev, were determined. The former was at- 
tributed to the 2.4-day Br” activity, and the 
latter to the 34-hour Br® activity. The end point 
of the 2.4-day Br?’ period was confirmed by beta- 
ray spectrometer measurements. 

Figure 5 shows the decay of x-ray activity in 
the 2.4-day Br?’ period. The activity was ob- 
tained from simultaneous Se7*+d and Se’4+d 
bombardments of equal amounts of enriched 
selenium. Ionization measurements of (x+y)- 
activity were taken with a magnetic field so 
situated as to prevent all beta-radiation from 
entering the ionization chamber. The curves of 
y-activity were obtained by inserting a }-inch 
aluminum absorber between the sample and the 
ionization chamber. The difference between the 
curve of (x+y)-activity and the curve of 7- 
activity then represented the activity from the 
sample due to x-ray radiation. Curves represent- 
ing this x-ray activity from both bombardments 
are shown in Fig. 5. In both samples a 2.4-day 
half-life was determined as the period of the x-ray 
activity. In the Se’® sample this activity ap- 
peared with approximately 4.4 times the inten- 
sity of the x-ray activity in the Se’4 sample. Since 
stable Se’® was 4.4 times as abundant in the Se”® 
sample as in the Se’4 sample, it was concluded 
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Fic. 1. A comparison of total activity decay from alpha- 
particle bombardment of enriched Se“ and Se’*, The new 
2.4-dav Br” period is shown in the Se” sample. 
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Fic. 2. A comparison of Br activity decay curves from deuteron bombardment of enriched Se” and Se’®, 
The 2.4-day Br”? period is found more intense in the Se’* sample. 








that the Br” isotope emits x-ray radiation. From 
energy considerations it was determined that this 
radiation was not due to the ‘‘bremsstrahlung”’ 
effect. It was thus determined that the K-capture 
process occurs in the Br”? isotope. 
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Fic. 3. Decay curves of 8-- and Bt-activity in Br from 
deuteron bombardment of enriched Se”*®. Bt-activity of the 
2.4-day Br’? period and the 4.4-hour Br®® period are shown. 


The ratio of K-capture processes to positron 
emissions in Br?’ is computed to be 20. This ratio 
was obtained by a determination of saturation 
intensities and by corrections made for the rela- 
tive ionization produced by beta radiation and 
x-ray radiation in the energy ranges involved. 
The ratio of reaction cross sections for the 
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Fic. 4. Aluminum absorption measurements showing the 
0.36-Mev positron end point of the 2.4-day Br? period. 
_ 0.50-Mev end point of the 34-hour Br® period is also 
shown. 
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Fic. 5. A comparison of x-ray decay in Br activity from 
simultaneous deuteron bombardment of enriched Se” and 
Se’. X-ray activity from the 2.4-day Br” period is seen 
to be stronger in the Se7® sample. 


Se76(d, n) and Se7"(d, 2m) processes forming the 
Br” isotope is approximately 0.3. The rate at 
which the 2.4-day Br7 period is produced com- 
' pared to that of the 34-hour Br® period by 
deuteron bombardment of selenium is approxi- 
mately 0.4. 

Gamma-ray activity in addition to that due 
to annihilation is observed in the Br”? period. 


THE 1.7-HOUR Br® ISOTOPE 
A 1.7-hour half-life has been observed in Br 
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activity from simultaneous deuteron bombard- 
ment of equal amounts of enriched Se’! and Se’”®. 
Figure 6 shows a comparison of this 1.7-hour 
activity in the Se’4 and Se”* samples. A Br®° 
B--activity of 4.4-hour half-life appeared in both 
samples. The activity was somewhat stronger in 
the Se’! sample than in the Se7* sample due to 
the fact that the Se’! sample contained 40.4 
percent of the parent Se*®, while the Se’® sample 
contained 30.2 percent of Se®®. Gamma-ray ac- 
tivity, due to 34-hour Br®, was also found in both 
samples. In addition to these periods, a #t- 
activity of 1.7-hour half-life appeared in both 
samples. The intensity of this activity in the Se”4 
sample was greater than that in the Se’® sample 
by a factor equal to the enrichment of. stable 
Se’ in the two samples. It was then concluded 
that the 1.7-hour positron activity was produced 
by deuteron bombardment of stable Se”*. 
Simultaneous proton bombardments of equal 
amounts of enriched Se” and Se” were also made. 
Figure 7 shows the decay of activity from the 
Se74+-p» bombardment, and Fig. 8 the decay of 
activity from the Se’*+ bombardment. Meas- 
urements were made with the samples in an 
electromagnetic field to separate B-- and #+- 
activity. Activities of the 4.4-hour Br®® and 
34-hour Br® periods appeared in both samples in 
intensities proportional to the abundance of 
stable parent isotopes present. The increased 
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Fic. 6. A comparison of 8~- and 8*-activity in Br from simultaneous deuteron bombardment 
of enriched Se” and Se”®. 8*-activity in the 1.7-hour Br” period is seen to be stronger in the 


Se™ sample than in the Se’® sample. 
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Fic. 7. Decay of activ- 
ity from proton bombard- 
ment of enriched Se”. 
Strong §*-activity in the 
1.7-hour Br period is 
shown. §t-activity in the 
4.4-hour Br®® period is also 
shown. Currents used in 
producing the electromag- 
netic field for separating 
B-- and £t-activity are 
shown for the various de- 
cay curves. 
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intensity of the 1.7-hour half-life in the Se” 
sample over that in the Se’® sample indicated 
that the activity was produced by proton bom- 
bardment of stable Se‘. 

As a guide to the likelihood of a (p, y) reaction 
taking place to produce the 1.7-hour Br activity, 
the relative probability of the (p, m) to the (p, 7) 
reactions in forming 2.4-day Br’’ was estimated. 
The observed intensities of Br” activity, from 
simultaneous proton bombardments of enriched 













Se74 and Se’®, were compared with known abund- 
ances of Se”® and Se”’ present in the two samples. 
From these comparisons it was determined that 
in producing Br?’ by proton bombardment of 
selenium the ratio of the (p, 2) to (p, 7) reactions 
is 1.5. It is therefore quite possible that the 
1.7-hour Br activity is formed by the Se’4(p, +) 
reaction. 

In the decay curve of activity from Se4+) 
bombardment, a 125+5-day half-life appeared 
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Fic. 9. Aluminum absorption measurements showing the 
1.6-Mev positron end point of the 1.7-hour Br™ period. 


which was presumed to be that of Se”. The ratio 
of reaction cross sections for production of the 
1.7-hour Br activity compared to the 127-day 
Se®™ activity by proton bombardment was de- 
termined to be approximately one. This indi- 
cated that the 1.7-hour Br activity decays into 
the 127-day Se™ period. From this data, assign- 
ment of the 1.7-hour activity was made to Br® 
as a Se’4(p, y) reaction. 

Figure 9 shows the results of aluminum absorp- 
tion measurements of Br® activity from deuteron 
bombardment of enriched Se’4, The end-point 
energy of Br™ positron emission was determined 
to be 0.75 g/cm?, corresponding to 1.6 Mev. 

The presence of x-ray emission due to K- 
capture in the Br” period was determined in the 
manner described in the preceding section. The 
ratio of K-capture processes to positron emissions 
in Br® from deuteron bombardment of selenium 
is approximately 4.4. The rate at which 1.7-hour 
Br® is produced by the Se’‘(d, m) reaction com- 
pared to the rate at which Br® is produced by 
Se®(d, 2”) is approximately 2.1. 

No gamma-radiation, other than that due to 
positron annihilation, was found in the 1.7-hour 
Br® activity. 


THE 4.4-HOUR Br® ISOTOPE 


A 4-hour Br® period was first reported! as a 
result of slow neutron bombardment of bromine. 
Emission of negatively charged beta-particles in 
the Br*° period was reported? as a result of neu- 
tron and deuteron bombardments of bromine, 
and also’ as a result of proton bombardment of 


1M. L. Pool, J. M. Cork, and R. L. Thornton, Phys. 
Rev. 52, 239 (1937). 

2 A. H. Snell, Phys. Rev. 52, 1007 (1937). 

3 J. H. Buck, Phys. Rev. 54, 1025 (1938). 
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Fic. 10. Se and Br section of the periodic table. The new 
Br” and Br® isotopes and new reactions reported are indi- 
cated by heavy lines. 


selenium. It has also been reported‘ that most 
of the nuclei in the upper 4.4-hour isomeric state 
of Br*®® decay by falling into the lower 18-minute 
state from which observed disintegration elec- 
trons are emitted. Existence of 49 kev and 37 kev 
internally converted gamma-rays from the 4.4- 
hour Br®® period has been shown.5 

Figures 7 and 8 show a 4.4-hour bromine 
B+-activity resulting from proton bombardment 
of enriched Se” and Se’®. By comparing the ac- 
tivities of this period with the abundance of Se*® 
present in the two samples, it was determined 
that the 4.4-hour 8+-activity was due to the Br*° 
period. By spectrometer measurements the end 
point of the 4.4-hour Br®® 6+-activity was esti- 
mated to be approximately 0.8 Mev. 

Figure 3 shows 6*-activity of the 4.4-hour Br*° 
period resulting from deuteron bombardment of 
selenium. 

The 4.4-hour Br® period was also obtained by 
alpha-particle bombardments of selenium. 

Figure 10 shows the Se and Br section of the 
periodic table. The new Br” and Br® isotopes 
and new reactions reported are indicated by 
heavy lines. 
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An investigation has been made of the isotopic composition of the argon from four potassium 
minerals. In each case a high A*°/A® ratio compared to that of atmospheric argon is observed 
showing directly that K*° decays to both Ca*® and A**. From the absolute amounts of radio- 
genic A*® and K* in the minerals a lower limit on the branching ratio \x/Ag can be made. If 
the half-life, 7X 108 yrs., is assumed for K*°9—>Ca*, \x/dg must be at least 0.02. The possibility 
of using this method for measuring geological age is suggested. 





T was suggested by von Weizsicker! in 1937 


that the abnormally high abundance of A‘ 


in argon might be explained by assuming that 
K*? not only decays to Ca*® through 6-emission 
but also to A* through K-capture. Indirect evi- 
dence to support this view has been obtained by 
a number of investigators.?-* Bleuler and Gabriel’ 
studied the X-radiation emitted during the decay 
process of potassium and concluded that there 
are 1.9 times as many K-captures occurring as 
there are B-rays emitted. Suess® was unsuccessful 
in his search for argon in sylvine and carnallite 
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Fic. 1. Mass spectra for atmospheric argon and for argon 
from mineral Langbeinite. Note that this mineral has an 
A“/A* ratio greater than three times that for atmospheric 
argon. Peaks at 37 and 39 and part of 38 are due to residual 
impurities in spectrometer. There were no detectable 
residual impurity peaks at either mass 36 or 40. 


1C. v. Weizsicker, Physik. Zeits. 38, 623 (1937). 

(1943) C. Thompson and S. Rowlands, Nature 152, 103 
3L.H. Gray and G. T. P. Tarrant, Proc. Roy. Soc. A143, 

681 (1934). 

98s) Hirzel and H. Waffler, Helv. Phys. Acta 19, 216 
6 E. Gleditsch and T. Graf, Phys. Rev. 72, 640 (1947). 
6H. A. Meyer, G. Schwachheim, and M. D. deSousa 

Santos, Phys. Rev. 71, 908 (1947). 

(947) Bleuler and M. Gabriel, Helv. Phys. Acta 20, 67 
*H. E. Suess, Phys. Rev. 73, 1209 (1948). 


minerals and concluded from this investigation 
together with general geological considerations 
that the branching ratio, \«/Ag, was 0.05+0.02. 

An investigation of the gas evolved from four 
potassium minerals has been made with a high 
sensitivity mass spectrometer. In all cases small 
amounts of argon were discovered and in each 
case the A‘°/A* ratio was appreciably greater 
than that observed for atmospheric argon. Figure 
1 shows a comparison between the spectra ob- 
served for atmospheric argon and for the argon 
found in one of the minerals. 

The procedure employed in extracting the 
argon from the minerals was as follows: A 
weighed amount of the mineral was introduced 
into a high temperature vacuum furnace which 
was heated to a temperature above 1000°C. The 
condensable vapors were removed by a liquid 
oxygen trap. If the amount of gas remaining 
after this treatment was less than 20 std. cc, an 
investigation of the A*°/A* ratio was made di- 
rectly without further purification. The ex- 
tremely high sensitivity of the spectrometer per- 
mitted one to do this. For samples larger than 
20 std. cc the argon concentration was too low 
to permit accurate isotope analysis and the gas 
was further purified with hot lithium metal. The 
principal impurity which diluted the argon was 
nitrogen. That the lithium treatment had no 
effect on the A*°/A* ratio was shown in a test in 
which this ratio was determined in a sample of 
air before and after purification. 

Table I contains pertinent data for the min- 
erals investigated. From the data in column 6 
together with the ages of the minerals and the 
decay constant for K**9—Ca*® one may compute 
the branching ratio. The results of such calcula- 
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ARGON 40 IN POTASSIUM MINERALS 


TABLE I. Data for several potassium minerals. 








Argon. 
std. cc 


Total wt. Potassium* 


Mineral grams grams std. ccf 


Radiogenic A‘ 


Age of 
mineral half-lives 
X10-8 yr. 4 X108 yr. 7 X108 


Branching ratios for three 
14 X108 


g radio. A4%§ 
g K-40 





0.31 
0.10 
0.08 
0.065 


0.25 

0.035 
0.011 
0.045 


450 62 
450 72 
250 135 
400 80 


Orthoclase 
Microcline 
Sylvite 
Langbeinite 


7.0 X10 

0.8 X107? 3.5 
0.13 10-? 2.0 
0.9 X10 2.0 


0.007 0.02 
0.010 J 
0.003 
0.02 


0.07 


0.04 








* This column was estimated from the accepted composition of the mineral. Slight impurities would lower this number. 
Tt This column computed from the measured A*°/A% ratio for the mineral and that for air. It was assumed that the non-radiogenic argon had 


the composition of present-day atmospheric argon. 


§ There is good reason to feel that the errors in analysis together with the assumptions made in computation should not affect this ratio by 


more than 25 percent. 


tions are shown for three different assumed 
decay constants. 

Since an exact determination of the potassium 
content of the, mineral was not made, the amount 
of potassium present is at most that given. More- 
over, since it is assumed that the non-radiogenic 
argon had the composition of present-day atmos- 
pheric argon and that no leakage of radiogenic 
argon occurred during the life of the mineral, the 
ratio given in column 6, if in error, is too small 
and would therefore give a minimum value for 
the branching ratio. Since the branching ratio 
computed here depends upon the assumed value 
for the half-life of K*°—Ca*®, no definite value 
can be decided upon until this constant is better 
established. All three values used here have ap- 
peared in the literature. 

It is seen from columns 8-10 of the table that 
there is reasonable agreement among the values 
of the branching ratio obtained except in the case 
of sylvite. The low value for the branching ratio 
for sylvite could be attributed to the leakage of 
argon from the mineral. The fair agreement ob- 
tained for the branching ratio from the other 
three minerals indicates that with improved 


techniques in carrying out experimental work of 
this type, together with a careful redetermination 
of the half-life of K*°, the K*°9-+A* decay might 
become extremely useful in the measurement of 
geological time. 
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The momentum distribution of decay electrons from negative mesons bound in K-orbits is 


calculated assuming a two-particle disintegration of the meson into an electron and a neutrino 
or neutretto. The resultant momentum distribution has a spread &Z/137p., where p. is 
the momentum of the decay electron from a free and stationary meson. The effect of the 
meson’s binding on its mean life for decay is also considered and a small decrease in the mean 


life, =(Z/137)?X100 percent, is found. 








BUNDANT evidence now exists that the 


2.2 microsecond decay process! associated . 


with a (positive or negative) meson of 100 Mev 
rest energy” results in the emission of a (positive 
or negative) electron.! Conservation of momen- 
tum and of charge demand, in addition, the 
simultaneous emission of at least one neutral 
particle. At the moment, neither the number of 
neutral particles emitted per disintegration, nor 
their nature, is definitely known, although it has 
been shown in the counter experiments of Sard 
and Althaus and of Hincks and Pontecorvo that 
the neutral particles cannot be photons.* We 
shall, for the duration of the present discussion, 
assume that the meson decay is a two-particle 
disintegration and that, either a zero rest energy 
neutrino, or a 70 Mev rest energy neutretto, are 
emitted together with the electron.t Thus, the 


* The research described in this paper was supported in 
part by contract N6ori-117, U. S. Navy Department. 

** Note added in proof: In the April 1948 issue of Physics 
Abstracts there appeared an abstract of a paper by E. 
Corinaldesi (Nuovo Cim. 4, 131 (1947) in which a calcula- 
tion apparently similar to the present is described. Unfor- 
tunately, I have so far been unable to obtain the original 
paper of Corinaldesi. ' 

1F, Rasetti, Phys. Rev. 59, 613 (1941), 60, 198 (1941); 
B. Rossi and N. Nereson, Phys. Rev. 62, 417 (1942), 64, 
199 (1943); Auger, Maze, and Chaminade, Comptes 
Rendus 213, 381 (1941), 214, 266 (1941); M. Conversi and 
O. Piccioni, Phys. Rev. 70, 859 (1946). 

2 W. B. Fretter, Phys. Rev. 70, 625 (1946); J. G. Retal- 
lack and R. B. Brode, Phys. Rev. 73, 532 (1948). 

?R. D. Sard and E. J. Althaus, Phys. Rev. 73, 1251 
(1948); E. P. Hincks and B. Pontecorvo, Phys. Rev. 73, 
257 (1948). 

4 The two particle decay scheme of the meson into an 
electron and neutrino was originally suggested by Yukawa 
(Proc. Phys. Math. Soc. Japan, 17, 48 (1935)) on the basis 
of a theoretical consideration in which the meson decay 
is pictured as an intermediate step in nuclear beta-decay. 
This scheme is supported by a cloud chamber picture of 
Williams and Roberts (Nature, 145, 102 (1940)) which 
gives a decay electron of 70+35 Mev, and by decay elec- 
tron range data of Conversi and Piccioni (Phys. Rev. 70, 
874 (1946)) and of Retallack (Phys. Rev. 73, 921 (1948)). 
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momentum of the decay electron originating 
from a free and stationary meson, while possess- 
ing an unique value, say p,, (two-particle 
decay assumed), cannot be predicted at present. 
In addition, negative mesons decay in matter® 


The two particle decay scheme of the meson into an elec- 
tron and a 70 Mev rest energy neutretto is supported by 
two cloud chamber pictures of Anderson, Adams, Lloyd, 
and Rau (Phys. Rev. 72, 724 (1947); Rev. Mod. Phys. 
20, 334, (1948)) which give decay electrons of energy 
25+5 Mev. A three particle decay scheme: meson—elec- 
tron-fneutrino+neutretto, has recently been suggested by 
Wheeler (Notes by J. A. Wheeler on the March 1948 Nat. 
Acad. Sci., Physics Conference); this scheme predicts a 
continuous energy distribution for the decay electrons 
(from free stationary mesons) peaked at 25 Mev and 
possessing a mean spread 10 Mev. If such a three- 
particle decay actually occurs, the resultant mean spread 
of the electron momentum distribution, about its peak, 
arising from a statistical division of the meson’s rest energy 
among the three decay particles, will undoubtedly be con- 
siderably greater than the spread, discussed in this paper, 
which is introduced into the momentum distribution of the 
negative decay electrons as a result of the K-orbital motion 
of the (negative) bound parent mesons (see below). 

Note added in proof: Recent experimental work on the electron mo- 
mentum distribution from meson decay has been reported by: E. C. 
Fowler, R. L. Cool, and J. C. Street, Phys. Rev. 74, 101 (1948); J. L. 
Zar, J. Hershkowitz, and E. Berezin, Phys. Rev. 74, 111 (1948); J. 
Steinberger, Phys. Rev. 74, 500 (1948); R. W. Thompson, Phys. Rev. 
74, 490 (1948). The results are all quite preliminary but it is perhaps 
not unfair to say that the data of the first three of these groups of 


authors seem to point to a three-particle decay while that of the fourth 
indicates a two-particle decay into an electron and neutrino. 


It may also be mentioned here that Feer (Bull. Am. 
Phys. Soc. 23, No. 3, p. 44) has shown that a fraction of the 
meson’s rest energy, equal on the average to 1/137, is 
given up to the radiation field, e.g., to (predominantly 
low energy) photons, at the instant of decay. Thus, even 
in the two-particle decay of a free stationary meson, the 
decay electrons cannot all have exactly the same energy. 
However the electron momentum spread due to such 
photon emission should not exceed 1/137 X [mean electron 
momentum] which is small compared to the electron 
momentum spread to be expected from the decay of 
(negative) bound mesons (Z/137X[mean electron mo- 
mentum ]—see below). 

5 The discovery that slowed down negative mesons decay 
in matter with nuclei of sufficiently small charge number Z, 
is due to M. Conversi, E. Pancini and O. Piccioni, Phys. 
Rev. 71, 209 (1947). See also G. E. Valley, Phys. Rev. 72, 
772 (1947); G. E. Valley and B. Rossi, Phys. Rev. 73, 
177 (1948); H. Ticho and M. Schein, Phys. Rey. 73, 81 

















MOMENTUM DISTRIBUTION OF DECAY ELECTRONS 


only after first becoming bound in K-orbits 
about individual nuclei.* As a result, the veloci- 
ties of these mesons at the instant of decay have 
values appropriate to their K-orbit motion, i.e., 
values ~Z/137c, so that the momenta, p,, of 
the resultant (negative) decay electrons are given 
by a ‘“‘Doppler shift”’ formula,’ 


p&p. (1+Z/137 coséd), (1) 


6 being the angle between the electron and meson 
velocities. Since @ takes on all values between 0 
and mw with approximately equal probability 
(Z/137<1) the momenta of the decay electrons 
will exhibit a “Doppler broadening’’ and will 
have a spread about their mean value (p,), 
which amounts to 


~p.Z/137Z/137 
x 50 Mev/c; neutral particle = neutrino 
25 Mev/c; neutral particle = neutretto | 


A quantitative expression governing the mo- 


T= f f P(p.,pn)dpdpn=2n/ nf } ae ha 





879 


mentum distribution of the decay electrons 
arising from negative mesons slowed down in 
matter and bound in K-orbits will be given be- 
low in Eq. (4). It is also to be noted that the 
decay electrons arising from slowed down posi- 
tive mesons should all have the same momentum 
(two-particle decay assumed), since positive 
mesons, not being bound because of nuclear re- 
pulsion, will all be effectively free and sta- 
tionary at the instant of decay. In practice, of 
course, both positive and negative decay elec- 
trons will lose a certain amount of momentum in 
getting out of the absorber in which the parent 
mesons are stopped and this momentum loss 
will have to be taken into account before the 
true momentum distribution can be determined. 

The momentum distribution of the negative 
decay electrons may be obtained quantitatively 
by examining the expression given by the time 
dependent perturbation theory for T, the mean 
life for decay of the bound negative meson, viz. ,7* 


g? (hc)*\* 
Gre) 
mw . 


x f $*pntn(t)BVre.e¢(t) UEg(t)dt | 8(En—E.—Ex), (2) 


where, P(p.,p,)dp.dp, = probability per unit time 
for the decay of the bound meson into an elec- 
tron with momentum between p, and p.+dp, and 
a neutrino or neutretto with momentum be- 


tween p, and p,+dpn. 
UEm(r) =e—*!*/(ra*)* = non-relativistic approxi- 
mation to the wave function associated with 


(1948); N. Nereson, Phys. Rev. 73, 765 (1948). At the 
moment, evidence is available that in matter of large Z, 
nuclear capture of mesons competes successfully with their 
decay (see J. G. Retallack, Phys. Rev. 73, 921 (1948)). 
For a discussion of the alternative hypothesis of an ac- 
celerated decay of the bound meson stimulated by nuclear 
electric fields see Valley and Rossi, quoted above, and, 
S. T. Epstein, R. J. Finkelstein and J. R. nt 
Phys. Rev. 73, 1140, (1948). See also reference 7a. 

6 E. Fermi, E. Teller and V. Weisskopf, Phys. Rev. 71, 
ti9 _" E. Fermi and E. Teller, Phys. Rev. 72, 399 

1947). 

7 Equation (1) may be most simply derived by applying 
the momentum and energy conservation laws to the decay 
of the bound meson. Here one has: pm=DPe+Pn, and mmc? 
+ €mAchet+ ((Chn)?+ (mnc?)*)t where mmc? is the rest energy, 
ém the mean kinetic and potential energy, pn2Z/137 
MmCKmmc, the momentum, of the bound meson, and, 
mc, Pn, the rest energy and the momentum of decay 
neutrino or neutretto; eliminating , and recalling that 
Mn Aacp + ([cp&” #+ (mnc*))!, one immediately obtains 
Eq. (1). 





the K-orbit of the bound meson (see below); 
r is the vector from the nucleus (assumed at 
rest at the origin of coordinates) to the meson; 


™ The Lagrangian density of the meson, electron, neu- 
trino and electromagnetic fields, L, on which the present 
perturbation calculation is based, is, 


1/3 rs) te 2 Mme\?| __|2 
L=- {2 (2-4,)o| + (7 U } 
: 
+ihept( 3 vo] 2-4, ]+"4 v 


te 


+incot( 21] 2-E4,] +74 
—gotvU+ UtVte) 


where U, y, ¢ are the (doubly quantized) meson, electron, 
and neutrino (or neutretto) wave-functions and A, are the 
potentials of the electromagnetic (Coulomb) field arising 
from the charge on the nucleus about which the meson is 
bound. U, y, @ are expanded in the usual way into series 
of eigenfunctions; the individual terms in these series are 
creation and destruction operators for the corresponding 
particles multiplied into the (relativistic) UEm, Wes, 
$pn,sn Of the text below (the treatment of the expansion 
of the U into the UE, follows that given by H. Snyder and 
J. Weinberg (Phys. Rev. 57, 307 (1940)) and F. J. Dyson 
(Phys. Rev. 73, 617, (1948)). As shown in the last of the 
references 5, an accelerated decay of the bound meson, 
stimulated by the electric field of the adjacent nucleus, 
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En=Mne?—Ze?/2a=mne?(1—Z?/2-137?) is the 
energy of the bound meson in its K-orbit; g is a 
constant, having the dimensions of electric 
charge, which governs the strength of the inter- 
action between the meson and electron-neutrino 
or electron-neutretto fields. 

Vve8e(¥) =expip.-r-/hS.=free-particle wave 
function (normalized per unit volume) associ- 
ated with the decay electron, p, being its mo- 
mentum and E.&cp,, its energy. S, is a constant 
spinor wave amplitude involving the spin co- 
ordinates of the electron. It is to be noted that 
the effect of the nucleus’ Coulomb field on the 
electron wave function is neglected ; this neglect 
is justified since the electron is created at a dis- 
tance from the nucleus (~a) which is much 
greater than its (27)-!X [wave-length ]( = (h/p.) 
~(h/mmnc)=Z/137a) so that the Coulomb field 
wave function is well approximated by its asymp- 
totic form—a plane wave (see below). 

$pnsn(¥) =exp—ipn-In/hS,=free-particle wave 
function (normalized per unit volume) associated 
with the decay neutrino or neutretto (which is 
assumed to have spin } and so obey Dirac’s 
equation) when it is in a state, previous to the 
meson’s decay, with momentum — >, and energy 
— E,=—((chn)?+(m,c*)*)?,; m, being the neu- 
trino or neutretto® rest mass. The decay of the 
meson is thus, as usual, pictured as involving 
its absorption by a neutrino in a negative energy 
state —E,, the neutrino thereby becoming an 
electron in a positive energy state E,, the re- 
sidual hole being the associated anti-neutrino. 
S, is a constant spinor wave amplitude involving 
the spin coordinates of the neutrino, 6B is a 
Dirac matrix, $*pn,snBYre.se atid Uz, being each 
scalar invariants (spin zero meson); the use of 
other types of meson fields (e.g., pseudoscalar 


may be obtained by adding coupling terms to the La- 
grangian, of the type, e.g., 

dA, OA 
‘2 (= — at) truvo U, 


pw\OXp, OX, 


with the A,, in this case, the potentials of the total electro- 

magnetic field, i.e., of the (Coulomb) field arising from the 

nucleus and of the Coulomb and quantized transverse 

or arising from the charged meson and electron wave 
elds. 

8 Henceforth we shall refer explicitly to the neutrino 
only though all the results obtained-will, of course, be also 
applicable to the neutretto providing one sets m,c?270 
Mev instead of m,c?20. 
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or even, vector) should lead, in general, to similar 
results.® 

6 is the Dirac delta-function whose presence is 
required by the conservation of energy in the 
decay, the recoil energy of the atom about whose 
nucleus the meson is bound (210° ev) being 
neglected at this stage (see below). The integra- 
tion over p.,P, runs over all possible values, while 
the sum over the spin states of the electron and 
neutrino runs over the two possible states (con- 
sistent with a given sign of the energy) for each 
one of the two particles. 

We note that the absolute square of the matrix 
element: 





2 








J otrnn(O) Bre (r) Ue,,(r)dr 


2 





(SnBS-) f exp2(pntp,):-r/hUEm(r)dr 





is, apart from a constant, just the probability 
that the meson has a momentum [p.+p,] in 
the K-orbit so that P(p.,p,) is proportional to 
this probability. This last proportionality is in 
agreement with the picture of the continuous 
decay electron momentum distribution arising 
from the fact that the bound meson has not a 
sharp, but rather a continuous, (probability) 
distribution of velocity.!° 

The integrals and sums in Eq. (2) can be car- 
ried out in a straight-forward manner (e.g., 
Casimir spur method for sums over spin states) 
with the result that, 


cT1Em —mnc 
T= f P(p.)dpe, (3) 
0 


where, P(p,.) the probability per unit time and 
per unit momentum range that the (negative 
bound) meson will decay into an electron with 
momentum #, and a neutrino with momentum 
Pn=((En—cp.)?/c?—(m,c)*)*, is given, if one 
keeps only the lowest order terms in Z/137, by 


®It seems fairly clear that Eq. (4) for P(p-) should be 
valid (in lowest order in Z/137) for mesons and neutrettos 
of any spin and type of field covariance. This follows since 
a non-relativistic approximation to the meson wave func- 
tion has been employed to obtain Eq. (4), and since no 
neutretto property apart from mass appears explicitly in 
this equation. 

10 See Eq. (1) and reference 7. 











MOMENTUM DISTRIBUTION OF DECAY ELECTRONS 


the expression® 


1 8/3x 
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(4) 





P(p.)dpe = 





In Eq. (4), To! = (g?/hc) (mnc?/h) [1 — (m»/mmn)? P 
is the mean life of a free stationary meson,"! 
pe = (mmc/2)[1—(m,/mm)? ]=mean of the de- 
cay electron momenta from the bound meson 
=momentum of the decay electron from a free 
stationary meson; to within lowest order in 
Z/137, Eqs. (3), (4) yield T=T >. Equation (4) 
gives the distribution of the decay electron 
momenta from bound negative mesons. One 
sees, from Eq. (4), that for p.=p, (142/137), 
P(p.) =%P(p-), so that, for example, in alu- 
minum (Z=13) there is one decay electron with 
cp. between 54.5 and 55.5 Mev for every eight 
electrons with cp, between 49.5 and 50.5 Mev 
(taking m,,c? = 100 Mev and m,c?=0 Mev). Such 
an effect should be detected if a sufficient num- 
ber of bound negative mesons is observed to 
decay (and, of course, if the decay is into two 
particles). 

The evaluation of the integral for 7— in Eq. 

















| (SnBS_) | 8x 
( Pe+Pn |*}* a Z e 
/1+ exp(=—)r 1+i— )exp( 
2 137 137 
——M »C 
137 J 
[ _ Pe+Pn |’ 
4 





instead of its previous value, 











|(SnBS.)|8e 
| ee bd 
i+| Z 
am] 


1H, A. Bethe and L. Nordheim (Phys. Rev. 57, 998 
(1940), Appendix I) derive this formula for To in the case 
My= 


aery: || | | 


ene i 


pe)? 
_fcwes 
137 | 








(2) using the exact expression for P(p.,p,) or 
P(p.) (not the approximation in Eq. (4)) yields, 


8 Mr 7 z.% 
refi Mia) 
3 Mn?—m,2 6/7 \137 
+higher order terms in z/137)} (5) 


However, relativistic corrections to the bound 
meson wave function and Coulomb field correc- 
tions to the electron wave function, should also 
give terms in 7J~! which are ~(Z/137)?. Conse- 
quently, a calculation has been made using the 
ground state relativistic Klein-Gordon eigen- 
function as the U£m," and an approximate 
Coulomb field continuous spectrum Dirac eigen- 
function® as the wp.,s.. With these wave func- 
tions, the absolute magnitude of the matrix 
element in Eq. (2) becomes, (apart from a con- 
stant normalizing factor), 





Z 2-137, 
Fw (24) 
137 ZMyC 


to 








+higher order terms in Z/137 


——M nC 


137 








and one obtains, carrying out the sums over s,, 


12See, for example, A. Sommerfeld, Wellenmechanic, 
(Ungar, New York, 1945), p. 215. 

13 The approximate Coulomb field eigenfunction used is 
that given by Furry (Phys. Rev. 46, 391 (1934)) except 
for a modification (analogous to one introduced by Scherzer 
(Ann. d. Physik 13, 137 (1932)) which allows it to reduce 
asymptotically, in the direction given by p,, into, essen- 
tially, a plane wave only (rather than into a plane wave 
and into a spherically divergent wave which is the case 
in Furry’s original representation and which is more ap- 
propriate to a scattering problem). 
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Sn, and the ee Over Pe,Pn, in Eq. (2), 
2 


4 Mm 
a 2) (z/137)? 


3m m2 


T= ro[1+(- + 


+higher order terms in Z/ 137| (6) 


To within terms of lowest order in Z/137, the 
decay electron momentum distribution is un- 
changed by these relativistic and Coulomb field 
corrections.° 

Equation (6) shows that the effect of the 


(Pe+Pn)”)wv dpdp» 
Recoil Energy =P : eZ =f f — . 
(27h) ® z 








Matom 








he 


e (hc)? 
(<4 “) J $*pnvtn(I)BYpe.se(t) UEm(t)dr 
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negative meson’s binding in the K-orbit de- 
creases its mean life.’* Numerically however this 
decrease is very small (1.5 percent-3 percent 
for Al); in heavy elements, on the other hand, 
(where (Z/137)? it not so small) the mesons are 
presumably predominantly captured!® before any 
decay can take place. Thus the effect of binding 
on the mean life for decay is probably un- 
observable.'® 

Finally one may estimate the average magni- 
tude of the recoil energy of the atom near whose 
nucleus the negative meson decays. One has, 


“3(Ex _E -B,|7?"] 





atom 





Such a recoil energy may conceivably be ob- 
served if the negative mesons decay in K-orbits 
about neon atoms, say, in a cloud chamber and 
the recoil atoms create sufficient ionization to 


14 The present small decrease in the mean life for meson 
decay, arising from the effect of the nucleus’ Coulomb 
field on the wave functions of the (bound) meson afd the 
emitted electron, is to be distinguished from the possibly 
large decrease which occurs if a direct coupling is postulated 
(see reference 5, 7a) between the meson, electron, neutrino 
and total electromagnetic fields. 


T-1 
=(Z/137)?[ (mmc)?/2M atom |21000 ev. (for Neon, Z=10). 


(7) 





cause a visible ‘“‘blob’’ at the point of origin of 


the decay electron’s track. 
I wish to thank Dr. R. D. Sard and Dr. 
E. Feenberg for several stimulating discussions. 


15 J. G. Retallack, Phys. Rev. 73, 921 (1948). 

16 The exact value of the numerical coefficient of (2/137) 
in Eq. (6) is still somewhaé uncertain because the approxi- 
mate Coulomb field wave functions used to describe the 
electron may contain errors ~(Z/137)%. (See Furry, 
reference 13.) However there is rigorously no binding cor- 
rection to the meson mean life which is ~Z/137. 
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The motion of an electron in the field of a magnetic pole is considered. It is shown that in 
spite of its magnetic moment the electron has no bound states. 





ECENTLY Dirac has revived interest in a 
theory of the electromagnetic field proposed 
by him some time ago! which allows the existence 
of free magnetic poles. As a consequence of his 
theory he is able to deduce the fact that the 
charge of any elementary particle is always an 
integral multiple of a certain fixed unit. The 
motion of an electron in the field of a magnetic 
pole was considered by Dirac! and he found that 
the electron cannot have any bound states. How- 
ever, Dirac did not take into account the spin of 
the electron and since the spin gives rise to a 
magnetic moment, it seemed conceivable that 
the above conclusion might cease to hold if one 
used the correct equation of motion. The object 
of this note is to investigate this point. It turns 
out that Dirac’s result is still valid and so the 
electron cannot be bound to a magnetic pole. 
We put the velocity of light and the Planck’s 
constant equal to 1 and 27 respectively. It is 
convenient to use tensor notation. Let (x, y, 2) 
=(x!, x?, x’) be the Cartesian coordinates in 
space and let e** be the antisymmetric tensor 
such that e!?8=1. Further, let gi be the metric 
tensor corresponding to the quadratic form 


dx? +-dy?+dz* = gun.dx'dx*. 
The equations determining the vector potential 
A; can then be written as 
ek(9A ;/dx*) = H*, (1) 
where H; are the components of the magnetic 
field. Now since we wish to consider the field of 


a magnetic pole it is convenient to introduce 
polar coordinates (7, 0, ¢) given by 


x=rsin@dcosy, y=rsinésing, z2=r7 cosé, 


so that 
dx*+dy?+ dz? =dr?+1r7d0?+r? sin*0d¢?. 
1P. A. M. Dirac, Proc. Roy. Soc. 133, 60 (1931). 


Therefore if gag(a, 8 running over r, 0, g) denotes 
the metric tensor in the polar coordinates, we 
have 


Srr=1, go=r*, gog=r? sin”, 
grt=1, g@=1/r?, gee=1/r? sin’, (2) 
Lap =g% =0, ax~Bp. 


On transforming (1) to the new coordinate sys- 
tem (r, 8, yg) according to the usual rules of 
tensor calculus we get 


€*°7(0Ag/dé*) =H”, (3) 


where a, 8, y run over the three indices r, 0, ¢ 
and (é, &, &)=(r, 0, ¢). It follows from the 
transformation laws that 


ce? =1/(g)t=1/r? sind, 


where g=r‘ sin’@ is the determinant of the matrix 
formed by the components gas. Let —e be the 
charge of the electron and an integer and con- 
sider a magnetic pole of strength 3”/e at the ori- 
gin. Then H®=H*=0 and H*=}3n/er?. A possible 
solution of (3) is now obtained by putting 
A,=A,e=0 and choosing A, such that 
1 dA, 

— —_=—. (4) 
r?sin0 00 = 2er? 





This gives A,=(n/2e)(1—cos@), the constant of 
integration having been so chosen as to make 
A,=0 for @=0 so that the nodal line! runs from 
the origin along the line =z. This is seen as 
follows. Consider the integral 


J Adis i) Ade = J Ade, 


taken round a closed curve ¢ surrounding the 
line 6=69. Clearly if 69+0 or 7, /cde=0 and 
therefore the integral tends to zero as c shrinks 
to a point on 8=69. On the other hand if 0).=0 
or 7, /-<dy=2z and the value of the integral tends 
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to (xn/e)(1—cos8) i.e., 0 or 2rn/e according as 
4>=0 Or 7. 

Now we come to the equation of motion of 
the electron. As usual let o1, 2, o3 and pi, po, p3 
be two independent sets of Pauli matrices.’ 
Transform o1, ¢2, 73 as components of a vector 
to polar coordinates so that 





ax* 1 
o,=0,— =—(x), 
or fF 
dx* 
9 = 0, — = (x(x) — (xx)o)s, (S) 
06 resin 
dx 
o,=0.—=[xXo]s, 
09 


where x= (x1, x2, X3) and @=(1, o2, 73) and the 
usual notations for scalar and vector products 
are used. The Hamiltonian H for the electron 
can now be written as 


= —pi(op) —psu—pieo*Ay 





= —pi(op) — psu — pr 
r2 sin?@ 2 


where p= 1/12(0/dx, 0/dy, 0/02) is the momentum 
and yu the mass of the electron. Our problem is 
to find a wave function y such that 


| Hy =Ey, (7) 

where E is some eigenvalue of H. Now notice that 
if # 6] 10 

[xxph=-(*—-9—) =-— 

1\ dy Ox 109 


and [xXp]+3e commutes with H)=-—p,(op) 
— p3u while [x Xp ];+403 commutes with [x Xe ]s. 
Therefore 


=—-—+}o3, 
109 


commutes with H. Hence we can choose y in 
such a way that 


[xXp]s+3o3= 


= sonal iv) My, 


where M is half-an-odd integer. Therefore 
yp =ei(M-hedey! (8) 


2See P. A. M. Dirac, Principles of Quantum Mechanics 
(Clarendon Press, Oxford, 1947), Chap. XI. 
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where y’ is independent of ». Now 
0 0 0 


o—=¢;— 


age ar 


oo O — 
—: (9) 


r2 00 r*? sin*?@de 


k__ — 


Ox* 





From (5) we get 
o,=sin0(o1 cosg+ a2 sing) +03 cos 
= sinOo,e*"3?+- 03 cos 
= e~‘#3¢/2(¢3 cosd-+ a1 sind)e'39/2 
= @— 1730/29—i028/ 25 .pi028/2picse/2 (10a) 
Similarly 
o9=Fr Cos0(c; cosg+az sing) —o37 sind 
=r cosa e738? — o3r sind 
= re~‘#2#/2(¢, cosd —o3 sind)e73#/? 
= re- io3¢/2@—io20/ 2 gia20/2giase/2 (10b) 
o,=r sinO(a2 cosg—ai sing) 


=r sinOe- ‘730! 2¢—1028/2¢.¢1020/2pi03¢/2 


Also 


(10c) 


0 2 


o) 
eir20/2__ — (—-- 
06 \0@ 2 


0 re) 03 
—— == gi728/2 — 4. ei73e/2 
09 dg 2 
Qo 74 
= ———ebtoy Jeetlgil 
dg 2 


io 20/2 
é ’ 


eir28/2piose/2 


1 
= |——“(e cosé — a; sin@) }e%29/2¢ies¢/2, 
2 


Hence 
: ’ re) 01 7] 102 
8 /Oxck = e— 1728/2¢— tase! [or +— 
Or r\00 4 











o. {0 42 
ines ——(o3 cosé — 01 sin@) Jeri 
r sindldg 
Similarly 
1ea°A » =1 “(1 —cos6) 
r r? sin?6 2 


= 1¢@—1739/2¢—i0 28/2 


i cos@) 
r sind 2 





XK e'728/2giese/2 











MOTION OF AN ELECTRON 


Hence on substituting (8) in (7) and putting 
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It is clear that 





e1728/2)’ = Yo, we get 3 
a1 —K?= {q{— 
| ts (—+-) 00 
or r 
a3 a3 C0s8\ ])? 
1/9 a3 ——{ M+- “(1 cost) — )]| , 
~~ eee M+- “(1 —cost sind 2 
00 siné 
commutes with the operator acting on Yo in (11). 
_™ cost} ) | +ou+z|vo=0 (11) Hence we can choose yp to be an eigenvector of 
2 K?*, But 
—K?= {+4 2 cotd-+——( ar" (1 ~cost) ) [= +4 cotd—-— M+— “(1 ~cost) ) 
sin@ sin@ 
1/0 0 m 
-—|—-} cot (r+ —(1 ~cos#) ) | sind—+ 4 costo M+"(1 ~cost) ) 
sin@ | 06 sind 00 2 





“atl t-ede( wet) oGot)eo-eo et) Co 
eo a |ao( a+) i (Sots)a} 
n 


= (1 —u?)——2u—— 





9 





du? du 1—2u? 


“(i 
2 


nN n 63 2 
(9-G 
a? d 2 2 2 nN G3 


= (ta) —~ Se — 


(12) 





du? du 1-7? 
where u=cos@. Now it is known that if m and j 
are both integral or both half-integral the only 
eigenfunctions of the operator 

d? d 

(1 —u?)—-— 2u—— 

du? du 
corresponding to the interval —1<u<1 are the 
Jacobi polynomials P*,, ;(u) and the correspond- 
ing eigenvalues are —k(k+1), where k is to be 
so chosen that k2|m|, |j|, and k—j is an 
integer. P*,, ;(cos@) is defined by the identity 


0 O\ #7 6 Oy ti 
(« cos—+ fe sin) (-1 sin—+/, cos-) 
2 2 2 2 


(k—j'k+j!) 
t ~-™ foe +m 


= Fn, |(COSO 
a. mik-tmi\ ane 


where m runs through the set of values k, k—1, 


(m—ju)? 


1—4u? 


amg, (13) 





(14) 








2 n?—1 
- a 4 
, —k. Write 


W1=t, cos0/2+¢2 sin6/2, 
We = te cosd/2—t, sind/2. 
If we observe that dw,/00=we, dw2/d0 = —w4, we 
get immediately on differentiating (14) with re- 
spect to 0 
((k—j) (R+j+1))*P*m, 4+1(cos6) 
— ((k+j)(k —j+1))*P*m, ;-1(cosd) 





d 
=2—P#,, ;(cosd). (15) 
dé 
Now keep @ fixed and transform from the vari- 
ables #1, te to wi, W2. Then 


rs) r) r) r) 
by— — le = c0s0( ws — -v;—) 
Ot, Ote Ow, OW2 
rs) r) 
— sind w+ we 


OW OW) 
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On applying this operator to (14) we get 

—2j cos@P*m, ;(cos@) 
—sin6(((k—j)(k+j+1))*P*m, i+1(cos#) 
+ ((k+j)(k —j+1))*P*m, --1(cos6)) 


= —2mP* mn, ;(cos@). (16) 
From (15) and (16) we find at once that 
{uy < + m—juh Pr su 
= ((k+j)(R—j+1))8(1—u?)4P hm, s1(u), (17a) 
d 
{ (t—w)——m-+ju| Ph) 
= ((k—-j)(R+j+1))1(1—w?)#P en, 541(u).  (17b) 


Now for (12) m=M-+n/2 and 
(n+1) 


2 
i= (n/2)+ (03/2) = 


‘nm—1 


ee =. 








if we choose a representation in which gz is 
diagonal. Therefore the eigenfunction Wo can be 
written as 


3 ( P¥4(n/2), (n¢-1)/2(COS8) yt 
“" P* 4 (n/2), (n—1/2(COS8) e , 
where ¥*, ¥~ depend only on r and 
nm—1i| |n+1 
2 


n+1 
and “es 


nN 
k> 























is an integer. Making use of (17) we find that 


0 C3 n n+o3 
oof ———* (4 cos) 
06 siné 2 2 


. ‘winhagees (n-+1)/2 a 


P¥4(n/2),(n—)/2 


-((oSe)(34)) 


. wes (n—1)/2 a 


PF 4(n/2), (n¢y/2 WO 
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--((Se)(-49) 


e ‘ins (n+1)/2 a 


P¥yz(nj2),(n—yj2 Wt 


Therefore (11) now becomes 


[lof Set)-Sa]eme()- 
£-((o+%2)(0-73)) 


yt ; ; 
) this equation may be 


If we write v=(7" 


written as 


(5+ -) +x ly v=ios(ip2—Ep:)y. (19) 


Choose p;3 diagonal and split y into C) with 
2 


respect to p3; so that 


won(")e(%) 
0) 


1 1 
ptE=—, p—E=—. 
Qa a2 


Then 
0 
(ip2n—Ep2)p= ( 
at 


Put 


Then (19) can be written as 


{(=+- =) 4x ly hn 


((<+ ~) 4x |ye= ys (20b) 


(20a) 


Now choose a representation in which g2 is 


diagonal so that 
1 O 0 —1 
w() i) os oh Go) 
0 -1 1 
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Write 
wit ’ ot 
Pe al) Oe) 
vi vo 


Then (20) is equivalent to the set of equations 


01 %K 1 
|—-+-+—}it=“ye (21a) 

oe »# a2 ' 

01 %tK t 
{—+--—ly.-= ——fi", (21b) 

~~ a2 

81 ik i 
|—+--—|yi-= st, (21c) 

oe  # a2 

01 4K 
|—+-4— ost = ——hr- (21d) 

Or rf Ff a2 





Put @=(aia2)' the square root being positive in 
case @;d2>0. Then we get 








01 %tK 01 %tK 
—+-——) —+-+— }y¥:* 
arr F — * #¢ 
1 —1 
-(=)(S 
ay ae 
i.€., 
0? 20 K*-iK 1 
{— -— -—|n:t=0. (22a) 
Or? ror r? a? 
Similarly 
0? 20 K*+21K 1 
| 4-— -—|yr=0, (22b) 
or? ror r? a? 


(22) is completely equivalent to (21) since (21a) 
and (2ic) can be regarded as the definitions of 
v2 and w+ respectively. Since the operator 

a 20 K*+ziK 


r or rv? 


or? 





is homogeneous in r it is clear that if y(r) is one 
of its eigenfunctions corresponding to the eigen- 
value 1/a? and a is any real constant, the func- 
tion ¥(ar) is another eigenfunction corresponding 
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to the eigenvalue a?/a*. Hence the eigenvalues 
E=(u?—1/a*)* cannot form a discrete spectrum. 
We shall now show that for all permissible solu- 
tions of (22) a?<0. It is sufficient to consider 
(22a). Put git = fe/*, Then 

a? 2 2\0 K*-iK 2 
{— (--- “nasties PP 

or? r a/or 9 ra 





The point r=0 is a singular point of this equa- 
tion. According to the usual procedure for solving 
second-order linear differential equations with 
analytic coefficients, we make the substitution 


f= 2, car, 


yv20 


where co=1 and »y runs over all non-negative 
integers. The indical equation is 


a(a—1)+2a+K?—iK =0, 
i.€., 


(et+(K—) =o 


Hence a=iK or —i1K —1. However the boundary 
condition at r=0 requires* that rf;+-0 as r—-0. 
Hence only a=7K is permissible. On substituting 
f= ee corr tik, 
v20 
in (23) and equating the coefficients of the vari- 


ous powers of r to zero we get the recurrence 
relation 


2 v+i1K+1 
a (v-+1)(v+2iK+2) 


Since K is real it is clear that the series cannot 
terminate. It converges like e?"/* and therefore 
for large r, ¥it = fe~/* behaves like e"/*. Therefore 
from the boundary condition at infinity it follows 
that only those solutions are permissible for 
which @ is pure imaginary, i.e., a?<0, or E?>y?. 
Thus the electron is never bound to the mag- 
netic pole. 





3 See reference 2, p. 269. 
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A Study of the Radiations from Columbium (95), Rhenium (188), 
Osmium (191), and Osmium (193)* 


C. E. MANDEVILLE, M. V. ScCHERB,** AND W. B. KEIGHTON*** 
Bartol Research Foundation of the Franklin Institute, Swarthmore, Pennsylvania 


(Received June 14, 1948) — 


The characteristic radiations of Cb®, Re!8, Os'®!, and Os!*? have been investigated by 
absorption and coincidence methods. Maximum beta-ray energies were determined by alu- 
minum absorption, and maximum quantum energies were measured by coincidence absorption 


of the secondary electrons in aluminum. 


Beta-beta-, beta-gamma-, and gamma-gamma-coincidence rates were measured when possible. 
Some remarks concerning Sb" and Au™ are also included. 





INTRODUCTION 


HE characteristic radiations of several 

radio-isotopes produced by slow neutron 
bombardment in the Oak Ridge pile have been 
investigated by coincidence and absorption 
methods. The general method has been previ- 
ously described.1 The beta-ray energies were 
measured by absorption in aluminum; the 
gamma-ray energies were measured by coinci- 
dence absorption, and whenever possible, beta- 
beta-, beta-gamma-, and gamma-gamma-coinci- 
dences were investigated. A coincidence resolving 
time of 0.10 microsecond was used throughout 
the course of the experiments. 


COLUMBIUM (95) 


The 35-day columbium (95) was separated 
from the fission fragments of the pile at Oak 
Ridge. The columbium was further purified for 





x 
8 





COUNTS PER MINUTE 
» 
8 











00 02 04 06 
G/CM*~-ALUMINUM 


Fic. 1. Absorption in aluminum of the beta-rays of Cb®. 


* Assisted by the joint program of the Office of Naval 
Research and the Atomic Energy Commission. 

** Now at Princeton University. 

*** Also of the Department of Chemistry, Swarthmore 
College. 

1C. E. Mandeville and M. V. Scherb, Phys. Rev. 73, 
141 (1948). 


the removal of phosphorous, zirconium, copper, 
and iron as possible impurities. An absorption 
curve of the beta-rays of Cb®, shown in Fig. 1, 
gave a maximum beta-ray energy of 0.14 Mev. 
This value agrees with earlier measurements and 
is an indication of the purity of the material. A 
coincidence absorption experiment gave 0.92 
Mev as the maximum energy of the gamma-rays. 
These data are shown in Fig. 2. The beta-gamma- 
coincidence rate was found to be 1.3 X 10 coinci- 
dence per beta-ray as shown in Fig. .3. The 
gamma-ray counter was constructed of “low Z”’ 
materials and was calibrated by the beta-gamma- 
coincidence rate of Sc**. It was thus concluded 
that the beta-rays of Cb® are followed by 0.92 
Mev of gamma-ray energy. 

A gamma-gamma-coincidence rate of (0.28 
+0.02) X10 coincidence per gamma-ray was 
also present. This indicates that the Mo® re- 
sidual nucleus de-excites by emission of the 0.92 
Mev gamma-ray or by an alternate mode involv- 
ing the emission of two or more gamma-rays. 

The writers had previously assigned the 0.92 
Mev gamma-ray to zirconium (95), the parent 
element of columbium (95), produced when zir- 
conium is irradiated by slow neutrons.” The pres- 
ent data show that the earlier assignment was 
incorrect, undoubtedly the result of an incom- 
plete chemical separation. 

A small number of beta-beta-coincidences 
were detected in the disintegration of Cb%®, con- 
firming that some of the gamma-rays are 
converted.’ 

2C. E. Mandeville and M. V. Scherb, Phys. Rev. 73, 
1434 (1948). 


3 Plutonium Project Report, ‘Nuclei formed in fission,” 
Rev. Mod. Phys. 18, 513 (1946).. 
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Fic. 2. Coincidence absorption of the secondary 
electrons of the gamma-rays of Cb®. 


RHENIUM (188) 


The eighteen-hour activity was induced in 
ReO:, irradiated by slow neutrons for thirty 
minutes in the pile. Measurements were initiated 
about twenty hours after removal of the rhenium 
from the pile. Using the method of coincidence 
absorption, a calibrated? coincidence-counting 
set gave a maximum quantum energy of 1.39 
Mev. This agrees well with 1.43 Mev reported by 
Miller and Curtiss‘ employing a thin lens spec- 
trometer. The coincidence absorption data are 
given in Fig. 4. 

A very low beta-gamma-coincidence rate, 
plotted in Fig. 5, was measured in Re!**, The 
beta-gamma-coincidence rate is seen to be con- 
stant from 0.5 g/cm? to 0.05 g/cm? where a rise 
in the curve sets in. The first point of the curve 
brings the coincidence rate down again. This 
may have been an unduyly large statistical fluc- 
tuation or an indication of the presence of con- 
version electrons of low energy. The break in the 
curve at 0.05 g/cm? indicates the presence of a 
beta-ray spectrum having a maximum energy of 
0.225 Mev. This spectrum is apparently coupled 
with the 1.39 Mev gamma-ray and other gamma- 
rays. From Fig. 5 it is seen that the beta-gamma- 
coincidence rate of 0.0210-* coincidence per 
beta-ray extends beyond a beta-ray energy of 1 
Mev. This would indicate that the 2.07 Mev® 
beta-rays of Re!** lead to a low-lying excited level 
of the Os!** residual nucleus. Among the gamma- 
rays reported by Miller and Curtiss‘ is one having 


( 046) C. Miller and L. F. Curtiss, Phys. Rev. 70, 983 
1946). 

5L. J. Goodman and M. L. Pool, Phys. Rev. 71, 288 
(1947). 
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_ Fic. 3. Beta-gamma-coincidence rate for Cb® as a func- 
tion of aluminum absorber thickness before the beta-ray 
counter. 


an energy of 0.16 Mev which in addition to being 
to some extent converted, is more intense than 
the other gamma-rays present. It seems probable 
that the hard beta-rays of Re!** are coupled with 
this gamma-ray. 

Beta-beta-coincidencest were measured in 
Re!®8, They drop to zero at 0.018 g/cm? as shown 
in Fig. 6. This corresponds to a conversion elec- 
tron energy of 0.12 Mev or a gamma-ray energy 
of 0.19 Mev. The beta-gamma-coincidence rate in 
the beta-beta-coincidence counting arrangement 
was too small to measure with any accuracy so 
that no estimate of the internal conversion coeffi- 
cient was obtained. 





140 


4 


COINCIDENCES PER MINUTE 


. 
co) 
'. 














a2 OA 06 0.8 10 
G/CM? - ALUMINUM 


Fic. 4. Coincidence absorption of the secondary 
electrons of the gamma-rays of Re!88, 


t All beta-beta coincidence data were obtained by plac- 
ing aluminum absorbers before both of the beta-ray 
counters. 
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_ Fic. 5. Beta-gamma-coincidence rate for Re'® as a func- 
tion of the surface density of aluminum placed before the 
beta-ray counter. 


A gamma-gamma-coincidence rate of (0.096 


+0.009) X10-* coincidence per gamma-ray was 
observed in the disintegration of Re'**, showing 
that gamma-rays are emitted in cascade. 

The absorption and coincidence measurements 
on Re!*§ are summarized in Fig. 7 where a tenta- 
tive and incomplete level diagram is given. 

It should be remarked that during the time of 
the measurements, the source appeared to be 
decaying for the most part with a half-period of 
18 hours. It has also been previously shown‘ that 
the 90-hour Re'®* emits no gamma-rays so that 
it would appear that the measurements were 
hardly affected by its presence. 


OSMIUM (191) 


The 32-hour activity was induced in osmium 
irradiated by neutrons for thirty minutes in the 
pile. The hard beta-rays were absorbed in alu- 
minum as shown in Fig. 8. The end point corre- 
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Fic. 6, Beta-beta-coincidence curve for Re!8, 


*E. C. Creutz, Communication to G. T. Seaborg, Rev. 
Mod. Phys. 16, 1 (1944). 
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Fic. 7. Tentative disintegration scheme for Re!*®*. 


sponds to a maximum energy of 1.15 Mev. A 
small beta-gamma-coincidence rate, 0.0310- 
coincidence per beta-ray, independent of the 
beta-ray energy, is shown in Fig. 9. As in the case 
of Re!88, this suggests that the hard beta-rays 
lead to a low-lying excited state of the Ir!” 
residual nucleus.f{ This fact is confirmed by the 
presence of beta-beta-coincidences shown in Fig. 
10. This coincidence rate reached zero at 0.024 
g/cm?, corresponding to a conversion electron 
energy of 0.14 Mev and a gamma-ray energy of 
0.22 Mev. The beta-gamma-coincidence rate in 
the beta-beta-coincidence counting arrangement 
was too small to obtain an accurate measure of 
the conversion coefficient.f A coincidence absorp- 
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Fic. 8. Absorption in aluminum of the beta-rays of Os". 


tt The gamma-rays from such low-lying levels in Os" 
and Ir! might be delayed. No search for delayed coinci- 
dences was made in the course of the present investiga- 
tions. 

t Calculation of conversion coefficients for both Re! 
and Os"! would be difficult because the measurements of 
this paper give evidence of possible complexity of the beta- 
ray spectra of both elements. 








RADIATIONS FROM Cb*%, 

















MoH 
Te ee ee 
; 


C/CM*- ALUMINUM 


_ Fic. 9. Beta-gamma-coincidence rate for Os' as a func- 
tion of the surface density of aluminum placed before the 
beta-ray counter. 


tion curve, shown in Fig. 11, gives a maximum 
gamma-ray energy of 1.58 Mev. A gamma- 
gamma-coincidence rate of (0.13+0.03) x10 
coincidence per gamma-ray was also measured. 
It appears that the hard gamma-ray must be 
coupled with a beta-ray spectrum of low energy 
and low intensity which made no appearance on 
the beta-gamma-coincidence curve. It is certainly 
non-coincident with the hard beta-rays. 


OSMIUM (193) 


After the irradiated osmium had decayed for 
about forty days, a small residual activity was 
present, the seventeen-day Os!, Absorption of 
the beta-rays in aluminum gave a maximum 
energy of 0.15 Mev. These data are shown in 
Fig. 12. 

Although the source was of low intensity, it 
was possible to measure beta-gamma-coinci- 
dences as shown in Fig. 13. Gamma-gamma- 
coincidences were also present.{{ 


ANTIMONY (124) 


Several authors have recently reported in- 
ternal conversion in the disintegration of Sb™. 
Kern, Zaffarano, and Mitchell,’ and Feister and 


tt Note added in proof: Saxon, Bull. Am. Phys. Soc. 23, 
No. 4, 16 (1948) has reported a spectrometric value of 0.142 
Mev for the beta rays of Os!*, Katzin and Pobereskin, 
Phys. Rev. 74, 264 (1948) give absorption and coincidence 
data on Os! very similar to those of this paper. 

7B. D. Kern, D. J. Zaffarano, and A. C. G. Mitchell, 
Phys. Rev. 73, 1142 (1948). 
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Fic. 10. Beta-beta-coincidence rate for Os'. 
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Fic. 11, Coincidence absorption of the secondary 
electrons of the gamma-rays of Os!®. 


Curtiss* have reported conversion of the 0.6 Mev 
gamma-ray, and, in addition, Cook and Langer® 
have reported a conversion line corresponding to 
a quantum energy of 0.12 Mev. Accordingly, 
beta-beta-coincidences in Sb!‘ were searched for 
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Fic. 12. Absorption in aluminum of the beta-rays of Os!®. 


81. Feister and L. F. Curtiss, J. Research NBS 40, No. 4, 
315 (1948). 

*C. S. Cook and L. M. Langer, Phys. Rev. 73, 1149 
(1948). 








MANDEVILLE, 








? 
w 
T 

nM 





° 
iv 
T 


+—o-—— 


2 
n 








1 1 1 1 lL 
002 .004 006 008 .010 
G/CM*~ALUMINUM 





B~-Y-COINCIDENCES PER BETA-RAY (x 10?) 


Fic. 13. Beta-gamma-coincidence rate of Os'®. 


and found by the writers. The coincidence curve 
is given in Fig. 14. No conclusions have been 
drawn. with regard to a conversion coefficient, 
because more than one converted gamma-ray is 
present, and the beta-ray spectrum is very 
complex. 


GOLD (198) 


A short time ago, the writers published!® what 
they felt constituted conclusive evidence that 
gamma-gamma-coincidences are present in the 
disintegration of Au!**, Since that time it has 
been pointed out that the low gamma-gamma- 
coincidence rate could be explained by the pres- 
ence of the 23-hour mercury activity. The Au’ 
of the previously performed gamma-gamma- 
coincidence experiment was chemically purified 
so that mercury should not have been present. 
The chemical purification is given in the appen- 
dices of this paper.” 
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APPENDIX I 
Chemical Purification of Columbium (95) 


One mc of Cb® in solution as the oxalate com- 
plex, carrier free, was mixed with a solution of 
inactive columbium. The solution of inactive 
columbium was prepared from 0.1 g of Cb.0; 
fused with KHSO, and dissolved in ammonium 


10C, E. Mandeville and M. V. Scherb, Phys. Rev. 73, 
634 (1948). : 

For recent information on the gamma-rays of Au 8, 
fis ee Lind, and Watson, Phys. Rev. 73, 1392 
1948). 
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Fic. 14. Beta-beta-coincidence curve for Sb. 


oxalate solution. The combined oxalate solutions 
were diluted to 60 cc and carefully neutralized 
with ammonia and hydrochloric acid. Two grams 
of NH,CI were added, and the columbium was 
precipitated with excess tannin and ignited to 
Cb20s. 

ZrOz, 0.1 g, was added as a carrier, and the 
precipitate and carrier were fused with K2COs. 
The melt, when cold, was leached with cold water 
to dissolve the columbium, which was then pre- 
cipitated with SO». The precipitate was ignited 
to Cb20s. 

This procedure was intended to separate from 
the columbium phosphorous, zirconium, copper, 
and iron. ° 


APPENDIX II 
Chemical Purification of Gold (198) 


About 15 mg of gold from the pile and an equal 
quantity of inactive gold were dissolved in boil- 
ing aqua regia, and the excess was boiled away. 
A few milligrams of platinum were added as 
H2PtCle. 20 ml of water, 1 ml of HCI, and 4 ml 
of saturated SO2 solution were then added. After 
standing on the steam bath for an hour, filter 
pulp was added ; the precipitated gold was washed 
by decantation with hot dilute HCl (1:99) and 
collected on a filter. The precipitate was digested 
for three hours with concentrated ammonia to 
remove any possible AgCl and was then washed 
with water. 

The gold was again dissolved with dilute aqua 
regia and washed from the paper pulp with hot, 
dilute HCl. After adding several milligrams of 
H2PtCle the extract was evaporated to dryness, 
moistened with HCI, and again evaporated. Two 
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repetitions of this process destroyed the HNO. 
The residue, dissolved in 1 ml of HCI, 1 drop of 
H2SQ,, and 15 ml of water, was treated with 5 ml 
of a saturated oxalic acid solution, and boiled for 
ten to fifteen minutes. After standing for four 


hours, it was washed with dilute HCl (1:99), 
filtered with paper pulp, and finally ignited to 
gold. This procedure was intended to separate 
the gold from most other metals including 
platinum, silver, and mercury, calcium, and iron. 
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A Note on the Magnetic Moment of the Electron 


J. M. LuttTInNGcER* 
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(Received May 19, 1948) 


Recent experiments seem to require a modification in the g-factor of the electron. It has been 
suggested that the coupling between the electron and the radiation field is responsible, and 
Schwinger has calculated the effect on the basis of a general subtraction formalism for the 
infinities of quantum electrodynamics. It is here shown that the change in magnetic moment 
may be derived very simply without any reference to an elaborate subtraction formalism. 


I. 


T has been suggested recently by Schwinger! 
that the coupling between an electron and 
the radiation field leads to a change in the g- 
factor of the electron, as seems to be required by 
experiment.” This result was derived on the basis 
of his (as yet unpublished) general subtraction 
formalism for the infinities of quantum electro- 
dynamics. It is the purpose of this note to show 
that the change in magnetic moment may be 
derived very simply without any reference to an 
elaborate subtraction formalism. 

We may characterize the problem as follows: 
Given an electron in a homogeneous magnetic 
field, what is the energy of this electron as a 
result of interactions with the zero-point vibra- 
tions of the quantized radiation field? It is 
well known that this energy is infinite, the in- 
finities which arise usually being ascribed to 
changes in the mass and charge of the electron. 
What we seek are those parts of the energy 
which do not correspond to the ordinary mass 
and charge changes, but those which arise be- 
cause of the presence of the external magnetic 
field. The problem of subtracting the original 

* Fellow of The Institute for International Education. 

1J. S. Schwinger, Phys. Rev. 73, 415 (1948); Bull. Am. 
Phys. Soc. 23, 15 (April 1948). 

2 See for example: P. Kusch and H. M. Foley, Phys. Rev. 


72, 256 (1947); 73, 412 (1948); J. Nafe and E. Nelson, 
Phys. Rev. 73, 718 (1948). 


infinities is made very simple in this case by the 
existence of a state for the electron (in a homo- 
geneous magnetic field) which has as an energy 
simply E=m.* This is a direct result of the fact 
that the (unperturbed) Dirac electron has a 
g-factor of exactly 2. For this state we have the 
energy of the orbital magnetic moment exactly 
canceling the energy of the spin magnetic mo- 
ment. The change in energy of such a state due 
to a change in mass (£,.;(0)) and charge of the 
electron is simply 

AE= Ezei(0), (1) 


which is independent of the external field. This 
means that when we calculate the energy and 
find terms which depend on the external field 
strength, these terms must represent the true 
change in the energy, and they must converge. 
This expectation is borne out by the calculation 
of the energy to terms linear in Ho (the external 
field strength). The coefficient of this latter term 
gives immediately the alteration of the g-factor 
of the electron. 
I. 


We now proceed to an outline of the calcula- 
tion. For the electron we must use the quantized 
formalism of the theory of holes‘ and for the 

3 We shall use throughout natural units, e.g., h=c=1. 
m is the mass of the electron. 


‘Cf. G. Wentzel, Ein. in die Quant. Theorie der Wellen- 
felder (Franz Deuticke, Wien, 1943), pp. 158-91. 
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radiation field we must use the formalism of 
quantum electrodynamics.® 
The Hamiltonian is then given by 


H=H + Ait Aygatic, (2) 
where 


Ho= if aaa Y*(a -V—ieA oo) —imy*BYy)d*x 


+ (1/8x) | (E+E) dt, 
putting 


V=D anda, 


Ho = ye a,*0,£.+ a: k.c.*C., 


a f (Yay) -Ad*x 
= —)>> (eA,/V2)c.*an* dn? Van 


+Herm. conj., 


p(x) p(x’ 
H static =— ff —e 83x’ 


: x—x! 
=>— >a On* An {* Oy 
2 2,0’ I,’ 
(Wn(x) Yn (x)) Wal’) Wr (x’)) 
xf J 


|x—x"| 


d®xd* x’ , 





The following notations have been used: 


a is the Dirac vector matrix (az, ay, az); 
A, is the vector potential of the external 
field ; 
En, Wn are the eigenvalues and eigenfunc- 
tions of the Dirac equation ~ 


(a F ((1/1)V—eA 0) +MB)vn=Envn; 


d,*, Gd, are, respectively, the creation and 
destruction operators of an electron in state n. 
They satisfy @n*dn/+GnOn* =Snn’, Ct. ; 

C.*, C, are, respectively, the creation and de- 
struction operators of a photon in a state with 
momentum k, and polarization vector @é,. 
CeCe" —Ce*Ces = See", CtC.; 


A is the vector potential of the radiation 


field— 
A=), (A,/v2) (cse****-+0,*e—**7)e, ; 


5 See reference 4, pp. 107-133. 
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A,=(42/k,G)', G=normalization volume; 
Vanes f dt (Yat AsWn le *s*,  ag=Egr a. 


We are now interested in calculating the 
energy to 0(e?). This means that we have to take 
the mean value of Hyati- for one particle in the 
state m, and no photons present. This yields: 


(Hsstatic (m)) av = “i ; 
ae 


Ei>0 


d*xd5x! 
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(Yn* (x) pi(x)) (Wr* (Xe) alx’)) 
rs n, ey ESS 
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iB; co 
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(Ymn* (x) Pm(2)) (Wi* (x) pr(x’)) 
+e 2 f f 
|x—x"| 
E:<0 
The third term represents the interaction be- 
tween the vacuum charge density 


p= DY epi*(x’)yi(x’)) 
1,E1<0 


and the charge density of the particle 
Pm ( = Cm* (x) Wm(x)). 
This term may be dropped (as well as the corre- 
sponding term from Hj, for the interaction be- 
tween the particle current and vacuum current), 
since it is well known® that a homogeneous mag- 
netic field gives rise to no polarization of the 
vacuum effects. From this value we must sub- 
tract the corresponding value when only the 
vacuum is present (negative energy states filled). 
This gives: 
; Fs 


(Hi. static (vac) Yay = 2 b 


n,l 
En>0 
Ei:<0 


3ya3x’. 





‘i if f Hn" val) We Wal@) | 
|x—x'| 
Defining now the electrostatic energy as 
(H, static (m) daw = (H, static (vac) daw 


6V. F. Weisskopf, Kgl. Danske Vid. Sels. Math.-Fys. 
Medd. 14, 6 (1936). 





























we get 


AE static = “ 61 
I 





je )i(x)) (Wi* (x) Wm (x’)) 
xf f x)Wi(x)) (Wit (x x inde’, (6 


|x—x’| 


where 
6=+1, £,>0, 
=-1, £,<0. 
To calculate the contribution from 


A, (AE gynamic), ON€ must use second-order per- 
turbation theory. When this is done, the vacuum 
value and polarization of the vacuum terms 
removed, we are left with 


AEsynamic = (—2ne4/6) D— E Jo. 
namic = é A 
” ? s ke t 6:k,+Ei:—En 





The total energy will be given by 
AE= AE static +AE gynamic: 


We now have to sum the series (6) and (7), 
using the exact eigenfunctions and eigenvalues 
of the Dirac equation. These are given in the 
appendix. The state m in question is that with 


AEstatic =— “ff fe ——§ d*xd*x’ 
|x—x’ | 
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n=ph2=p3;=0, En=m, and 
| 0 
Ym= (1/68) |"? |, (8) 
0 
v(x) =exp —[(eHo)x?/2 |(eHo/x)?. 


Let us first evaluate the electrostatic energy. 
Substituting the above value for ¥», and the 
values of the eigenfunctions from the appendix, 
we get: 


Q=2 51(Wm* (x) Wa(x)) (Wr* (x) Ym(2’)) 


=(m/G8) FE (1/Ea)(o(e)0 (2) 


- Xexpt(poy + psz)) (v(x’)o™ (x’) 


Xexp—1t(poy+p3z)) 
where 


E,=(m?+p3?+2eHom)} 
v(x) =exp[ — £/2]Hn(é) 
X [(eHo)*/4t2”/?(n!)*] 
£ = (eH) §[x — (p2/eHo)}. 


Therefore, 


d*xdx'. 





~ 9G4I8 »% n Le 


It is convenient to go over to momentum space 
in order to evaluate these integrals. Define 


Pn(x) =0(x)v™ (x) explt(poyt+psz) ], 
and 


pa(h) = f ahi eaiil-lpaliie. 
Then, as is well known, 
Jf ConGrvt(ey/|2—a" | rears’ 
= (41/G) u Cen(k)pn*(k)/k? J. 


—f J (v(x)v™ (x) expt(pay+ psz)) (v(x’)v™ (x’) exp —i(poy’ +P22’)) 


|x—x’| 








Therefore 










AE atic = (2xe%m/GU8) 5 ¥ (1/Ex) 


p2p3 n=0 


wo (1/k?) pn(R)pn*(k)- 
The integrals giving pa(k) are easily evaluated: 
(—)" (b2tthi\" 
er a 
po? +hi?+2ipeki 
4eH | 





— G?!8Skopodksp3 


pn(R) 









exp] _ 
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or 
2re*m o 1 1 
AE static = 2 2. —)> 
pxpin=0 Ey ki (ki?+p2?+ 3?) 
(=) 
eH 
; — —— exp[ — (b2?-+h1")/2eHo] 
"nN 
_ em = 


dkid 
~ Ae? LIE, “ESSS adn 


- 1 (==) 
(ki? +po?+p3") \ 2eHy 


exp — (b:?+ hi?) /2eHo ].** 


Going over to polar coordinates for the variable 
ki, po we get (writing r?=k,?+p.? and p3=) 


1 
ap ia rdr 
r?-+-p? 





e*m « 
AE static iis eee = 


2r n= n! 














72? \* 1 
4 ee. ) —r?/2eHo 
2eHo Senet os 


Pei nia = 
Saas , "apy 


2 r2 


=2 ecapertera 2eHy 











Now we need f for vanishingly small values of 
Ao, since it is the linear term (in Ho) of AE static 
which gives the change in g-factor of the electron. 
Therefore, we seek to sum this series for Hp—0, 
i.e., for 70. The function y"/n! for 7 very 
large has a sharp maximum at =n. On the 
other hand the function 


g(n) = (m?+ p?+ 2eHn)-* 


is, under the same conditions, a very slowly vary- 
ing function of ”. We therefore expand it about 
the point =, and get 

n— 2 





( 
(nm) =g(n)+(n—n)g'(n) + g!(n)+-°: 


** Here we have replaced the sums by integrals 


2—(Gi/2 dk, etc. 
a ( /2x) f 1, etc 
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or 


fee a (e(n) + (n—n)e(n) 








a n)* 
+ ge!’ (n) +++ +)(4"/n!) 
= g(n)+Lng’’(n)/2]+--- 
=[1/(m?+p?+r’)*] 
+ 3L(cHo)r*/(m?-+ ptr)? + -. 
Therefore, 
1 

AB waie= c 

, i “C+D (m+ pte) 





3. (eHpo)r? 
bl — +2] 
4 aie ae 
[apf rdr 


x , )(ett)+ 
m(r?+ p?) (m?+ p?+7r?)5/2 
= AEstatic(0) + (e?/32) (e/2m)Ho+ palace (8) 








The first term AEgati-(0) is simply the electro- 
static self-energy of an electron at rest.’ The 
remaining term converges, and is to be inter- 
preted as the change of the g-factor of the electron 
due to its interaction with longitudinal photons. 

Proceeding now to the expression for the dy- 
namic self-energy, we find (after carrying out the 
integration in Vin» several obvious summations, 
and simplifying): 


AE aynamic = F(m) = F( i m) ’ 
where 


Fm) = (/4m) f ap i = 


n"e" 








i | 1+ (p?/k?) 
Enyi(kt+Eny1—™) 
1 — (p*/k?) 
E,(kR+En—m) 








rar, 
k?=p?+7’?, 


Exactly the same method as before may be 
used to carry out the summation over n. We 


7V. F. Weisskopf, Phys. Rev. 56, 72 (1939). 





MAGNETIC MOMENT OF THE ELECTRON 


shall not enter into the details of this straight- 
forward calculation, but shall only quote the 
result: 


AE aynamic = AE aynamic (0) ; 
— (5e?/6r)(e/2m)Hot+:---. (9) 


The first term is simply the dynamic self-energy 
of an electron at rest (cf. reference 7). What re- 
mains converges and is the contribution of the 
transverse photons to the magnetic moment of 
the electron. We thus get for the energy of an 
electron in the state m, 


AE=AE gatic (0) +AE gynamic (0) 
—(#/2m)(e/2m)Hy (10) 


(dropping higher powers of Ho). The sum of the 
first two terms of (10) is simply E,..(0), and ac- 
cording to the ideas of the first section this is 
to be subtracted. Therefore, we are left with 


AE wrue= — (€2/2x)(e/2m) Ho. (11) *** 
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(11) is to be regarded as the true change in 
energy of an electron in an external magnetic 
field, due to coupling with the radiation field. 
To interpret this in terms of a change in g-factor 
we note that if the electron had a g-factor of 
g=2(1+6), then in the state m its energy 
would be 


E=eH)/2m(1—$g) = —(eHo/2m)é. 
Equating E and AE tye we get 
5=(1/27)e*, 


or 6= (1/22) (e?/hc) in conventional units. There- 
fore 


g=2(1+(1/2m) (e/hc)). (12) 


This corresponds exactly to the result of 
Schwinger. 

In conclusion I should like to thank Professor 
W. Pauli and Doctor Res Jost for many valuable 
and stimulating discussions. 


APPENDIX 


The eigenfunctions fall into four classes, corresponding to the two different spiris and signs of energy- 


They are 
E,=+[m?+ ps?+ 2eHo(n+1) ]}, 


¥i(n, po, Ps) =expi(poyt+psz)/[2(E1?+mE)) }} 


E,= +[m?+ ps?+ 2eHo(n) }}, 


( — (Ey+m)o™ —) 
0 
psu 


| — (eH o(2)(m+1)) tv» J 


(1/G4), 











0 ¥ 
(E2+m)o™ 
Valin dps) =expilbayt Pas)/(2Est+ mE) Oca n| W/O 
L —pw™ J 


| [m?+ ps?-+2eHo(n+ 1) }, 
= —Fi, 


V3(n, ba, Ps) =expi(poy+ psz)/[2(E1?—mE)) }* 


v™)(—E,; +m) ) 
0 
pyw™ 


| — [eHo(2)(m+1) }iv*” J 


(1/G4), 








*** It should be mentioned that in reality nothing is subtracted from the magnetic moment term. One could have 


0E 
defined M= -7 | mee 


, which would have given a finite result automatically. This consideration shows that we can 


expect our result to be relativistically correct, since we have used a Lorentz invariant formalism throughout. 
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Ey = [m?+ p3?+ 2eHo(m) |}, 
= —Ezo, 





¥a(n, po, bs) =expi(poy+ psz)/[2(E2?—mEz) ]} 


where 


H, are the ordinary Hermite polynomials. 


a, and a, have been interchanged. 
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v(”) =e-P 2H, (¢)[(eHo)*/mt2/2(n!)4], &=(eHo)*Lx—(p2/eH) ]. 








0 
vu) (— Eo-+m) 
— ov") (2eHon)} 


— pyv™ 


(1/G4), 












The usual representations of the Dirac matrices have been used, with the exception that 
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A Geiger-Miiller counter filled with argon and ethyl acetate was connected to a mass spec- 
trometer, and spectra were obtained after predetermined numbers of counts. Results showed 
that factors influencing the life of the counter were the disappearance of the quenching vapor 
and the formation of non-quenching vapors. An argon-methane counter, studied by the same 
method, showed that contamination of the insides of the counter, by the dissociation products, 
limited its life. This process occurred before any appreciable fraction of the methane was 


consumed. 


INTRODUCTION 


HE purpose of this investigation was to 

examine the factors influencing the life of 
self-quenching Geiger-Miiller counters. The life 
of a counter is usually defined to be the number 
of counts that the counter is capable of detecting 
before becoming inoperative as a result of in- 
ternal failure for any reason. Observed lives are 
known to vary from 10’ counts for a methane 
counter to 10° counts for an argon-alcohol 
counter. 


PRESENT THEC'RIES FOR THE 
OBSERVED LIFETIME 


The finite life of self-quenching counters is 
explained by theories proposed by S. A. Korff 


*This paper is based partially on work done under 


Contract N6ori-99 with the Office of Naval Research. 
** Now at the University of New Mexico, Albuquerque, 
New Mexico. 





and R. D. Present,! by the Montgomerys,? and 
by Stever.* The explanation lies in the quenching 
mechanism of the counter. We first note that 
there are three essential quenching mechanisms. 
(a) Absorption of photons from the avalanche, 
(b) quenching of secondary emission when the 
positive ions reach the cathode, and (c) electro- 
static quenching. The Korff-Present theory deals 
with mechanism (a) and (b). Théy showed that 
the polyatomic gas in a self-quenching counter 
has two functions: (7) To quench the ultraviolet 
photons that are emitted by the excited states of 
the inert gas and (77) to quench secondary emis- 
sion by positive ions reaching the cathode. The 
authors point out that the characteristic property 
of a polyatomic molecule which is of importance 
ms A. Korff and R. D. Present, Phys. Rev. 65, 274 
3 C a Montgomery and D. D. Montgomery, Phys. Rev. 


57, 1030 (1940). 
3H. G. Stever, Phys. Rev. 61, 38 (1942). 
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Fic. 1. Decay of mass 87 as a function of 
the number of counts. 


in the counter is its large probability of predis- 
sociation from excited electronic states. They 
found that the quenching of ultraviolet photons 
in the initial avalanche occurs through the photo- 
decomposition of the polyatomic gas, and that 
the electron transfer probability ensures that the 
positive ion sheath, when it reaches the cathode, 
is composed entirely of polyatomic ions. These 
are neutralized at distances of about 10-7 cm 
from the wall, and the excited neutral molecules 
predissociate in 10-!* second before they can 
liberate a secondary electron by an inelastic 
collision with the wall or by recombination radia- 
tion. The authors further show that since no 
supply of secondary electrons is available the 
discharge terminates. 

As proposed by Montgomery? and Stever,? 
the initial electrostatic quenching in the counter 
takes place because of the positive ions surround- 
ing the central wire. Their presence at the central 
wire binds electrons to the wire, and as a result 
the field intensity drops to a value which is in- 
sufficient to support a Townsend avalanche. 

Since the number of ions per discharge required 
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Fic. 2. Decay of mass 70 as*a function of 
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Fic. 3. Decay of mass 61 as a function of 
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around the central wire to desensitize the counter 
is a constant, we can say the sum of organic 
molecules and inert atoms present in the ion 
sheath will be a constant, provided the size of 
the pulse remains the same. However, as the 
organic vapor is consumed, the ratio of organic 
ions to argon ions at the central wire will de- 
crease. Korff and Present state that as the sheath 
drifts outward, there is a transfer of charge from 
the inert gas to the polyatomic gas. Thus when 
the sheath reaches the cylinder it is composed 
entirely of polyatomic molecules, and the counter 
quenches because of the mechanism described 
above. 

As arguments in favor of the mechanism de- 
scribed above, Korff and Present note the follow- 
ing two considerations. (a) In an average counter 
there are approximately 10° polyatomic mole- 
cules. In each discharge about 10'° quenching 
ions are decomposed at the wall. Therefore, after 
10'° counts, the quenching mechanism will no 
longer occur. This is in agreement with results 
reported by Spatz.‘ (b) If the ionization potential 
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Fic, 4. Decay of mass 45 as a function of 
the number of counts. 


‘W. D. B. Spatz, Phys. Rev. 64, 236 (1943). 
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Fic. 5. Growth of mass 44 as a function of 
the number of counts. 


of the polyatomic gas is higher than the ioniza- 
tion potential of the inert gas, the electron trans- 
fer of charge will not take place and the counter 
should therefore not quench. Experiments of 
Korff and Present verify this point. 

There are meager data in the literature show- 
ing the dissociation of a gas in a discharge and 
no direct data for the dissociation in a counter. 
It was therefore thought advisable to examine 
the contents of a counter, as it is being used, 
with a mass spectrometer. If the above theory is 
correct, the polyatomic molecule should dis- 
appear linearly with use as a constant number of 
ions are dissociated per discharge. 


EXPERIMENTAL PROCEDURE 


A counter of the thin-walled type® of 15-cm 
length, 2-cm diameter, with a 4-mil tungsten 
wire was used. The cathode consisted of a silver 
deposit on the glass surface. The silver portion 
extended for. a length of 8 cm, with the thin- 
walled section 6 cm long. The glass thickness was 
of the order of 10-? cm. The counter was con- 
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Fic. 6. Growth of mass 28 as a function of 
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nected to a mass spectrometer through a flattened 
piece of copper tubing® bent into a hairpin shape 
which could be compressed so that no gas flowed 
into the mass spectrometer between runs. 

A radium source was placed near the counter 
to maintain a counting rate of 1000 counts per 
second. The counts were recorded on a me- 
chanical recorder after they were scaled down 
by a factor of 4096. Frequent checks on the over- 
voltage were made to insure discharges of uni- 
form size. An overvoltage of 100 volts was used 
throughout, and a resistor of 2 megohms was 
placed between the central wire and ground. 

The mass spectrometer used was the 90-degree 
sector type which is located at the Westinghouse 
Research Laboratories. The instrument is cap- 
able of scanning mass numbers 14 through 140 
in approximately 15 minutes. The recording sys- 
tem’ utilizes a speedomax which is connected to 
an automatic shunt selector. 


RESULTS 
Results with an Ethyl Acetate-Argon Counter 


An ethyl acetate-argon counter was chosen for 
study as it has been used extensively in this 
laboratory. The counter was filled to a pressure 
of 1.5 cm of Hg with ethyl acetate and 10 cm of 
Hg with argon. : 

All the peak heights obtained with the mass 
spectrometer were divided by the peak height of 
the doubly charged argon which corresponds to 
mass 20. This was deemed advisable since frag- 
ments of an organic molecule formed in the 
ionization chamber of the mass spectrometer 
have a low probability of falling on mass 20, and 
also the number of argon atoms in the counter 
remains constant. 

The ratios thus obtained were plotted as a 
function of the number of counts. Figures 1-4 
show that the fragments of the parent molecule 
formed in the ionization chamber of the spec- 
trometer all decrease linearly with the number 
of counts, and Figs. 5 and 6 show that the final 
non-quenching vapors formed at masses 28 and 
44, probably CO and COs, increase linearly with 
the number of counts. The mass spectrometer 
was not at all times operated in the region of 

6 A. O. Nier, Rev. Sci. Inst. 15; 191 (1947). 


7D. J. Grove and J. A. Hipple, Rev. Sci. Inst. 18, 191 
(1947). 

















hydrogen masses 1 and 2. The data obtained on 
the concentration of hydrogen was limited to a 
new and a completely used counter. A sharp in- 
crease in the concentration of hydrogen was de- 
tected with a used counter as compared to an 
unused counter. 

The linear decrease of the parent molecule 
with the number of counts agrees with the Korff- 
Present theory. Therefore, we can state that one 
factor influencing the life of a counter is the 
disappearance of the quenching gas. That this is 
not the only factor influencing the life of a 
counter will now be shown. 


Results with a Methane-Argon Counter 


A counter filled with methane at a pressure of 
6 cm of Hg and argon at a pressure of 4 cm of 
Hg was studied by the same method. However, 
in this case only two points on the curve were 
obtained, as the counter no longer quenched 
after 10’ counts. A mass spectra showed that a 
very small percentage of the methane had been 
consumed. The various peak heights before and 
after use in a methane-argon counter is shown in 
Table I. 

The increase of masses 27 and 28 indicates that 
the fragments of the methane formed in the 
earlier processes of quenching the counter were 
polymerizing into organic compounds such as 
C;H,. From these molecules others are probably 
formed and are eventually deposited upon the 
cylinder wall. The presence of these hydrocarbons 
upon the wall interfere with counter action and 
eventually stop the counter from functioning by 
contaminating the insides of the counter. 

The mass spectra data clearly show that, at 
least in the case of methane, dissociation does not 
explain the finite life of a counter. A more de- 
tailed study of a methane counter was made by 
Farmer and Brown, and their result will be 
discussed in the following paper of this issue. 


CONCLUSION 


There are two processes which limit the life of 
a counter. (a) The disappearance of the quench- 
ing vapor as a result of dissociation, and (b) the 
deposition on the cathode cylinder of hydro- 
carbons from polymerization processes, which 
contaminates the inside and renders the counter 
useless. 
It should be pointed out that the formation of 
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TABLE I. Peak heights before and after use 
in a methane-argon counter. 











Mass Unused Used 
2 0.0 15.2 
13 10.9 10.5 
14 29.7 28.7 
15 306.0 290.0 
16 406.5 383.5 
17 4,3 3.8 
18 2.8 1.0 
24 0.0 0.5 
25 0.0 23 
26 0.9 17.8 
27 1.8 10.6 
28 9.0 47.4 
29 2.2 11.8 
30 1.3 5.0 
40 79.0 78.0 








polymers is known to occur in electrical dis- 
charges in the presence of even small quantities 
of hydrocarbon material.’ 

If we consider the above conclusions, we see 
that a set of experiments is necessary to conclude 
which gases are limited in their life for counter 
use by the two processes mentioned above. Those 
that are immediately affected by polymerization, 
such as methane, must be eliminated as quench- 
ing vapors. From the data obtained on ethyl- 
acetate it appears that it is free from the limita- 
tion of process two. It may further be pointed 
out that the ideal counter is one that is free of 
process two and one that replenishes the poly- 
atomic vapor as it is consumed. Investigations 
to determine which gases will conform to this 
requirement are now under way. 
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The changes in the characteristics of methane-filled Geiger-Miiller counters were studied 


as a function of counter life. It was found that the counters had a useful life of between 107 
and 108 counts. Mass-spectroscopic analysis of the gas during the life of the counter showed 
the major decomposition products in the gaseous phase to be hydrogen, ethane, ethylene, and 
acetylene. These changes in gas composition did not account for the counter deterioration. 


The heavy hydrocarbon products deposited on the electrodes resulted in counter failure. 





NE of the well-known characteristics of 
Geiger-Miiller counters which are filled with 
organic vapors for self-quenching action is the 
finite life for satisfactory counting behavior. 
Spatz! has obtained evidence of the decomposi- 
tion of the gas in both argon-alcohol and argon- 
methane counters. The primary decomposition 
products were thought by Spatz to be free 
radicals which combine to form a miscellaneous 
assortment of organic molecules. Some of these 
decomposition products will be quenching gases. 


However, with continued use of the counter, all — 


of the larger molecules are broken up and the end 
products of the decomposition are a non- 
quenching gas, such as hydrogen or oxygen, and 
heavy hydrocarbons deposited on the walls. 

The observed life of methane counters is 10’ 
to 10° counts, as against 10!° counts for an 
alcohol counter. Since CH, is one of the simplest 
hydrocarbons, it would be expected to decompose 
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Fic. 1. The counting rate as a function of age for a 
methane-filled counter for which the applied voltage re- 
mains constant. 
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only once or twice before it is reduced to non- 
quenching diatomic molecules. In general, the 
number of molecules decomposed in each dis- 
charge will depend on the voltage. Thus, operat- 
ing counters at voltages much above the dis- 
charge threshold will decrease the life. As the 
quenching constituent is decomposed, one might 
expect the total number of molecules in the 
counter to increase with a consequent increase in 
the pressure. Spatz reported such changes in both 
argon-alcohol and CH, counters. Concomitant 
with such changes in pressure, there would be an 
increase in starting potential, since this depends 
both on pressure and on the gas constituents. 

This paper reports a study of the life character- 
istics of methane-filled counters. Methane was 
chosen for two reasons: first, the gas is one of 
the simplest of the organic compounds suitable 
for counter filling, and second, detailed studies 
have already been carried out on the behavior of 
methane under ion bombardment and in gas 
discharges. 


ELECTROCHEMICAL SUMMARY 


Yeddanapalli? has made a detailed study of 
the decomposition of methane in glow discharges 
at liquid‘air temperatures. He reports that the 
reaction products which are found are hydrogen, 
a polymer of composition CHe, ethane, ethylene, 
and acetylene. The proportions of ethylene and 
acetylene increase as a result of the dehydro- 
genating action of atomic hydrogen; i.e., the 
atomic hydrogen dehydrogenates ethane or the 
radical fragments to give ethylene and this in 
turn reacts further to yield acetylene. Bimolecu- 
lar combinations of the radicals formed by the 


2L. M. Yeddanapalli, J. Chem. Phys. 10, 249 (1942). 


















DETERIORATION OF METHANE-FILLED COUNTERS 


variety of collisions occurring in the gas phase 
and in the walls will lead to the formation of 
ethane, ethylene, and acetylene. 

The hydrogen has two effects: first, it acts as 
a diluent, taking up a part of the electrical energy 
proportional to its partial pressure so that the 
rate of decomposition of CH, decreases in direct 
proportion to the partial pressure of H2; and 
second, it acts as a dehydrogenating agent in- 
creasing the percentage of the unsaturated hydro- 
carbons in the reaction products. In a study of 
CHy, C2He, and C3Hs, Bonhoeffer and Harteck?® 
showed that atomic hydrogen reacts readily with 
hydrocarbon gases except methane, with the 
main reactions being hydrogenation, dehydro- 
genation and ring rupture. 

Other studies of CH, in glow discharges at 
ordinary temperatures have been made. These 
report the formation of a wax-like, inert sub- 
stance deposited on the cathode with the chief 
gaseous products being Hz, acetylene, ethylene, 
and paraffin hydrocarbons. Numerous experi- 
ments on methane have been performed in differ- 
ent types of electrical discharges and under the 
action of alpha-rays,’ and more recently under 
deuteron bombardment.* In general there is 
found He, saturated and unsaturated hydro- 
carbons in the gaseous products, and a solid or 
liquid residue. The heavier solid or liquid com- 
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Fic. 2. Operating characteristics for a counter for various 

ages. Curve (1) was taken after 10’ counts, (2) after 5107 

counts, (3) after 7107 counts, (4) after 10® counts. 


3K. F. Bonhoeffer and P. Harteck, Zeits. f. physik. 
Coane 139, 75 (1928); Zeits. f. Elektrochemie 34, 652 

4W. D. Harkins and J. M. Jackson, J. Chem. Phys. 1, 
37 (1933); E. G. Linder, Phys. Rev. 36, 1375 (1930); E. G. 
Linder and A. P. Davis, J. Phys. Chem. 35, 3649 (1931). 

5S. C. Lind, The Chemical Effects of _ Particles and 
~— (The Chemical Catalogue Co., New York, 1928) 
p. : 

®R. E. Honig, C. W. Sheppard, J. Phys. Chem. 50, 
119 (1946). 
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TABLE I. Summary of mass-spectroscopic results. 
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pounds are formed by polymerization of the 
unsaturated hydrocarbons, which takes place 
quite readily in the presence of He. 


EXPERIMENTAL PROCEDURE 


The experimental procedure in studying the 
decomposition products from aging methane gas 
in Geiger-Miiller counters was as follows. The 
counters were filled with methane to some con- 
venient pressure and operating potential, run at 
a suitable counting rate on a counting circuit, 
and samples of the gas were taken off at in- 
tervals. These samples were analyzed in a mass 
spectrometer. 

The methane for the counters was purified 
before use in the following manner. The counters 
were connected to a vacuum system manifold 
which was evacuated with a mechanical pump. 
Tank methane was admitted to the system and 
frozen into a trap at liquid nitrogen temperature. 
With boiling nitrogen on the trap, all fractions of 
the gas except nitrogen, oxygen, and 4 mm pres- 
sure of methane (the vapor pressure of CH, at 
liquid nitrogen temperature) were frozen in the 
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Fic. 3. The build-up of hydrogen gas with age for methane- 
filled counters is plotted for the counters of Table I. 
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trap. These impurities were pumped off. The trap 
bath was then changed to liquid oxygen and the 
gas system was allowed to build up to the vapor 
pressure of CH,, which is 8 cm pressure at liquid 
oxygen temperature. This purified methane was 
then used for the counter filling. 

Before loading, the counter tubes were out- 
gassed to drive off absorbed gases in the metal 
and glass walls, and the center wire was flashed 
for several minutes. The counters were filled to a 
pressure of 6 cm of mercury. 

To the experimental counters were attached 
a number of glass bulbs with internal break-off 
seals for collecting samples of the gas. The take- 
off bulbs had an average volume of 20 cubic 
centimeters and the volume of the counters was 
100 cubic centimeters. 

All the analytic work on the gas samples was 
carried out on a 60° Nier-type mass spectrometer. 
The gas was allowed to expand into a large 
reservoir and there flow through a suitable leak 
into the ionization region of the spectrometer. 
Here excitation and ionization of the gas mole- 
cules were produced by electron impact. After 
acceleration by variable electric fields, a fraction 
of the ionized molecules, collimated by several 
slits to form an ion beam, was analyzed by a 
magnetic field. The components of the resulting 
mass spectrum were measured electrically by the 
collector connected to an FP-54 d.c. amplifier 
circuit. 

The counters were aged by operating them 
continuously on an ordinary amplifier and scaling 
circuit. The resistance in series with the counter 
center wire and the high voltage supply was 10° 
ohms. The counters were run at a rate of about 
10* counts per minute, giving aging periods of 
one or two weeks. 


RESULTS 


The changes in the electrical characteristics of 
methane counters caused by the decomposition 
of the filling gas are easily measurable. When 
such a counter is connected to a constant voltage 
and data are taken of the observed counting rate 
as a result of a constant radioactive source as a 
function of time, it shows-a typical behavior, 
illustrated in Fig. 1. The counting rate is quite 
constant up to about 10’ counts, and then the 
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sensitivity drops rapidly. Representative plateau 
curves are shown in Fig. 2. One can see that the 
primary reason for the decrease in sensitivity 
shown in Fig. 1 is the increase in threshold volt- 
age. The aging data for this investigation were 
taken by keeping the counting rate constant. 
This was done by increasing the operating volt- 
age to compensate for the rising threshold volt- 
age. From the curves of Fig. 2, it is obvious that 
the rising threshold is not the only aging effect. 
The plateau curves become both narrower and 
steeper and a point is finally reached when the 
characteristics become so poor that no further 
operation as a Geiger-Miiller counter is possible. 
A summary of the mass spectroscopic results 
is given in Table I. Preliminary runs, of which 
counter A in this table represents an example, 
showed that the principal decomposition product 
was hydrogen. The next most abundant product 
was ethane. Since ethane itself is known to be a 
good counter-quenching gas and the other prod- 
ucts appeared in such small quantities, the prin- 
cipal accuracy of the spectrometer was directed 
toward the determination of the hydrogen frac- 
tion. From the data in Table I, we have plotted 
in Fig. 3 the percentage of hydrogen formed as a 
function of the total number of counts. This 
logarithmic increase,in hydrogen concentration 
with number of counts extends up to the point 
where the counter could no longer be operated in 
its Geiger-Miiller region. Counter failure occured 
in all cases for hydrogen concentrations between 
13 and 14 percent. In no case do we even ap- 
proach complete disintegration of the methane 
molecules. The end products are undecomposed 
CH, molecules, the non-quenching gas hydrogen, 
slight amounts of saturated hydrocarbons up to 
C,Hio, ethylene and acetylene. 
To determine whether this changing gas con- 
centration could account for the counter failure, 
a clean counter was filled with 13 percent He 
and 87 percent CH,. The plateau characteristics 
of this filling were identical with the same counter 
filled with 100 percent CH,. As a further check 
to see whether the gas filling was responsible for 
the counter failure, immediately after a counter 
had deteriorated it was put on the vacuum sys- 
tem, evacuated and refilled with freshly purified 
methane. The counter exhibited no better proper- 





























ties with the fresh methane filling than it did 
with the methane plus decomposition fragments 
present. 

It was found that after a methane counter 
had deteriorated it could always be recovered 
by a thorough cleaning of the electrodes. Usually 
washing the counter very thoroughly with dis- 
tilled -water, alcohol, benzene, and ether was 
sufficient. Occasionally a counter did not respond 
to this treatment, and in these cases, removal of 
the anode wire showed it was covered with a 
heavy brown coating which on heating left a 
carbon black on the wire. 


FACTORIZATION METHOD 





CONCLUSION 


The results of these experiments show that 
methane Geiger-Miiller counters deteriorate be- 
cause of the decomposition of the gas and that 
the change in the gas composition does not lead 
to the counter failure. The counter deterioration 
can be explained by the heavy hydrocarbon de- 
composition fragments of the methane deposited 
on both the cathode cylinder and on the anode 
wire. 

It is a pleasure to acknowledge the interest 
and help of Dr. Richard E. Honig of the Socony- 
Vacuum Laboratories. 
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The factorization method enables us to calculate in an elementary way the discrete-discrete 


and discrete-continuous transition probabilities of hydrogen atoms by means of recurrence 
formulae. From a key intensity all others are found by a repeated application of an /-changing 
recurrence formula or an n’-changing operator. The results are given: 


for J-changing in the formulae: (4.2), (4.3), 
for mn’-changing in the formulae: (5.1), (5.2) with (3.2). 


I. INTRODUCTION 


HE value of the Schrédinger hydrogen in- 
tensity integral 


Ta ght b= f rRy'R, dr, (1.1) 
0 


(where R,’=r times the Schrédinger normalized 
hydrogen radial function) has been calculated 
many times. Originally Schrédinger! calculated 
it for special cases using the generating function 
for Laguerre polynomials. Wheeler? has recently 
applied this method to the general case of 
discrete-discrete transitions. Epstein* used the 
theory of hypergeometric functions to solve the 


1 Schrédinger, Wave Mechanics (Blackie & Son, London, 


1928), p. 99. 
2 Wheeler, Proc. Roy. Irish Acad. 50, Sec. A, 3 (1944). 
3 Epstein, Proc. Nat. Acad. Sci. 12, 629 (1926). 


Some of the formulae apply to more general matrix components. 


same problem, while Eckart* evaluated the in- 
tegral directly. Gordon has treated the discrete- 
continuous and continuous-continuous as well as 
the discrete-discrete transitions. We want to 
show that the factorization method leads to a 
simple treatment of this problem. 

The factorization method gives the solutions 
of a second-order differential equation by means 
of recurrence formulae®; the idea here is to de- 
velop recurrence formulae for the integrals in- 
volving these solutions—the intensity integral 
in particular. Besides the recurrence formulae a 
starting point is needed; in what follows this is 
found by the method of the Laplace transform. 
Some of the formulae apply to the calculation of 
other integrals involved in the Kepler problem. 
~ 4Eckart, Phys. Rev. 28, 927 (1926). 


5 Gordon, Ann. d. Physik 2, 1031 (1929). 
6 L. Infeld, Phys. Rev. 59, 737 (1941). 
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II. SOLUTION OF THE RADIAL EQUATION 


The factorization method enables us to solve 
quickly the Schrédinger equation for a Coulomb 
field. We quote the result for the radial part of 
that equation.’ 

The equation for the discrete spectrum is: 


R"+(2/r)R—(10+1)/rJR—(1/n?)R=0, (2.1) 
and the normalized solutions are 


Rat1= (2/n)"(1/n)[(2n—1) "hr" 


Xexp(—r/n), (2.2) 
R, 1 =+H'Rn!, (2.3a) 
R,'=—H,'R,"—, (2.3b) 
where 
if 
+H,,'=nlL(n—l) t}|--—+—} 
r | dr 


=(0/4.9 |---|. (2.4) 


There is thus one solution for each pair of 
integers (n,/) provided }<n—1 and 1 is a posi- 
tive integer. The solutions are represented by 
dots in Fig. 1. The key functions (2.2) are those 
on the line /=n—1. Using the recurrence for- 
mulae (2.3) one can, so to speak, move up or 
down the ladders if m equals a constant. Replacing 
n by in in (2.3) and (2.4) gives recurrence for- 
mulae for eigenfunctions of the continuous spec- 
trum but, of course, there is no starting point 
corresponding to (2.2). 


Ill. A NEW RECURRENCE FORMULA 


We shall now develop a new recurrence for- 
mula which enables us to move to the right along 


7L. Infeld, Phys. Rev. 59, 743 (1941); the unit of length 
is h?/meZ and 1/n=h(—2E)*/mieZ. 
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the horizontal lines ]=constant.* To do this we 
introduce a new function 


R,(s). 


This function is defined by the same recurrence 
formula (2.3a) as the corresponding function R,. 
The only difference is that the key functions are 
now taken to be 


R,"~(s) = (2/n)"(1/n)[(2n—1)! 4” 
X[exp(—sr)]. 
Of course the R,,'(s) are neither orthogonal nor do 


they satisfy our differential equation, but they 
have the following important property: j 


[Ra!(s) Jentyn=Rn!. (3.2) 


We can now find an operator which enables us 
to change R,'(s) into Rys'(s) from which our 
solutions can be reached by (3.2). In fact 


(3.1) 








Ras'(s) — On41'Rn'(S) , ) 
where 
nit2 n+1+17% 
Quit | ; .) ee 
(m-+1)42(2n+1)L n—I 
1 d 
x|2n+1+(—+s) <I, 
‘ n ds} J 


We shall prove this theorem by induction: 
from (2.4) and (3.3) it is easily seen that 














= 33 
ee | (n—l) (n+l) +H, 
nm L(n+1—I)(n+1+0)1 
and 
n+1f (n—l)(n+l) 7 
On t= , On41'. 
n L(n+1—1)(n+1+4+)! 


Using (2.3a), (3.3) and the above equations: 
Ray (s ) =tAn41'Ras1'(S) 
nth (n—1) (n+) 4 
on Unti-2 oil 
Xt+An'On41'Ra'(s) 





= On+1 -1R, 1 ( S) , 


since the H and O operators commute. Therefore, 


_ 8 Schrédinger has developed an #-changing operator of a 
different kind; see Proc. Roy. Irish Acad. 46, Sec. A, (1940). 
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if (3.3) is true for the quantum number /, it is 
true for /—1. It is a straightforward matter to 
check that (3.3) is true for ]=n—1; the theorem 
is then established. 

Thus with the help of (3.3) we can move to the 
right along the ladders /=constant. 


IV. ALGEBRAIC RECURRENCE FORMULAE 
FOR THE INTENSITIES 


Each of the H and O operators leads to a re- 
currence formula for the intensity integral, the 
former to an algebraic one as follows: it is not 
difficult to verify from (2.4) that 


2A» +H, = (2/+-1)A,'+3 +77, +1 
+A,-'+1 -H,,1+(constant)/r. (4.1) 


Multiplying (4.1) on the left by rR,’, on the 
right by R,,' and integrating gives 


21A »! f 7R, "+H, 'Ry dr 
0 
= (21+1)4," f rR,,'+H,'1R, dr 
0 
Ay f rR,'-Hy' Ry dr 
0 


= (21+1)A,+ f r(—Hy!'R,')Ry'dr 
0 


+A ” un f *R,'-H HR, ‘dr, 
0 


because R,', Ry’ are orthogonal and vanish at 
r=0, ©. We have then: 


QA aI Pa bon (2/+-1)A,'*I,, a l+1 
tAnlIgr ttt t, 
By interchanging n, n’ we obtain 
WAn'Int nt AH=Aa Tyr gt 
+(2+1)A nT ye ttt t, 
A,'=[(n—I) (n+l) ]*/nl. 
Our derivation (and hence this result) is 
valid for the discrete-continuous transi- 
tions once one replaces by in. 





nd 


These are algebraic formulae giving a pair of 
intensities in terms of the next highest pair in 
the scheme of Fig. 1. 

All intensities can now be calculated once a 
starting point is found.—An obvious choice is 
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the pair at the top of the m’ ladder: I, ,” *’— 
and In Pian n! where 


pe n”™ n’—1 —(), 


(4.3a) 


(We will adopt the convention that n’ always 
refers to the discrete spectrum.) The method of 
calculation of the other expression is indicated 
in the appendix. The result is: 


& a” 1 ee 22n’+2(yn')n’+2 


(4.3b) 





| (n+n’)! ] (n—n')*-"'— 
x ’ 
(n—n’ —1)!(2m’—1)!5 (n+n’)>*’?? 
or, for the discrete-continuous transition, 
Tn’ in” n’ — 22n’+2(mn')n’+2 


wit ete 


p=1 





x 
{exp(2nmr) —1}(2n’—1)! 
exp[2n tan—(n/n’) | 


(n?+-n’2)”’+2 





(4.3c) 


From (4.3) we can now calculate pairs of in- 
tensities by successive application of (4.2)—the 
important intensities requiring at most but a 
few steps. 


V. OPERATOR RECURRENCE RELATION 
FOR INTENSITIES 


The results of §3 will now be used to find an 
n'-changing recurrence relation for the intensi- 
ties. Indeed, it follows immediately from (3.3) 
that 


Targa nt (8) =Onrgs Ty a's), 
or 


Tn 41 ao 1(s) =On4i' Tn ar (s), 


n't 


(n’+1)*(2n’+1) 


: . 
n'+l 1 d 
dt Tloo(en) dh 
n' —l+1 n' ds 


where the intensity function is defined by 





On = 





lew w= rR, ''(s) Rp ‘dr. 
0 
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The starting point needed here is 
1/4\ (n+l)! i 

hatty=-(—) | 
n\ nl (n—1—1)!(2/—1)! 


1 n—l—2 
(2) 
n 


n II (°+n") 





(5.2a) 





or? 


1 n+1+2 
(++;) 
nN 
p=1 


4\tn 
Ii sa é ct Mae 
6) i) he seal 


exp(2m tan—ns) 


[(+1)s—1]. (5.2b) 
1 1+2 
(: _ 


The derivation of (5.2) is indicated in the 
appendix. 

Using (5.1) and (5.2a) we can find Z14: »’ “(s), 
Tie nb “(s)+ ++ Ine 2 “(s) which, with (3.2), give 
the intensities. Similarly from (5.2b) we can 
Gad... Ty wh *. 








VI. REMARKS 


(1) The set of values of the quantum numbers 
for which the intensities are required will deter- 
mine which of the above two methods should be 
used. Being algebraic (4.2) is simpler whereas 
(5.1) has the special characteristic that it is 
applicable to the problem of calculating more 
general matrix components 


J o(r) Ra’ R, "dr. 
0 
(2) Example of a calculation: 


To find 
Ten” = f 7R2°R,!dr, 
0 


we can use (4.3) to get immediately 


Io,” =0, 
Ton?” = 3—1/2219/249/2 (2 ia 1)/2(n —2)"-72(y +2)-*—-72, 


*Another starting point which may be needed is 
Tis: sn' (8); it is slightly more complicated but can be 
found easily from the formulas in the appendix. 
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From (4.2) 


Ien™ = (2A 2!) 3A nelon!? +0 
= 217/244 7/2 (92 —_ 1)'(n a 2)"-3(n+2)-*-3, 


Alternatively, we can use (5.2a) to get 


Tin'(s) = 24n-5!2(n? — 1)"/2(s—1/n)"-3 
X(s+1/n)-*-*(2s—1). 


Operating on this expression with 
7 d 
O,° = 2-13-1 | 3+ +s)—| : 
ds 


and then putting s =} we get the value above for 
Ien™ which is the same as that given by Condon 
and Shortley’® for the transition 2s—np. 

(3) Explicit forms: The above methods can 


lead to explicit forms of the intensity integral 


except in the case of continuous-continuous 
transitions (though the algebraic formulae are 
valid for these transitions if 2’, m are replaced by 
in’, in). For example, by means of (4.2), (4.3) 
and known relations between contiguous hyper- 
geometric functions the results given by Gordon" 
can be proven by induction. 


APPENDIX 
The Calculation of (4.3) and (5.2) 
Define : 


I= f r' exp(—sr)R, "dr. (A.1) 
0 


We must distinguish between two cases: 


Case I: Discrete-discrete 


From (2.1): 


f r'+1 exp(—sr){R”+(2/r)R 
. —[U(1-+1)/rJR—(1/n)R}dr =0. 
After two partial integrations of the first term 
we obtain 
(s?—1/n?) I,’ +[2(0+1)s—2 I, =0. 
(s—1/n)*-" 
oo C. . 
(s+1/n)stiH 
10 Condon and Shortley, Theory of Atomic Spectra (Cam- 


bridge University Press, Teddington, 1935), p. 133. 
See Reference 10, p. 1051. 
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I, is the Laplace transform of r'R,’ and there- 
fore! 


R,'=r~'[residue of [exp(sr)I, ] at s= —1/n]. 


The coefficient of the lowest power (/+1) of r 
turns out to be 


CLexp(—r/n) ]/(2/+1)!. 
But from (2.3a), we have: 
R,'=+tH,") +77,,'?. - +H," R,*". 
Using (2.2) and (2.4) the coefficient of r'*' can 
be picked out easily; it is 
2"(n—1)! [ (n+l)! } 
ni+2(2n—1) UL (n—1—1)! 
X [(2/+3)(2/+5)...(2n—1)] 
X[exp(—r/n)]. (A.3) 
Equating (A.2) and (A.3) we find C so that 
(n+)! ] (s—1/n)*-“ 


Qit 
en rary (s+1/n)ettH 
Then 


ae 
l-11 =f — sipieecieniscieamipamemapianm 
ae (;) IC (21—1) 1] 
xf r'+! exp(—sr)R,‘dr 
are 1 dl» 
ie (;) aT ds | 
(n+)! ] 


1 4 +1 
h.**)a-—4— 
ll £-) ae 
(s—1/n)-2 
x 


(A.2) 








(A.4) 











[(+1)s—1]. (5.2a) 

(s+ 1/n)*t++2 
12 See for example: R. V. Churchill, Modern Operational 
Mathematics in Engineering (McGraw-Hill Book Company, 


New York, 1944), pp. 170-171. 
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By putting /=n’ and s=1/n’, we obtain 
;™ a” OP an 22n’+2(4m')n'+2 


(n+n’)! ‘ 
| | 
(n—n’—1)!(2n’—1)! 





(n —_ n’) n—n'’—2 








. (4.3b) 
(n-+-n’)*tn'+2 
Case II: Discrete-continuous 
In this case J;, turns out to be 
Tin = C(s—i/n)-*—--\s+7/n) 2-1 
exp(2n tan—'ns —nz) T 
=C ; O<tan—ns <-, 
(s?-++1/n2)'1 2 


where the constant mr was determined by the 
condition that J;, remain finite as n>. 
The inverse transform here is!* 


Cr-! 


Rin! = a exp(sr)(s—1/n)-*— 


71 


X (s+i/n)im—“ds. 


From an asymptotic expression for Rin’ we 
find!‘ the value of C for the usual normalization. 
The final result in our notation is 


l 3 
2 II (¢?+n’) 


2 b+} p=1 
Tin = ~) 
n exp(2nm) —1 


exp(2n tan—ms) 


(s?-+1/n2)1 ; 





and the corresponding starting points are found 
to be as given in (5.2b) and (4.3c). 


18 Also given by Schrédinger, Ann. der Phys. 79, 361 
(1926). 

14 See for example Bethe, Handbuch der Physik (Berlin, 
Verlag Julius Springer, 1933), 2nd ed., pp. 290-292. 
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Electrical Breakdown of a Gas between Coaxial Cylinders 
at Microwave Frequencies* 
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The criterion for breakdown of a low pressure gas at microwave frequencies is that the 
ionization rate equal the diffusion rate for electrons. This principle is applied to compute the 
breakdown of air in coaxial cylinders using previously reported high frequency ionization 
coefficient data obtained from breakdown experiments between parallel plates. Agreement 
between computed and measured results at 9.6-cm wave-length supports the validity of the 
above criterion for breakdown. The method of computation is illustrative of the general prob- 
lem of computing breakdown fields for tubes of arbitrary shape and field configuration using 
ionization coefficient data obtained from uniform field breakdown. 





LECTRICAL breakdown of a gas at micro- 
wave frequencies has been discussed by the 
authors in a recent paper.! The condition for 
breakdown has been postulated as a balance 
between generation of electrons by ionization 
and loss of electrons by diffusion, and a mathe- 
matical procedure for computing breakdown 
electric field strengths under specified experi- 
mental conditions has been given. An ionization 
coefficient appropriate to the high frequency 
case is necessary. This coefficient has been meas- 
ured by experiments on breakdown between 
parallel plates! The present paper describes a 
procedure for computing breakdown between 
coaxial cylinders using the experimental values 
of the ionization coefficient, and compares the 
results of the computation with experiment. 
Three purposes are fulfilled by the present 
work on coaxial cylinders. First, this geometry 
for a discharge tube has long been useful in 
radioactivity instrumentation. The microwave 
discharge has been studied for this application? 
and found to have certain advantages over the 
conventional d.c. discharge. Second, although 
the procedure for computing breakdown in an 
arbitrary cavity is straightforward in principle, 
the detailed computation requires further mathe- 
matical study. This paper illustrates a computing 
technique which is useful generally. Finally, the 
basic diffusion theory for breakdown is checked 


* This work -has been supported in beckte 4 by the Signal 
Corps, the Air Materiel Command, an 
048) A. Herlin and S. C. Brown, Phys. ol 74, 291 
1948). 
2S. C. Brown, Phys. Rev. 73, 1240 (1948). 


experimentally by using the experimental re- 
sults obtained from parallel plate breakdown 
to predict the results to be expected for coaxial 
breakdown. The agreement with experiment 
indicates that no mechanisms other than ioniza- 
tion, attachment, and diffusion need to be intro- 
duced into the breakdown criterion. 

The breakdown condition is obtained from the 
continuity equation for electrons,! 


dn/dt=vn—V-T, 


where 1 is the electron density, v is the net pro- 
duction rate of electrons per electron, and I is 
the d.c. electron current density in electrons per 
unit area per second. The production rate per 
electron is the difference between the ionization 
rate and the attachment rate, 


V=Vi—Va. 


If there is no electric field present, v is zero or 
negative and 0n/dt is negative, indicating a de- 
caying discharge. As the field is raised, y in- 
creases until the time derivative rises and be- 
comes positive. The threshold of breakdown 
occurs as it goes through zero. Thus, breakdown 
is computed as the characteristic value of the 
electric field obtained from the solution of the 
equation 


vn—V-T=0, (1) 


and the boundary condition that the electron 
density vanish at the cavity surfaces.! 

The high frequency electric field contributes 
nothing to the value of I, so that it is given 
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Fic. 1. Ionization coefficient (ionizations/volt?), as a 
function of E/p (volts/em-mm Hg) and pA (mm Hg-cm). 
The straight-line approximation used' to compute coaxial 
breakdown agrees with numerical integration using the cor- 
rect value to within one percent. 


entirely by the diffusion equation 
r=—V(Dn)=—-VWy, (2) 


where D is the electron diffusion coefficient. The 
diffusion coefficient is left under the gradient 
sign to account for ‘thermal’ diffusion, im- 
portant here because the electron kinetic energy 
varies with position in the cavity as a result of 
the electric field variation. The product of the 
diffusion coefficient and the electron density, 
denoted by y, is the electron diffusion current 
density ‘‘potential,” similar to the hydrodynamic 
velocity potential. 

Equation (1), with Eq. (2) substituted, is writ- 
ten in terms of y and the high frequency ioniza- 
tion coefficient, ¢ (ionizations/volt?), 


f=»/DE’, (3) 
to yield 
Vy +cEy =0, (4) 


where E is the r.m.s. value of the high frequency 
electric field strength. The value of »/D is di- 
vided by £? in the definition of the ionization 
coefficient for dimensional reasons! and for 
mathematical convenience. 

The ionization coefficient has been measured 
as a function of E/p and pi, where p is the gas 
pressure and ) is the free-space wave-length of 
the electric field. The variable E/p enters as 
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Fic. 2. Slope of ¢ versus E/p curve on log plot 
taken from Fig. 1. 


determining the energy gained by an electron 
between collisions at zero frequency, and there- 
fore as determining the energy distribution of the 
electrons at zero frequency. The energy transfer 
is modified at high frequencies by the oscillatory 
nature of the field-induced electron motion. This 
modification is accounted for by the variable pi, 
which is a measure of the ratio of the collision 
frequency to the field radian frequency.! Figure 1 
shows the measured values of the ionization 
coefficient, reproduced from reference 1. 

The value of ¢E? as a function of position in 
the discharge cavity is obtained from Fig. 1 
and from the electric field as a function of 
position, 

E=(V/r Inb/a)sinzz/L, 


where V is the ‘‘voltage’’ at the center of the 
coaxial cavity, a and 6b are the inner and outer 
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Fic. 3. Solution of the transcendental equation 
for coaxial breakdown. 
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Fic. 4. Breakdown voltage between coaxial cylinders as 
a function of 6/a, ratio of outer conductor radius } to inner 
conductor radius a, and pa (mm Hg-cm). This family of 
curves applies for p\=infinity. A separate family is re- 
quired for each value of pd, for a complete set of curves. 


conductor radii, Z is the length of the cavity, 
and r and gz are the radial and axial space co- 
ordinates. This expression applies to a half- 
wave-length-long cavity, which was used experi- 
mentally. The value of E at each point in the 
cavity leads to a value of ¢, through the experi- 
mental ¢-curve of Fig. 1. The boundary condition 
that y be zero at the cavity walls leads then to 
a characteristic value for V which is the break- 
down voltage. 

The above expression for the electric field is 
a function of two space coordinates and leads to 
a non-separable differential equation. This. diffi- 
culty can be avoided by choosing an inner con- 
ductor radius which is small compared to the 
length LZ, which is a half-wave-length. The elec- 
tric field in the region near the center conductor 
does not vary much with distance along the 
conductor, so that the conditions of infinite 
length are approached. We may consider the 
field to be given by the formula 


E=V/r |n(b/a), (5) 


from which ¢E? is computed as a function of 
position. Then to this approximation Eq. (4) is a 
second-order linear differential equation in 7 only. 

Since ¢ is given from numerical data, the dif- 
ferential equation must be integrated numerically 
in its present form. The work may be simplified 
by approximating the value of ¢#? by an algebraic 
factor. The approximation used has been com- 
pared with the results of numerical integration, 
with agreement to within one percent over the 
full range of the variables. The plot of ¢ against 


E/p on a logarithmic scale is replaced by a 
straight line of the slope obtained at the inner 
conductor of the cavity. Thus, 


[B-~k(E/E,)*, (6) 
where 


k?=¢4E,’. 


The subscript refers to the position r=a, 
and the slope on a logarithmic plot of the curve 
of Fig. 1 at the value of E/p at r=a is (@—2). 
The appropriate \=constant curve is chosen. 
This approximation expresses the ionization co- 
efficient analytically. It is accurate near the 
center conductor where the ionization is most 
pronounced. If the ratio b/a is small it is accurate 
throughout the cavity, and the resulting break- 
down computation is expected to be accurate. 
If b/a is large the approximation is not accurate 
at the outer part of the cavity, but since the 
ionization is low there the inaccuracy has little 
effect on the solution. The slope (@—2) as a 
function of E/p and p\ has been taken from 
Fig. 1 and plotted in Fig. 2. 
Equations (4), (5), and (6) now combine into 


d 1d 
a ae *\ y= 0, (7) 
r dr 


abl ” 


dr* 


whose solution i is 


2] 


2 a\ +6-2) 
o() 
B-—2 r 


where Zp is a Bessel function of zero order. The 
boundary condition that y=0 at r=a and r=b 
leads to the following transcendental equation 
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Fic. 5. Comparison of experimental points and 
theoretical curve for coaxial breakdown. 








ELECTRICAL BREAKDOWN 


expressing the breakdown condition 
To(x) Nol (b/a)*4 x] 
— Jol (b/a)*9 x ]No(x) =0, (8) 


2 a\ *6-2) 
x =——ka (<) ‘ (9) 
B-—2 b 


Roots of this equation are tabulated,*® giving x 
as a function of (b/a)#®—..Multiplying x by 
(b/a)*-), the curve of Fig. 3 is obtained, which 
gives [2/(8—2) Jka as a function of (b/a)#¢). 

The details of computation are as follows. 
Values of pA and pa are assumed. Figure 1 with 
Eq. (5) and Fig. 2 gives k/E,? and (@—2), re- 
spectively, as functions of E,/p. Then 2ka/(6—2) 
is computed from these, which yields (b/a)!¢— 
from Fig. 3. From this latter, b/a and V are 
computed, using Eq. (5). 

The results of this calculation for p\ =infinity 
are given in Fig. 4. A separate family would be 
obtained for each value of pA, but these are not 
given in detail here. A few points at other values 
of p\ have been computed for the special case 
which was measured experimentally. 

Figure 5 shows a particular case which has 
been computed from the foregoing theory and 
also measured experimentally. A ratio of outer 
to inner conductor radii of fifteen was chosen as 
the greatest possible departure from uniform 
field conditions consistent with mechanical and 
electrical limitations in the experiment. The 
experimental technique is similar to that de- 
scribed in reference 1, using a tunable continuous- 


where 


%E. Jahnke and F. Emde, Functionentafeln (B. G. 
Teubner, Leipzig, 1933), p. 205. 
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wave magnetron as a power source, standing- 
wave technique for impedance measurements, 
and a bolometer and bridge for power measure- 
ments. The coaxial cavity was made of brass 
and was resonant at 9.6-cm wave-length. The 
data are shown as points and the curve is de- 
rived from theory. The curve is not extended 
beyond the limit of validity of diffusion theory 
on the low pressure side. 

The electron production and removal processes 
which have been included in the breakdown con- 
dition are linear processes; that is, the electron 
production and removal rates are proportional 
to the electron density. Recombination with 
positive ions and modification of diffusion by 
space-charge effects are non-linear and would 
therefore result in a different relationship be- 
tween uniform-field breakdown between parallel 
plates and the present coaxial breakdown. Fur- 
thermore, the validity of the boundary condition 
is checked by the present experiment. The condi- 
tion used is based on the assumption of negligible 
effect from surface emission of electrons, which 
in turn results from the absence of a drift motion 
of the emitted electrons resulting from the field. 
If the field-induced drift motion of electrons 
were operating strongly as an electron removal 
process, the effect of electrons emitted from the 
cavity walls would be exaggerated by electron 
multiplication along their path, as happens in 
d.c. discharges. Also, the differential equation 
for the electron density would have to be modi- 
fied. The agreement between theory and ex- 
periment indicates that the diffusion theory for 
breakdown, as developed here and in reference 1, 
accounts for all of the important processes that 
affect high frequency breakdown. 
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The internal friction or acoustic absorption peak (versus temperature) around 350°C "previ- 
ously observed in tantalum with a frequency of vibration of about one cycle per second was 
further analyzed. It is shown that this peak has its origin in the stress-induced interstitial 
diffusion of N in tantalum similar to the cases of C and O in tantalum reported before. The 
precipitation of N from the solid solution with tantalum was followed by internal friction 


measurements. 





T has been reported previously that three in- 


ternal friction or acoustic absorption peaks - 


(versus temperature) were observed in tantalum 
containing small amounts of minor constituents 
as impurities.! With a frequency of vibration of 
about one cycle per second, these peaks occur at 
about 150°C, 170°C, and 350°C, respectively. 
The first two peaks are believed to be caused, 
respectively, by the stress-induced diffusion of 
C and of O among the various interstices in 
tantalum lattice in which the interstices have te- 
tragonal symmetry. This viewpoint was later sub- 
stantiated by experiments on the temperature- 
dependence of the relaxation strength associated 
with these peaks.? The physical origin of the 
third peak at 350°C, however, remained obseure. 

It has been found that this 350°C peak does 
not change by annealing cold-worked metal in 
vacuum at various temperatures (600°C, 980°C, 
1200°C). This indicates that it has nothing to do 
with cold-working. Furthermore, it does not change 
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Fic. 1. Effect of nitrogen content in tantalum upon the 
350°C internal friction peak. The peak is raised when the 
amount of nitrogen in the specimen was increased by 
annealing successively at 980°C and 1200°C in nitrogen. 


* This research has been supported by the Office of Naval 
Research (Contract No. N-6ori-20-IV). 
1T, S. Ké, Phys. Rev. 74, 9 (1948). 


*T. S. Ké, Phys. Rev. 74, 16 (1948). 
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with the amount of carbon or oxygen in tantalum. 
Accordingly, it is not connected with the presence 
of carbon or oxygen. 

The tantalum specimens used in the following 
study are similar to those used before. It is 99.9 
percent pure and was received in annealed form 
in wires having a diameter of 0.03 inch. It was 
fine-grained and had a rather uniform grain size. 

Figure 1 shows that the peak concerned was 
considerably raised when the amount of nitrogen 
in the specimen was increased by annealing suc- 
cessively at 980°C and 1200°C in an atmosphere 
of nitrogen. This peak must, therefore, be con- 
nected in some way with the presence of nitrogen 
in tantalum as we have shown that annealing 
alone did not change this peak. The small peak 
observed before the “loading” of nitrogen is pre- 
sumably due to the presence of some trace of 
nitrogen in the original specimen. 

Further experiments have shown that this 
peak is a manifestation of a relaxation phenome- 
non. The sudden drop of the shear modulus (in 
arbitrary units) in the nitrogen-loaded specimen 
is shown in Fig. 2, and the stress relaxation at 
very small constant strain is shown in Fig. 3. 

It is but natural to think that this peak is 
caused by the stress-induced diffusion of N in 
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Fic. 2. Variation of “rigidity’’ (in arbitrary units) with 
temperature in tantalum specimen loaded with nitrogen. 




















INTERNAL FRICTION 


tantalum similar to the case of C and O in 
tantalum. But it is puzzling that the nitrogen 
peak should occur at a temperature 200°C higher 
than those of carbon and oxygen. We know that 
the peaks of carbon and oxygen are only about 
20°C apart. Another possible interpretation is 
that this peak may have its origin in the viscous 
behavior of the interphase boundaries between 
tantalum nitride and the tantalum matrix, simi- 
lar to the viscous behavior of the grain bound- 
aries in metals.** A decisive test on these two 
possibilities is to ascertain whether the nitrogen 
responsible for the observed internal friction peak 
is in solid solution or is in the form of tantalum 
nitride. 

The heat of activation associated with the ab- 
sorption peak was determined by using the con- 
ventional procedure of determining the internal 
friction curve with two frequencies of vibration 
(see Fig. 4). This gives a value of about 44,000 
calories per mole, which is much larger than the 
corresponding values for C and O in tantalum 
which are, respectively, 25,000 and 29,000 calo- 
ries per mole. It is also much higher than the 
corresponding value of 20,000 calories per mole 
for N in alpha-iron.‘ By calculating the theoretical 
internal friction curve as was done in the case of 
oxygen,! it is shown in Fig. 4 that the observed 
peak cannot be interpreted in terms of a single 
relaxation time with a unique heat of activation. 

An important clue to this problem was the 
observation that the internal friction in a tanta- 
lum specimen freshly “‘loaded”’ with nitrogen de- 
creases with tempering at a given temperature. 
Figure 5 shows the value of the internal friction 
(Q“) at the optimum temperature, 350°C, 
plotted as a function of tempering time at this 
temperature. A specimen previously loaded with 
nitrogen by annealing at 1200°C in an atmos- 
phere of nitrogen was quenched in vacuum from 
900°C to room temperature, and internal friction 
measurements were made at 350°C after quench- 
ing (curve A). The internal friction reaches a 
somewhat stable value after about twenty hours. 
Metallographic examination shows that the 
specimen after quenching has a clear appearance 


3T. S. Ké, Phys. Rev. 71, 533 (1947); 72, 41 (1947); J. 
Aap. Phys. io, 285 (1948). 


1948). 


é, Metals Technology (Tech. Pub. 2370, June, 
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Fic. 3. Stress relaxation under constant strain of 
nitrogen-loaded specimen at 240°C 


similar to the original specimen before being 
“loaded” with nitrogen, while the same specimen 
tempered at 350°C for twenty hours shows 
needle-like precipitates. When this tempered 
specimen was again annealed in vacuum at 600°C 
and then quenched, the initial value of the in- 
ternal friction is lower than is the case when the 
quenching was made from 900°C (curve B). The 
initial rate of precipitation for the specimen 
quenched from 600°C is also slower. The final 
stable value is, according to Fig. 5, about the 
same in both cases. Metallographic examination 
on this specimen shows also needle-like precipi- 
tates but these are larger in size. 

These observations can be easily understood if 
we assume that the internal friction observed is 
caused by the nitrogen in solid solution in tanta- 
lum rather than caused by nitrogen precipitated 
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Fic. 4. Determination of heat of activation associated 
with the nitrogen peak by a relative horizontal shift of 
two internal friction curves measured with two different 
frequencies of vibration. (><, lower frequency; O, higher 
frequency.) The dotted curve was calculated assuming a 
single relaxation time and a unique heat of activation. 








E 
{ 





916 T’ING-SUI KE 


Time in Hours 


os t 2 3 s 10 20 
<= t TOT UtTitt T . V.VUUVWEN 





O quenched from 900°C 


« quenched from 600°C 


Internal Friction Maximum (Q* 
° 
3 
| 





° 
8 
dia 








we Oe ree Sr yt oe Care Ow oe ie ee tS oe are eee oe ee 


ic ' °° ry 
Time in Seconds = * 





° 
§ 


Fic. 5. Variation of internal friction maximum with time 
in nitrogen-loaded specimens quenched from different tem- 
peratures. The curves indicate the precipitation of nitrogen 
from solid solutions. 


as nitride. Evidently a supersaturated solution 


of N in tantalum is formed by quenching from a 
higher temperature. The nitrogen then precipi- 
tates out from the solution when tempered at a 
lower temperature. The initial rate of precipita- 
tion increases with the degree of supersaturation 
which, in turn, increases with the temperature 
from which the quenching was made. The final 
stable value of internal friction is presumably a 
measure of the solubility of N in tantalum at the 
tempering temperature. The internal friction ob- 
served cannot be due to nitrogen in precipitated 
form since then the internal friction should be 
raised instead of being reduced while precipita- 
tion proceeds. : 

The precipitation of N from the solid solution 
with tantalum as indicated by internal friction 
measurements is similar to that observed by 
Dijkstra’ in the cases of C and N from the solid 
solutions with alpha-iron. It may be worth while 
to point out that such a procedure furnishes a 
powerful tool for the study of the behavior of 


SL. J. Dijkstra, Phillips Research Rep. 2, 357 (1947); 
also later works by Dijkstra, communicated to A.I.M.E. 


nucleation and precipitation from metallic solid 
solutions. The value of internal friction is a sensi- 
tive indicator of the instantaneous concentration 
of solute atoms in solid solution which is difficult 
to determine by other methods. 

The concept of stress-induced interstitial diffu- 
sion of N in tantalum implies that the diffusion 
distance covered in the relaxation process associ- 
ated with the diffusion should be of the order of 
magnitude of, and somewhat smaller than, one 
atomic diameter of tantalum. An estimation of 
this diffusion distance from internal friction data 
by a procedure previously described‘ gives a 
value which is close to the atomic diameter of 
tantalum. 

The fact that the observed internal friction 
peak cannot be interpreted by a single relaxation 
time with a unique heat of activation (see Fig. 4) 
may mean that the nitrogen atoms are situated at 
both the octahedral and the tetrahedral interstitial 
positions in the tantalum lattice similar to the case 
of oxygen.! 

It is difficult to see, however, why the heat of 
activation associated with the nitrogen peak is 
so much higher than the corresponding cases of 
C and O resulting in the nitrogen peak occurring 
at a much higher temperature. A higher heat of 
activation implies a larger distortion introduced 
in the lattice by the presence of the solute atoms. 

In conclusion, the writer wishes to thank Mr. 
George S. C. Huang for his help in taking meas- 
urements and metallographic examination of the 
specimens, to Messrs. Harold Hirsch and Gordon 
Wilkinson for help in “‘loading’’ the specimens 
with nitrogen, and to Dr. C. Zener and Dr. C. S. 
Barrett for reading the manuscript and making 
valuable comments. 
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The primary function of this paper is to report the results of a spectrometric investigation 
of beta- and gamma-radiations from certain isotopes of europium and tungsten. A secondary 
function is to publish information concerning the design and operation of the magnetic double- 
focusing beta-ray spectrometer with which the investigation was carried out. The spectra for 
europium and tungsten serve also to illustrate the performance of the instrument. 





HE magnetic double-focusing beta-ray spec- 
trometer was first proposed by Siegbahn 
and Svartholm,! who subsequently published a 
number of papers? in which were presented the 
focusing theory and a discussion of the resolving 
power for this instrument. Somewhat later, Den- 
nison and Shull,? working independently, de- 
veloped the focusing theory by perturbation 
methods which were complete through the second 
order of approximation. Some results from this 
development are repeated below for convenience. 
A letter by Rosenblum‘ pointed out certain of 
the characteristics of the focused image as a 
function of small second-order variations in the 
shape of the magnetic field. 

The essential features of the double-focusing 
spectrometer can be summarized as follows. The 
magnetic field is inhomogeneous, but it has both 
cylindrical symmetry about a vertical axis and 
mirror symmetry with respect to a horizontal 
plane (the median plane). In the development of 
the focusing theory by Dennison and Shull,* the 
field in the median plane was assumed to have 
the form 


H=H[1—3(r—a/a)+6(r—a/a)*], (1) 


where Ho=a constant, r=radius from the sym- 
metry axis, a@=radial coordinate of the radio- 
active source, and 8=an arbitrary dimensionless 
constant which determines the second order con- 
tribution to the field. To first order, the magnetic 
field in the median plane falls off radially as r—?. 


* Now at Washington University, St. Louis, Missouri. 

1K. Siegbahn and N. Svartholm, Nature 157, 872 (1946). 

2 K. Siegbahn and N. Svartholm, Arkiv. f. Mat., Astr. 
o. Fysik 33A, No. 21 (1946); N. Svartholm, Arkiv. f. Mat., 
Astr., o. Fysik 33A, No. 24 (1946). 

3F. B. Shull and D. M. Dennison, Phys. Rev. 71, 681 
(1947); 72, 256 (1947). 

4E.S. Rosenblum, Phys. Rev. 72, 731L (1947). 


The presence of the arbitrary constant 6 allows, 
in second order, deviations from the r—? law. 
Expressed in cylindrical coordinates, the tra- 
jectory of a beta-particle in the spectrometer is 
given by the equations 
wt * wt 
r=a+é cos—+v2a¢, sin— 
v2 v2 


+ (second order terms involving 8). (2) 


wt _ wt 
2=6z cos—+ V2a¢, sin— 
v2 v2 


(3) 


In Eqs. (2) and (3), the quantities w, 6r, 52, ¢,, 
and g, are defined as 


+ (second order terms involving 8). 


w= —eH,/mc=v/a, 


ro=ator, 
29 = 62, 
(*)o/v =¢r, 
(2)o/v = Pz; 


where 70, 20, (7)o, and (Z)» are the coordinates and 
component velocities of the beta-particle at time 
t=0, when the particle is emitted from the source 
with total velocity v. With a radioactive source 
of restricted dimensions, 6r and 6z are both small 
compared to a. Thus electrons of the proper 
energy, emerging from a small source located 
approximately at r=a and z=0, follow trajec- 
tories which execute, in general, simultaneous 
radial and vertical sinusoidal oscillations about 
the circle r=a in the median plane. Since the 
two oscillations are in phase with one another, 
a rather sharp image of the source will be formed 
after one half-cycle of each, when the angular 
argument wt/V2 =z. The image is displaced from 
the source through an angle 6 = wt = xv2 = 254° 33’. 
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Fic. 1. Image of a point source. 


Upper pictures: geometrical areas to which electrons from a mono- 


energetic point source are focused, with (a) square baffle aperture, 


and (b) circular aperture. ; ‘ 
Lower pictures: intensity distributions across the images pictured 


above. See text for details. 


A very advantageous characteristic of the 
double-focusing spectrometer has been pointed 
out by Siegbahn and Svartholm,? namely its high 
linear dispersion. Linear dispersion may be de- 
fined as the radial shift Ar in the position of the 
image of a monoenergetic source when the elec- 
tron momentum is changed by a small quantity 
Ap. As shown by Siegbahn and Svartholm, 


Ar=4a(Ap/p) 
for double-focusing, whereas 
Ar = 2a(Ap/p) 


for conventional 180° focusing. This fact leads 
one immediately to expect a higher resolving 
power for the double-focusing instrument. 

As was shown in the earlier paper,* the second- 
order terms in Eqs. (2) and (3) are essentially 
“‘defocusing”’ terms, which can be minimized (but 
not completely eliminated) by a careful choice 
of the arbitrary parameter 8. Rosenblum‘ demon- 
strated that the width of the focused image can 
be minimized by choosing B=}. However, as a 
result of an unfortunate error in the early stages 
of developing the focusing theory, the parameter 
was chosen to be 6 =} for the spectrometer which 
was built and which is described in this paper. It 
is of interest, therefore, to investigate the ex- 
pected performance of a double-focusing spec- 
trometer for both choices for 8, and to compare 
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the results with the operational ‘characteristics 
of the instrument which was constructed. 

Let r* and 2* be the coordinates of an electron 
at the image position, i.e., when wt/V2 =z. Then, 
for B= and B=}, Eqs. (2) and (3) become 

B=% 
r* =a —dbr+é6r?/2a—552?/6a—(4a/3)9,.7, (4) 
2* = —6z2+ 6réz/3a — (8a/3) ¢,¢2, 
and 
Bt 
r* =a —6r+6r?/3a —262?/3a—2a(¢/?+ 9,7)/3, (5) 
2* = —62+ (26r62/3a) — (40/3) 9,9. 


Using Eqs. (4) and (5), the questions of image 
formation, line shape, and resolving power can 
be investigated by graphical methods. In the 
analysis which follows, the computations assume 
spectrometer dimensions corresponding to the in- 
strument built for this research. This means that 


a=170 mm, 
| g-| 0.1 radian, 
| g.| 0.1 radian. 


The limitations on | ¢,| and | g,| are imposed by 

a square aperture in a baffle wall located halfway 

between the electron source and the focus posi- 

tion, i.e., at 0=wt=2/Vv2. That this is so (in first 

approximation) may be seen by substituting 

wt =2/V2 into Eqs. (2) and (3). This gives 
r=a+v2a¢g,+second order terms, 
z=V2ay,+second order terms, (6) 
6=2/V2. 


(includes effect of 
linear dispersion) 
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Fic. 2. Apparent line shape from a monoenergetic point 
source, with various choices for 8 and for the aperture 


shape. 
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If |r| and |z| in Eqs. (6) are limited by a baffle 
aperture, similar restrictions are imposed on | ¢,| 
and |¢,| as a consequence. 

In addition to the conditions outlined above, 
computations have been made also for the case 
of a different limitation on g, and g,, namely 


(92+ ¢,7)'S0.1 radian. 


This is the case of a circular aperture in the 
baffle wall at wt=2/v2. The area of this circular 
aperture is 7/4 times the area of the square aper- 
ture described previously. 

The results of a graphical analysis of image 
formation are shown in Figs. 1, 2, and 3. Figure 1 
illustrates the geometrical areas into which elec- 
trons from a monoenergetic point source (situated 
at 6r=6z=0) are focused, under the condition of 
unchanging magnetic field (Hp =constant). These 
areas are located in the plane @=rv2. It should 
be emphasized that intensity is not uniform over 
these areas; the lower drawings of Fig. 1 illustrate 
this fact. They represent the counting rate ob- 
served from a Geiger counter with a high vertical 
entrance window of infinitesimal width, as the 
window is moved radially across the images in 
equal increments of distance. Of particular inter- 
-est is the ‘“‘block’’ distribution for the case B=} 
and circular aperture. 

Figure 2 illustrates the apparent line shape to 
be expected in actual operation of the spec- 
trometer when the electrons originate from a 
monoenergetic point source (again at 6r=éz=0). 
Here a Geiger counter with a high entrance 
window of finite width is assumed to be fixed at 
r=a, and the magnetic field Ho is varied. The 
observed counting rate is plotted as a function 
of the magnetic field strength. Into Fig. 2 has 
gone all of the information contained in Fig. 1, 
plus the additional effect of linear dispersion. A 
Geiger tube slit width of two millimeters is used 
in the prototype spectrometer. Figure 2 indicates 
that the maximum resolving power to be expected 
from the prototype instrument under the most 
ideal conditions is 0.315 percent. With @=}, 
circular baffle aperture, and slit width of 1.13 
millimeters, the maximum resolving power would 
be 0.164 percent. 

If an infinitesimally narrow vertical line source 
is assumed in place of a point source, Fig. 2 would 
not be altered appreciably. This can be under- 
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Fic. 3. Apparent line shape from a line source of finite 
width (0.3 mm) in the prototype spectrometer. Measured 
points are for the thorium F line. See text for details. 


stood by examining Eqs. (6) again. In first ap- 
proximation, neither 6r nor 6z appears in Eqs. 
(6). This means in effect that the limitations on 
gr and g, will be the same for all points in a 
vertical line source, even one of finite width. 
Thus, except for relatively small second-order 
contributions depending on ér and 62z, the ap- 
parent line shapes illustrated in Fig. 2 hold 
equally well for a vertical line source. 

Figure 3 shows the apparent line shape to be 
expected in the prototype spectrometer from a 
monoenergetic vertical line source of finite width 
0.3 millimeter. Into Fig. 3 has gone all the in- 
formation contained in the corresponding curve 
of Fig. 2, plus the contribution caused by the 
term —5é6z"/6a in Eq. (4). Superimposed upon 
the predicted line shape are experimental points 
from a measurement of the thorium F line. The 
thorium source used for this experiment was de- 
posited by recoil upon an aluminum wire of 0.3 
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Fic. 4. Comparison of calculated and measured magnetic 
field shapes, and the contour of one pole shim. 
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Fic. 5. Simplified drawing of the vacuum chamber. 


millimeter diameter. The experimental points 


have been normalized to an approximate fit with 
the theoretical line shape. The line shape is not 
very well confirmed, but the experimental width 
of the line matches the prediction quite closely. 
That the predicted line shape is not borne out is 
not too surprising. As shown in Fig. 3, the experi- 
mental points are so closely spaced that varia- 
tions of only 0.1 percent or less in the magnetic 
field.are necessary to shift from one point to the 
next. Such small variations demand better ac- 
curacy in magnetic field measurements than was 
feasible. 

Frankel® has stated that there exists an ap- 
proximately linear relationship between the re- 
solving power and the transmission factor of a 
double-focusing spectrometer, where the trans- 
mission factor may be defined as the solid angle 
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Fic. 6. Internal conversion spectrum of 5-8-year 
europium, Part 1. 


5S. Frankel, Phys. Rev. 73, 804 (1948). 
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subtended at the source expressed as a fraction 
of 47. That this is so in first approximation for a 
point source can be seen in Eq. (5) for r*. The 
over-all width of the focused image is given by 
the maximum value of 2a(¢,?+ ¢/)/3. Similarly 
the solid angle subtended at the source is ap- 
proximately proportional to (¢,?-+ ¢,?). Thus both 
the resolution and the transmission factor. are 
approximately proportional to (¢,2-+ ¢,7) and the 
linear relationship between them is established. 


DESIGN OF THE SPECTROMETER 


The first step in constructing a double-focusing 
spectrometer is to provide a magnetic field shaped 
according to Eq. (1). In the present case there 
was already available an electromagnet of con- 
ventional design, with 22-inch circular plane- 
parallel pole faces, intended originally for a 180° 
spectrometer. To adapt this magnet for a double- 
focusing instrument, the pole spacing was in- 
creased to six inches, and a one-piece steel shim 
of variable thickness was added to each face. 
Figure 4.shows the thickness of one shim as a 
function of radius and also a comparison between 
the shape of the field as required by Eq. (1) and 
as actually measured. The measured shape of the 
field is correct for values of Hp between 2 and 
1280 gauss, provided the magnet has first been 
properly cycled to remove remanence effects. The 
latter precaution is always observed in normal 
operation of the spectrometer. 

A simplified plan view of the vacuum chamber 
of the spectrometer is shown in Fig. 5. Its design 
was governed largely by the requirement that 
the internal height of the chamber should be as 
great as possible in order to make maximum use 
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Fic. 7. Internal conversion spectrum of 5—8-year 
europium, Part 2. Note change of scales. 
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Fic. 8. Photoelectron spectrum of 5—8-year europium, 
from a Pb radiator. 


of the vertical focusing properties of the shaped 
magnetic field. Moreover, it was felt that the in- 
ternal dimensions should be large compared to 
the cross section of the electron beam so as to 
minimize wall-scattering troubles within the 
chamber. The chamber itself is constructed of 
brass and is lined with thin aluminum sheet. 
Radial walls, or baffles, of }-inch Lucite divide 
the chamber into four compartments of roughly 
equal volume. Rectangular apertures in the 
baffles limit the electron beam which can traverse 
the chamber, and subtend at the source a solid 
angle of approximately 0.32 percent of 4m stera- 
dians. Between the source S and the chamber is 
interposed a sliding brass shutter, by means of 
which the source can be isolated from the vacuum 
whenever it is necessary to remove or change 
sources. Behind the source, a removable brass 
cup, lined with cellulose acetate, completes the 
assembly. The source is so mounted as to keep 
adjacent metal and plastic surfaces as far re- 


moved as possible, thus minimizing trouble 


caused by secondary electrons engendered by 
gamma-rays from the source. 

Registration of beta-particles is accomplished 
with an end-fire Geiger tube of conventional 
cylindrical geometry. The axis of the tube is in- 
clined 8° inward from the normal to the spec- 
trometer wall, so as to give each electron a path 
length through the effective counting volume of 
sufficient magnitude to keep the counting effi- 
ciency high. Sheet nylon of thickness 0.84 mg/cm? 
was originally used for the counter window. Such 
a window is opaque to electrons of energy below 
30 kev, and passes 72 percent of 64 kev electrons. 
At the present time, an alternative window is 
available which permits the extension of measure- 
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Fic. 9. Fermi plot of the continuous beta-ray spectrum 
of 5-8-year europium. At least two spectra appear to be 
present. 


ments down to about 15 kev. This window con- 
sists of a collodion film laid over a phosphor 
bronze supporting grid. A hexagonal array of 
holes (0.036 inch diameter) in the grid gives 
58 percent open area. The useful range for the 
thin window is from about 15 to 650 kev. 

The methods used for controlling and measur- 
ing the magnetic field have been described in an 
earlier paper.* As explained there, the electro- 
magnet is supplied from storage batteries, which 
in turn are trickle-charged by a d.c. generator. 
The device used for measuring the magnetic field 
is essentially the armature of a d.c. generator 
driven by a synchronous motor. The motor in 
turn is supplied from a d.c.-a.c. thyratron in- 
verter controlled by a locked-frequency audio 
oscillator. This gives frequency regulation better 
than that afforded by the regular 110-volt lines. 
Repeated determinations of the field of a perma- 
nent magnet make reasonable the assumption 
that the magnetic field can be measured with 
about 0.1 percent relative accuracy. The absolute 
accuracy is somewhat less certain. The measuring 
device and the spectrometer were calibrated as a 
unit by making an observation of the F line in 
the internal conversion spectrum of thorium B 
(Hp assumed 1383.8 gauss-cm). Thus the abso- 
lute accuracy contains an additional factor of 
uncertainty as a result of an uncertainty in the 
momentum of the thorium F line. 

In the course of several months of operation, 
the performance of the prototype spectrometer 
has been most gratifying. The high resolution 
which it affords makes possible the separation of 
closely-spaced internal conversion peaks, as il- 
lustrated by the europium spectrum in Figs. 6 


6 J. M. Cork, R. G. Shreffler, and F. B. Shull, Rev. Sci. 
Inst. 18, 315 (1947). 












TABLE I, 








Ia. Continuous beta-spectra upper energy endpoints 
Relative intensity 








Energy in kev of spectrum Identification 
751+15 4900 Eu! 
1575+150 1200 Could be from 
either isotope. 
Ib. Internal conversion lines 

Electron Transition 
energy Relative Possible energy 
in kev intensity identifications in kev 
73.1 300 K conv. in Gd 123.4 
74.4 2000 K conv. in Gd 124.7 
K photo in Eu 123.0 
K conv. in Sm 121.2 

114.0 1740 L conv. in Gd 122.4 © 
L photo in Eu 122.0 
L conv. in Sm 121.7 
119.6 330 M conv. in Gd 121.5 
M photo in Eu 121.4 
M conv. in Sm 121.3 
197.2 70 K conv. in Gd 247.5 
K conv. in Sm 244.0 
236.1 30 L conv. in Gd 244.5 
I conv. in Sm 243.8 
K conv. in Gd 286.4 
293.6 90 K conv. in Gd 343.9 
335.5 17 L conv. in Gd 343.9 
342.6 8 M conv. in Gd 344.5 
362.0 4 K conv. in Gd “412.3 

Ic. Photoelectron lines 

Electron energy Possible Transition energy 





in kev identification in kev 
155 K 243 
255 K 342 
329 L,K 344, 416 
352 K 442 
684 K 772 
758 L 774 
871 K 959 
995 K 1082 
1314 K 1402 








and 7. Moreover, it is possible to establish the 
existence of low-intensity peaks which would 
tend to fade into the continuous background in 
an instrument with lower resolving power. The 
double-focusing spectrometer also offers advan- 
tages in the determination of beta-spectrum 
shapes as a test of the theory of beta-decay. 
Recent reports indicate the possibility that the 
Fermi theory for allowed spectra is not confirmed 
in the region of very low electron energy. The 
relatively high transmission factor of a double- 
focusing spectrometer alleviates somewhat the 
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problem of low counting rates at very low ener- 
gies. By opening up the baffle apertures, the 
transmission factor could be increased to facili- 
tate this type of work. This would entail a 
corresponding decrease in resolving power, but 
even so, the resolution is still good when com- 
pared with a conventional 180° instrument. 

The first beta-emitting sources which were ex- 
amined with the double-focusing spectrometer 
were selected with a view toward testing the per- 
formance of the instrument. One was a long- 
lived activity in europium which was known to 
be rich in internal conversion lines. The other was 
a 75-day activity in tungsten which was known 
to be a pure beta-emitter. With these it was 
hoped that the capabilities of the spectrometer 
in measuring both continuous and line spectra 
would become evident. 


EUROPIUM™ 14 


When the stable isotopes of europium are irra- 
diated in a neutron pile, active isotopes of atomic 
weights 152 and 154 are formed by (m, y) proc- 
esses. A mass spectrographic analysis by Inghram 
and Hayden’ showed that activities can be as- 
signed to these isotopes as follows: 


Atomic weight Half-life 
152 e 9.2 hours 
152 5-8 years 
154 5-8 years. 


The same authors made absorption measure- 
ments of the two 5-8 year activities without 
attempting to distinguish between them, and 
reported ‘‘at least two betas and one gamma.” 
The gamma-energy was given as 1.4 Mev. 

The 9.2-hour isomer of Eu! has been studied 
by Tyler,’ who used a 180° magnetic spectrom- 
eter. He observed a beta-spectrum having an 
upper energy limit of 1.885 Mev, and internak 
conversion peaks corresponding to transitions of 
123 and 724 kev, all decaying with the 9.2-hour 
half-life. In addition he noted several indications 
of other conversion lines, but was unable to re- 
solve them into definite peaks because of the low 
intensity of his source. 

Cork, Shreffler, and Fowler® studied the long- 

7M. G. Inghram and R. J. Hayden, Phys. Rev. 70, 89; 
71, 130 (1946-47), 

8A. W. Tyler, Phys. Rev. 56, 125 (1939). 


9J. M. Cork, R. G. Shreffler, and C. M. Fowler, Phys. 
Rev. 72, 1209 (1947); 73, 78L (1948). 
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lived activities of europium in a photographic 
180° spectrometer, and reported internal conver- 
sion lines corresponding to transitions of 122, 
247, 286, 343, and 408 kev. In addition, a 1.23- 
Mev gamma-ray was indicated by absorption 
measurements, as well as a continuous beta- 
spectrum of energy 0.93 Mev. 

Wiedenbeck and Chu,!® using a coincidence- 
counting technique, reported the continuous 
beta-spectrum of long-lived europium to be com- 
plex, with upper energy limits of 0.62 and 
1.0 Mev. 

In preparing active europium for the present 
research, pure Eu,O; was subjected to neutron 
irradiation in the Oak Ridge pile. Following irra- 
diation, a time lapse of about six months oc- 
curred, after which the measurements reported 
below were undertaken. Thus the 9.2-hour isomer 
of Eu!® was eliminated. Two types of spectra 
were sought, first an internal conversion line 
spectrum superimposed on a continuous beta-ray 
background, and second a photoelectron line 
spectrum from a lead radiator. The conversion 
spectrum was determined from a powder source 
on a substrate of Scotch tape 0.8 millimeter in 
width. The photoelectron spectrum was deter- 
mined from a source contained in a lead test tube 
of one-millimeter bore and one-millimeter wall 
thickness. 

Ten conversion lines and two continuous beta- 
spectra are observed in the conversion spectrum. 
Since the conversion lines vary widely in inten- 
sity, the over-all spectrum does not lend itself 
easily to plotting in a single graph. Consequently 
the spectrum has been broken up into two sec- 
tions and is plotted to different scales in Figs. 6 
and 7. The photoelectron spectrum shows nine 
peaks and is plotted in Fig. 8. Few of the nine 
peaks stand out very prominently above the 
Compton background, and some of them are of 
dubious reality. The continuous tail of the con- 
version spectrum can be analyzed by means of a 
Fermi plot as shown in Fig. 9. Two spectra appear 
to be superimposed, with energies 0.751-+0.015 
Mev and 1.575+0.150 Mev. The large uncer- 
tainty in the latter is due to extremely low count- 
ing rates and very poor statistics. All the data 
are assembled in tabular form in Table I. Pos- 


10M. L. Wiedenbeck and K. Y. Chu, Phys. Rev. 72, 1164 
(1947). 
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sible identifications, sometimes several of them, 
are suggested for each conversion or photo- 
electron peak. In each case, the corresponding 
nuclear transition energy is given also. 

A complete, consistent, and unique interpreta- 
tion of the internal conversion and the photo- 
electron line spectra of europium cannot be de- 
veloped for several reasons. First, the presence 
of two isotopes, both having approximately the 
same half-life, makes it almost impossible to show 
conclusively which radiations are associated with 
the one and which with the other isotope. Second, 
the small number of K-L-M sets in the conver- 
sion spectrum makes it difficult in many cases to 
decide in which atom the internal conversion 
process is taking place. Third, purely spectro- 
metric energy measurements cannot give any 
information about genetic relationships between 
various nuclear transitions. 

Only in one instance is sufficient information 
known on which to base a strong argument re- 
garding the choice between Eu!” and Eu!‘ as the 
parent of an observed gamma-transition. Tyler® 
found a 1.885-Mev §--transition and a pair of 
very strong internal conversion lines at Hp =940 
and Hp=1186 in the spectrum of the 9.2-hour 
isomer of Eu'®. In the present investigation of 
long-lived europium, two #--spectra were ob- 
served, of energy 0.751 and 1.575 Mev; in addi- 
tion there is a group of very strong conversion 
lines at Hp=938, 952, 1199, and 1231 gauss- 
centimeters, of which those underlined are by 
far the strongest. It seems a reasonable guess 
that the pair of lines reported by Tyler and the 
similar lines reported here all result from the 
same nuclear transition or transitions. The fact 
that Tyler observed only two lines, as well as the 
comparatively lower momentum values reported 
by him, are explainable as being due in part to 
the rather low resolving power (~1.5 percent) 
of his 180° spectrometer. 

The following argument can be built upon this 
similarity between the spectra of 9.2-hour and 
5-8-year europium. It may be hypothesized that 
both isomers of Eu!® decay by 6--emission. It is 
therefore assumed that each of the final states in 
the two cases (immediately following B--decay) 
is a member of a single system of excited states 
of Gd, The consequences of this argument 
would be as follows: 
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SOURCE THICKNESS 
1.4 MG/cM® 
—--— 24 mG/cm? 

-- 4.3 MG /CM* 
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Fic. 10. The continuous beta-ray spectrum of tungsten’®. 
Curves are normalized to one another at high energies. 


(a) The low energy conversion lines observed 


in 5—8-year europium, which are probably caused 
by two transitions of approximately equal energy 
(see further discussion of this point in later 
paragraphs), must definitely be associated with 
Eu!?®, not Eul4, 

(b) The 0.751-Mev 8--spectrum of 5—8-year 
europium must also be associated with Eu!®, 
inasmuch as the much smaller population of the 
1.575-Mev spectrum is insufficient by itself to 
account for the large population of the conver- 
sion lines, i.e., the conversion coefficient would 
then turn out to be greater than unity. 

(c) The relative populations of the low-energy 
conversion lines and of the 0.751-Mev 8--spec- 
trum suggest that the total internal conversion 
coefficient for at least one of the two alleged 
transitions is very large, perhaps as large as 80 
percent. 

(d) By inference, one can draw the much 
weaker conclusion that some, perhaps all, of the 
other conversion peaks and gamma rays ob- 
served in 5—8-year europium may also be due to 
transitions in gadolinium following a §--transi- 
tion. This argument is included because it is 
apparent from Table I that assignments of some 
of the other observed radiations to transitions in 
gadolinium are either refuted by consideration 
of the K-L-M energy differences or cannot be 
made at all because of the failure to observe 
K-L-M sets. In particular, it appears in two in- 
stances that K-L-M or K-L differences are found 
which are most nearly characteristic of sama- 
rium. This would require decay of europium 
either by positron (8+) emission or K-capture. 
Neither positron emission nor annihilation radia- 
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1.4 MG /om® 
24 mG /cmt 
—— 43 MG /oM® 
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Fic, 11. Fermi plot of the W'® beta-spectrum. Curves are 
normalized to one another at high energies. 


tion are found in 5—8-year europium. K-capture 
is still a possibility, but proof of its occurrence 
could only be obtained through a search for the 
characteristic samarium x-rays which would ac- 
company it. 

Another point of interest in the europium con- 
version spectrum concerns the interpretation to 
be placed upon the four peaks of lowest energy. 
It has been suggested by Cork, Shreffler, and 
Fowler® that all four peaks are the result of a 
single nuclear transition in gadolinium following 
a 6--transition from europium. It is assumed that 
this transition may result either in (a) the direct 
emission of internal conversion electrons from 
gadolinium, or in (b} the emission from gado- 
linium of a gamma-ray which ejects photoelec- 
trons from neighboring europium atoms. Either 
process could produce a complete group of 
K-L-M peaks. The excitation potentials of gado- 
linium and europium are such that only the two 
K peaks would differ sufficiently in energy to be 
resolvable. Thus four distinct peaks would be 
observed. As indicated in Table I, however, the 
data reported here do not yield consistent values 
for the transition energy when interpreted in the 
above fashion. 

Another plausible explanation of these four 
low-energy conversion peaks is to assume that 
they are conversion lines resulting from two dis- 
tinct nuclear transitions of very nearly the same 
energy. If this be the case, the relative intensities 
of the two K peaks should remain the same when 
the radioactive sample is made thinner and 
weaker. In contrast, the mechanism suggested 
by Cork, Shreffler, and Fowler. would require 
the relative intensities of the two K peaks to alter 
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in favor of the conversion peak when the sample 
is made thinner and weaker. In order to discover 
which interpretation is more plausible, this sec- 
tion of the conversion spectrum was remeasured, 
using a sample whose mass per unit area was 
about 0.3 times that used originally. No marked 
alteration was observed in the relative intensities 
of the two K peaks. It is concluded that the 
mechanism suggested by Cork, Shreffler, and 
Fowler is less plausible than the alternative one 
which requires that two separate nuclear transi- 
tions take place. 

The presence of two indistinguishable isotopes 
and the absence of information concerning the 
genetic relationships of the beta- and gamma- 
rays from europium make it impossible to reason 
out a plausible energy level scheme which will 
account for the observed radiations. Some at- 
tempts in this direction have been made, but the 
results are unquestionably dubious. For instance, 
if one were to assume that eleven gamma- 
transitions take place all in one type of nucleus, 
with gamma-energies of 123, 124, 247, 286, 344, 
412, 442, 772, 959, 1082, and 1402 kev, a system 
of seven energy .levels (including the ground 
level) can be found which might account for 
them within one or two kev accuracy. This sys- 
tem would have levels at 123, 247, 533, 877, 
1206, and 1649 kev above the ground level. How- 
ever, a series of experiments involving coinci- 
dence spectrometry will be necessary before any 
acceptable conclusions can be drawn with respect 
to an energy-level diagram. 


TUNGSTEN™ 


Tungsten has five stable isotopes of atomic 
weights 180, 182, 183, 184, and 186. Minakawa™ 
and Fajans and Sullivan” investigated the ac- 
tivities induced: in tungsten by slow neutron 
bombardment, and discovered two activities of 
24-hour and about 75-day half-life, which they at- 
tributed to W'8’ and W'* respectively. Minakawa 
reported W!* to be a beta-emitter, with ai upper 
energy limit of 0.4-0.5 Mev based on aluminum 
absorption measurements. Fajans and Sullivan 
found the upper energy limit of W'*5 to be 0.55— 
0.65 Mev on the basis of absorption data, and 
0.64-0.72 Mev as a result of preliminary cloud- 
110. Minakawa, Phys. Rev. 57, 1189L (1940). 


2K, Fajans and W. H. Sullivan, Phys. Rev. 58, 276 
(1940). 
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chamber work. A later paper by Sullivan’? placed 
the limit at 0.55 Mev on the basis of more com- 
plete absorption data, and reported also that no 
gamma-rays could be detected. Jnanananda" 
measured the beta-spectrum of W'® in a lens 
type spectrometer, and observed the upper limit 
at 0.675 Mev. There is considerable suspicion 
that this high value was due to the presence of a 
small contaminant of iridium in his sample. 
Saxon!® also investigated tungsten with a lens 
spectrometer and reported the energy limit as 
0.43 Mev. 

The samples from which the W'** beta-spec- 
trum was measured were obtained by neutron 
irradiation of tungsten oxide. Samples were pre- 
pared by allowing the finely powdered oxide to 
fall out of a water suspension onto a substrate of 
nylon of thickness 0.84 mg/cm?. The spectrum 
was measured three times, from samples of thick- 
ness 1.4, 2.4, and 4.3 mg/cm?, respectively. The 
measured spectra, normalized to coincide with 
one another at high energies, are plotted as 
functions of momentum in Fig. 10, and the corre- 
sponding Fermi plots appear in Fig. 11. It is 
immediately obvious that the low energy portions 
of the spectrum are markedly subject to self- 
scattering effects within the sample. An extra- 
polation of the Fermi plot to its intersection with 
the energy axis yields a value for the transition 
energy of 1.84 mc? or 0.428 Mev, which agrees 
very well with the determination made by Saxon. 

According to the lifetime-energy criterion de- 
veloped by Konopinski!* the W* beta-transition 
falls into a category of twice-forbidden transi- 
tions. From the data obtained with the thinnest 
sample, it appears that the spectrum has the 
allowed shape down to energies somewhat less 
than 150 kev. Below this energy it is quite pos- 
sible that experimental difficulties contribute to 
the observed deviations. 
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Scattering of the 1.38-Mev and 2.76-Mev gamma-radiation of Na* has been observed at a 
mean angle of 135°. Mg, Al, Pb, and Hg scatterers were used, and three definite components 
of scattered radiation were observed. The softest, of energy about 200 kev, is Compton- 
scattered radiation; the next hardest, of energy 500 kev, is the positron annihilation radiation. 
The third has an energy between 1.1 and 2.8 Mev. It is due, in part, to bremsstrahlung, but 
seems to be somewhat too hard to be wholly explained by this process. It is not sharply reso- 
nant nuclear scattering since it appears nearly equally in Mg and Al, while only Mg should be 
sharply resonant. From the lack of sharp resonance with the Mg” level at either 1.38 Mev or 
2.76 Mev, it is concluded that these levels must be less than 1/100 ev wide and that the corre- 
sponding transitions are of quadrupole or higher order. 





I. INTRODUCTION 


HE large-angle scattering of gamma-radia- 
tion is of interest because the predominant 
Compton scattering is both low in intensity and 
long in wave-length. The study therefore reveals 
the presence of any other processes of interest. 
It was employed by Chao! and Gray and Tarrant? 
and revealed the presence of the 0.5-Mev com- 
ponent resulting from annihilation radiation de- 
veloped in the scatterer by the positron part of 
pairs. 

The present work was bégun with the object 
of detecting nuclear resonant scattering from 
Mg™ nuclei which are excited by resonant radia- 
tion from the radioactive Na*™ nuclei. These 
decay by beta-ray emission to Mg* following 
which two gamma-rays are emitted in cascade.* 
The excitation of Mg*‘ by one of these gamma- 
rays would therefore be expected. 

The experimental observation is not easy be- 
cause the act of gamma-ray emission lowers the 
gamma-ray energy resulting from the recoil of 
the nucleus so that the energy is about 90 ev off 
resonance. While others factors exist, these in 
general do not compensate for the recoil effect, 
and it can be estimated that the expected cross 
section should be less than 10-” cm?. If it is 


* Now at Brookhaven National Laboratory. 

** Assisted by the Office of Naval Research under Con- 
tract N6ori-44. 

1C, Y. Chao, Phys. Rev. 36, 1519 (1930). 

2L. H. Gray and G. T. P. Tarrant, Proc. Roy. Soc. 136, 
662 (1932). 

3L. G. Elliott, M. Deutsch, and A. Roberts, Phys. Rev. 
63, 386 (1943). 
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detectable at all, a very carefully conducted 
experiment is required. 

Early study‘ of the large-angle scattering proc- 
ess showed that for lead a hard component exists. 
There was some evidence for a preferential scat- 
tering by Mg as compared with Al. It was 
therefore decided to construct an automatic 
scattering apparatus which would permit long 
periods of counting in order to search for very 
small effects. The results of these experiments 
are given here. 

While this work was in progress a note by 
Schiff® appeared, calling attention to the potency 
of the large-angle scattering method. An attempt 
to observe resonance absorption in lead has been 
made by Zuber.® 


Il. THEORETICAL CONSIDERATIONS 


If the difference of energy of two eigenvalues 
corresponding to the emission of a quantum is £, 
then the frequency vz of an emitted quantum 
will be slightly less than the relation hyg=E 
would assert because momentum has to be given 
to the récoiling atom. If M is the mass of the 
atom the conservation of energy and momentum 
leads to 


' h?y z” 
E-hvg= 


(1) 
_ 2Me 





Similarly, if radiation is to excite the nucleus by 


aan” Pollard and B. B. Benson, Phys. Rev. 71, 134(A) 
5 L. I. Schiff, Phys. Rev. 70, 761 (1946). 
6K. Zuber, Helv. Phys. Acta 16, 429 (1943). 
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the amount E£, there also has to be supplied the 
kinetic energy of the atom receiving the mo- 
mentum of the incident quantum. If v4 is the 
frequency of a quantum which precisely fits this 
condition for absorption, then 





hv 4? 
hv —E = . (2) 
2Mc? 
Combining (1) and (2), we have 
F2 
hva—hvzg=—. (3) 
Me? 


The inelastic scattering of protons by Mg, as 
observed by Dicke and Marshall,’ indicates that 
the first excited state of Mg is at 1.32 Mev. For 
Mg” Eq. (3) gives a difference of 90 ev. Hence, . 
if radiation from a source of Na*, which decays 
to Mg* and then emits gamma-radiation, is used 
to excite Mg”, the radiation will be off resonance 
by 90 ev. 

Although there exist factors which can reduce 
this deviation from resonance, we may first con- 
sider the cross section expected for scattering of 
such radiation. The expression for resonant ab- 
sorption (which would be followed by emission 
to give scattered radiation) from Heitler’s book® 
(p. 115) is 


ron 





o¢= 


a | 
2a (y— n+ | 


where vy is the chance of a transition per atom 
per second, and » and » are the actual and reso- 
nant frequencies. Rewriting this in terms of I, 
the line width, E and E, the actual and resonant 
energies, all in electron volts, this becomes 


2.4 X 10-8T? 
(4) 





c= 


[7 
ze (E -)+—| 
4 


For Mg” we have, to a close approximation, 
1.210-”T? 


ee, 


90? 


7 Robert H. Dicke and John Marshall, Jr., Phys. Rev. 
63, 86 (1943). 

8 W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1936). 
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Thus an actual measurement of o gives informa- 
tion regarding I’, the line width. 

The value expected for Ivdepends on the selec- 
tion rules for the transition. Thus, if the radia- 
tion is dipole the value of I’, according to a 
formula given by Helmholz,® is roughly 1.3 ev, 
while if it is quadrupole the value is one thousand 
times less. 

The cross sections expected in the two cases 
are 10-** cm? and 10-®® cm*. The former could 
be detected, but the latter only with great diffi- 
culty. The study of large-angle scattering by Mg 
and Al can therefore, as a minimum, decide 
whether the radiation from the first excited state 
of Mg” is dipole or of higher order. 


' Il. BETA-RAY AND CASCADE GAMMA-RAY 
MOMENTUM CONSIDERATIONS 


There exists a possibility that the gamma- 
radiation is emitted while the nucleus still has 
the recoil momentum from the beta-ray. A 
second possibility is that the first of a cascade 
gamma-ray emission process gives recoil mo- 
mentum to the nucleus which is still present 
when the second gamma-ray emerges$ Either of 
these processes can change the distribution of 
gamma-ray energies considerably. 

The analysis of either case is simple and the 
following results are obtained: 

Case I, gamma-ray emitted at an angle @ to 
the beta-ray, 

wr E 


“+——Pe cos6, 
2Mc Me 


E-hvg= (5) 





where ps = mycB/(1— 8?) is the momentum of the 
beta-ray. 

Case II, first gamma-ray emitted at an angle 
yg to the second, 
EE’ 


+— cos¢, 
Mc? 


F? 
2Mc? 





E-hvg= (6) 


where £E’ is the energy of the first gamma- 
quantum and E£ that of the second. 

Both of these equations offer very interesting 
possibilities if the resonant process is ever de- 
tected, since the use of coincidence methods per- 
mits a complete knowledge of the process to be 


9 A. C. Helmholz, Phys. Rev. 60, 415 (1941). 
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Fic. 1. Top and side views of experimental arrangement 
for measuring the absorption of large-angle scattered 
gamma-radiation. 


established. The only missing item is the mo- 
mentum of the neutrino. Experimentally, this 
can be neglected by selecting only those beta- 
rays having close to the maximum energy. For 
resonance to occur in a scattering nucleus the 
emitted frequency vz of Eq. (5) must be equal to 
the v4 of Eq. (2). Combining these two we have 








FE? E EF 
+—?s cos) = — : 
2Mc Mc 2Mc? 
or 
E 
cos# = ——. (7) 


Ppe 
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In the case of Na*4 the momentum of the 1.4-Mev 
beta-ray is 3.8 moc. If E=1.38 Mev then 


1.38 K 2moc? 
cos# = ———— 
3.8moc? 


= —0.71. 





Resonance therefore occurs in the scattering 
Mg” nucleus if the angle between the beta-ray 
and gamma-quantum emitted by the source nu- 
cleus is approximately 135°. The assumption is 
made that no interactions of the source nucleus 
with surrounding matter occur in the time be- 
tween beta-ray and gamma-ray emission events. 

This process cannot actually take place in the 
element studied, since two gamma-rays are 
emitted in cascade. This destroys the above mo- 


mentum relationship. It might occur for Fe*®, 


the daughter element of Mn*®. In a clear-cut 
case, Eq. (7) presents the possibility of varying 
the angle @ and obtaining the contour of the 
energy level E. 


IV. EXPERIMENTAL RESULTS 


An attempt was first made to exploit Eq. (7). 
A ‘‘spectrometer’’ was constructed consisting of 
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Fic. 2. Curve A, absorption of sodium (24) gamma- 
radiation scattered by magnesium. Curve B, absorption 
of direct sodium (24) gamma-radiation. 
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a source, a beta-ray counter, a scattering block, 
and a gamma-ray counter shielded from direct 
radiation but arranged to detect radiation scat- 
tered from the block. Double coincidences were 
counted between beta-rays and scattered gamma- 
rays. The source used in one case was Na”, the 
scatterer Mg, in a second case Mn* and Fe** were 
used as source and scatterer. It was not found 
possible to overcome the exceedingly high rate 
of random coincidences. The experiment requires 
a counter resolution time of the order of 10-* 
second, whereas the counters used had a resolu- 
tion time at least one hundred times as great. 
Following this unsuccessful attempt it was 
decided to look for resonant large-angle scatter- 
ing. Figure 1 shows top and side views of the 
experimental arrangement. The direct radiation 
from the source (A) was shielded out by 11 inches 
of lead (£). A Herbach-Rademan GLC-11 
counter (C) was used to detect the scattered 
radiation. Two scattering plates (B) of up to 
1-inch thickness were arranged to give a maxi- 
mum yield consistent with a range of scattering 
angles between 120° and 150°. A set of cylindrical 
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_ Fic. 3. Absorption of sodium (24) gamma-radiation 
scattered by aluminum. The dashed curve is a rough 
theoretical estimate, including Compton-scattered, posi- 
tron annihilation, and bremsstrahlung components. 
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TABLE I. Sample scattering data from one run. 











Counter 
absorption 
(cm Pb) Net Mg Net Al Ratio 
0.00 124 117 1.06 
88* 95* 0.93 
0.18 37.7 33.5 1.12 
19.1* 19.1* 1.00 
0.35 35.9 kK) B 1.14 
6.6* 6.6* 1.00 
0.67 5.8 3.6 1.60 
2.8* KH ig 0.90 
1.34 0.32 0.0 _— 
0.72* 1.65* 0.44 
2.19 0.31* 0.34* 0.91 
3.36 0.92 0.00 — 
4,03 0.54 0.37 1.46 








lead absorbers (D) could be placed over the 
counter, out to about 4-cm radial thickness. Lead 
“Compton” shields (F) were placed above and 
below the counter to reduce radiation scattered 
from the floor and ceiling of the room and enter- 
ing the counter end-on. These effected a sub- 
stantial reduction in background. 
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Fic. 4. Absorption of sodium (24) gamma-radiation 
scattered by lead. 
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Fic. 5. Absorption of sodium (24) gamma-radiation 
scattered by mercury. 


Four sets of experiments were tried. The first 
was an attempt to detect resonant scattering in 
Fe5®, using Mn** as the resonant gamma-ray 
source. The experiment was not very thorough, 
but it showed that no large (10-*4 cm?) scattering 
cross section exists peculiar to this experiment. 
An attempt was also made to observe resonant 
scattering in C'*, using N?* as the resonant 
gamma-ray source. This failed because no 
gamma-rays other than annihilation radiation 
were detected. A third experiment was carefully 
carried out aimed at observing resonant scatter- 
ing by Mg*, using Na*™ as the resonant source. 
This can now be described. 

The object was the observation of an increase 
in scattering by Mg over Al at various thick- 
nesses of lead absorber placed over the counter. 
The resonantly scattered radiation should be 
more penetrating than Compton scattered radia- 
tion and annihilation radiation and accordingly 
an increase in the ratio of magnesiura scattering 
to aluminum scattering should take place at 
higher absorption. In order to obtain statistically 
significant numbers of particles counted, and 
avoid systematic errors due to source decay 


and counter variation, an automatic scatterer- 
changing device was constructed.!° This changed 
the scatterers every five minutes in the order 
MgNoAlAINoMg, etc., where ‘“‘No’’ indicates 
the absence of a scatterer. Separate recorders 
and clocks measured the total counts and total 
time for each scatterer in position and for back- 
ground over a half-hour or one-hour period at a 
given absorption. By subtracting out the back- 
ground counting rate the net scattering yield was 
obtained for each element. This was done at a 
number of values of absorption, and for compari- 
son all results were referred to a standard source 
strength by correcting for decay. The results of 
one run are given in Table I. The star indicates 
data taken with a second counter. The number 
of counts at each point was well over ten thous- 
and, but at the high absorptions the yield of 
scattered radiation of any kind was so small that 
the effects of random fluctuations became very 
large. From Table I it can be seen that the 
results up to 0.67-cm absorption yield a ratio 
which has reasonable consistency, but that there- 
after the ratio is widely varying, indicating that 
statistical fluctuations are not removed. The 
count at 4.03 cm gave the following figures: 


Al 13,610 in 211.6 minutes 
Mg 13,880 in 211.9 minutes 
No 13,250 in 210.6 minutes. 


Thus while there appears to be no doubt that 
both elements do give a penetrating scattered 
radiation, it cannot be asserted that one scatters 
more than the other. 

Similar comparisons were made between lead 
and copper radiators. These showed a very defi- 
nite yield from lead at high absorptions but not 
very much from copper. In view of this it was 
decided to plot absorption curves for Mg, Al, 
Pb, and Hg scatterers separately. Mg and Al were 
used for the reasons already given. Pb and Hg 
were chosen in case Pb showed any specific 
resonance resulting from the known 2.62-Mev 
gamma-ray; Hg then served as comparison. The 
Hg scatterers consisted of sheet-iron containers 
2 inch thick filled with liquid mercury. Sources 
were made by deuteron bombardment of metallic 
sodium and varied from 20 to 60 millicuries in 


10D, E. Alburger and E. C. Pollard, Phys. Rev. 72, 


169(A) (1947). 
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strength. The results are given in Figs. 2-5. 
These show the absorption of scattered radiation 
from magnesium, aluminum, lead, and mercury, 
respectively. It can be seen that for each element 
there are present several components of scattered 
radiation and that one of these is definitely too 
hard to be explained as annihilation radiation or 
Compton-scattered radiation. Curve B of Fig. 2 
shows the absorption of direct radiation for com- 
paring with the hard scattered component and 
also for furnishing a check on the absorbers and 
geometry. To obtain this a well-decayed sodium 
source was dissolved in water and spread uni- 
formly on a piece of cardboard cut to the same 
length and width as the scattering plates. This 
large-area source, approximating the geometry of 
a uniformly illuminated scattering plate, was 
then placed in the position normally occupied by 
one of the scatterers and the absorption curve 
plotted. The absorption coefficient is approxi- 
mately what one would expect at 2.8 Mev from 
theoretical curves given by Heitler. 


V. DISCUSSION 


Three processes which can give scattered 
quanta are known to occur when gamma- 
radiation strikes a radiator. These are Compton 
scattering, pair production and positron annihila- 
tion, and bremsstrahlung. The first two can be 
numerically estimated quite readily. If it is as- 
sumed that the number of effective scattering 
atoms is N, of atomic number Z, that the product 
of two the solid angle factors is Q, and that the 
counter efficiency is ¢ for 250-kv radiation 
(Compton-scattered) and is proportional to the 
energy of the gamma-rays," we find 


Compton-scattered yield = 2.27 K10-5Z NQe, 
Pair-annihilation yield = 1.87 K10-77Z?-NQe. 


These are based on the expressions given in 
Heitler’s book® (pp. 156 and 200). 

For bremsstrahlung the theoretical calculation 
is difficult. An approximate estimate was made 
as follows. The bremsstrahlung is due to Comp- 
ton recoil electrons which can suffer energy loss 
by radiation. The distribution in energy of these 
electrons can be inferred from the angular de- 
pendence of Compton scattering, since the elec- 
tron possesses the residual energy lost by the 


Bradt, Gugelot, Huber, Medicus, Preiswerk, and 
Scherrer, Helv. Phys. Acta 19, 77 (1946). 
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quantum. A rough distribution curve was plotted, 
and the yield of bremsstrahlung in the four in- 
tervals of energy 2.0—2.5, 1.5-2.0, 1.0-1.5, and 
0.5-1.0 Mev estimated. The electrons are as- 
sumed to obey the Feather range relation,” and 
the cross sections for bremsstrahlung given by 
Heitler® (p. 173) were used. An additional factor 
is the angular dependence of the radiation with 
respect to the electron which loses energy. This 
has been measured by Petrauskas, Van Atta, and 
Meyers'* for energies up to 2.35 Mev. At the 
135° average angle of scattering used in this work 
the radiation is about 75 of the maximum. There- 
fore, we have included a factor of 0.1 to allow for 
this angular dependence. At lower energies the 
value is higher, so that this procedure emphasizes 
relatively the high energy components of the 
bremsstrahlung. The net result of this rough 
analysis is to predict a yield 1.87 K10-*°Z* Ne 
with an effective absorption coefficient in lead 
in the range 0.5 cm to 4.5 cm of 0.63 cm-, 

The shape of the absorption curve predicted 
for Al is shown as a dashed line in Fig. 3. The 
curve for Mg is very nearly the same. It can be 
seen that agreement at the low energy end is 
quite good. However, there appears to be an 
added component for both Al and Mg of very 
nearly the full energy of the gamma-radiation 
from Na”, as seen from Fig. 2. The existence of 
a high energy component was found by Gray and 
Tarrant,? but it had a lower energy and probably 
can be identified with bremsstrahlung. Our re- 
sults indicate a still harder component of weak 
intensity and as yet unexplained origin. The 
expected yield for nuclear Compton scattering is 
much less than this. It is possible that some 
general type of scattering process exists, involv- 
ing mesons in the nucleus. We do not feel that 
our experimental data are good enough to assert 
definitely that an added hard component is 
present. To settle the matter, sources of one 
hundred times the intensity should be used. 
Facilities are not available here for this kind of 
work. 

One result is certain. No specific nuclear reso- 
nance occurs with a cross section greater than 
1/500 of the Compton cross section or greater 


12 N. Feather, Proc. Camb. Phil. Soc. 34, 599 (1938). 
18 A, A. Petrauskas, L. C. Van Atta, and F. E. Meyers, 
Phys. Rev. 63, 389 (1943). 
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higher. 
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than 10-*’ cm*. This cross section corresponds to 
an upper limit to the line width for this 1.4-Mev 
transition of 1/100 electron volt. The line is thus 
exceedingly sharp and certainly quadrupole or 
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Interferometric wave-length measurements of high precision carried out by employing an 
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atomic beam light source have been used for the study of several features of the arc spectrum 
of Li’. Due to the great sharpness of the spectral lines produced by this source it was possible 
to determine the splitting of several 2D terms. The hyperfine structure of the line 6708A was 
found in approximate agreement with earlier investigations. Precise wave-length measurements 
have been carried out relative to krypton standards. Discrepancies between the wave-lengths of 
this investigation and those of earlier investigators must be ascribed to lack of resolution or 
inadequate comparison methods employed in earlier investigations. This consideration is sub- 
stantiated by our measurements carried out with a vacuum lithium arc, the results of which 
are consistent with the atomic beam values. Isotopic shift (Li® and Li’) of the resonance line 


6708A was measured. 


I. INTRODUCTION 


LTHOUGH the arc spectrum of lithium has 

been extensively investigated, the wave- 
length material available contains many dis- 
crepancies and is not sufficiently accurate for 
reliable conclusions regarding the structure of 
the 2D terms. 

At first glance the measurements of Datta 
and Bose! seem to be the most reliable ones as 
far as average wave-lengths are concerned. These 
authors employed a vacuum arc and concave 
grating and claim an accuracy of a few thou- 
sandths A. However, the fact that with one 
exception they did not resolve the *P1/2 3/2 
structure makes one doubt this accuracy. 

The first observation of the fine structure of 
lithium lines was made by Zeeman? who resolved 
the resonance line 6708A as a doublet. 

Without undertaking absolute wave-length 
measurements, Kent*® carried out a detailed in- 


* Now at Naval Ordnance Laboratory, White Oak, 


Maryland. : 
1S. Datta and P. C. Bose, Zeits. f. Physik 97, 321 (1935). 
2 P. Zeeman, Physik. Zeits. 14, 405 (1913). 
3N. A. Kent, Astrophys. J. 40, 337 (1914). 









vestigation of the doublet structure of lithium 
lines and their Zeeman effect. Using a quartz 
discharge tube as light source and a Michelson 
transmission echelon as resolving instrument, he 
succeeded in resolving the resonance line 6708A, 
the first two members of the sharp series (8126A 
and 4972A), and the first two members of the 
diffuse series (6103A and 4603A) as close doub- 
lets. The error involved in the measurements of 
the separations was one to two percent but the 
results are sufficiently accurate to show a defi- 
nite difference between the doublet intervals 
obtained from the principal and sharp series 
and those obtained from the diffuse series. The 
average value of the three ?S?P combinations is 
0.338 cm and represents the *P1/2, 3/2 splitting. 
The intervals observed with two pairs of the 
diffuse series are 0.309 cm for 6103A and 
0.328 cm for 4603A. These separations are 
distinctly smaller than the ?P1/2,3/2 splitting. 
Kent himself did not discuss these results since 
he was mainly interested in the Zeeman and 
Paschen-Back effect of these lines, but it is easy 
to see that these results are to be expected from 
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the structure of the terms involved and that it 
is possible to draw conclusions about the struc- 
ture of the D terms. This will be discussed in 
detail in Section ITIC. 

The present investigation was undertaken in 
order to establish more precise wave-length 
material for confirming Kent’s results and ex- 
tending our knowledge to higher D terms. The 
small intervals involved make it necessary to 
employ a Perot-Fabry interferometer and a 
light source producing very sharp lines. As the 
latter we chose the atomic beam emission light 
source which in earlier investigations proved to 
be far superior to other existing light sources in 
this respect.*#—° 


II. EXPERIMENTAL DETAILS 
A. Atomic Beam Source 


The atomic beam source was essentially the 
same as described by Mundie and Meissner.** 
The furnace consisted of a beryllium oxide 
cylinder which was wound with tungsten wire 
in bifilar manner in order to avoid magnetic 
effects. A hollow steel cylinder with removable 
top cover was used as container for the lithium. 
The cover was provided with a circular opening 
of about 4 mm in diameter. The collimation 
angle of the beam could be changed between 
% and 7 by selecting image apertures of dif- 
ferent sizes. 

The excitation of the beam by electron bom- 
bardment was accomplished by two electron 
guns, the construction of which was the same 
as that described in the earlier investigation. 


B. Spectral Apparatus 


The spectrograph was a Steinheil instrument. 
Both the collimator and camera lenses had focal 
lengths of about 65 cm. Since the dispersion 
needed was relatively small, one flint prism was 
sufficient. 

A Perot-Fabry interferometer was combined 
with the spectrograph in the usual way. It was 


48 R. Minkowski and H. Bruck, Zeits. f. Physik. 95, 274 


(1935); » K. W. Meissner and K. F. Luft, Ann. d. Physik 
28, 667 (1937); Zeits. f. Physik 106, 362 (1937); Ann. d. 
Physik 29, 698 (1937); Berl. Ber. 118, (1937); °R. A. 
Fisher, Phys. Rev. 51, 381 (1937); 4K. W. Meissner, Ann. 
d. Physik 31, 505, 518 (1938); ° L. G. Mundie and K. W. 
Meissner, Phys. Rev. 65, 265 (1944). 
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TABLE I. Wave-lengths obtained with atomic beam source. 








Combination 


2?P 3/2—3* S12 
22P yj2—F* S12 


2?S1/2—2?P 12 
2?S1/2—2?P 3/2 


2?P 32—3*D3/2 
2?P 32—3*D 52 
2?P j2—3*D32 


2?P 3/2—4"Si/2 
2?P j2—4* S12 


2?P3/2—¥Ds2 
2?P1j2—¥’ D2 


2?P 3/2—S?S1/2 
2? Pije—S* S12 


2?P s/2—S*D 52 
2?Pij2—S*D 32 


2?P s2—O*S1/2 
2?P 1j2—6? S12 


2?P 3/2—O’D 52 
2?P1j2—O?Ds2 


2?S1)22X—2?P 1/2)? 
27S1/2'—2?P 2h? 
22S 1/22 —22P 4/928 
22S 1/9! —22 P9128 


ycm-! 


302.116 
302.450 


903.662 
903.998 


379.077 
379.118 
379.415 


108.069 
108.408 


719.399 
719.720 


395.507 
395.841 


193.439 
193.767 


083.648 
083.981 


533.321 
533.653 


903.6498 
903.6789 
903.9861 - 
904.0125 


Int.* ALA. 


st 8126.452 
Ww 8126.231 


w 6707.912 
st 6707.761 


Sat 6103.664 
st 6103.649 
w 6103.538 


st 4971.745 
w 4971.661 


st 4602.894 
w 4602.826 


st 4273.127 
w 4273.066 


st 4132.191 
Ww 4132.135 


st 3985.538 
w 3985.485 


st 3915.346 
w 3915.295 


10 6707.9174 

6 6707.9043 
20 6707.7661 
12 6707.7542 











* st =strong, w = weak component of doublet. 


inserted immediately behind the collimator lens 
and was mounted in an airtight chamber which 
was provided with a jacket through which water 
of constant temperature circulated. Thermo- 
static control secured a constancy of temperature 
within 0.02°C over a period of several hours. 

The spectra were photographed on Eastman 
Kodak plates, types 103F and 103E for the 
visible region, type IN, hypersensitized with 
ammonia, for the infra-red line 8127A. 

The measurements of the spectrograms were 
carried out with an Abbe comparator (Zeiss 
Model A, 1937). 

As standard line for the final determination of 
the lithium lines the green krypton line 5570 
-2890A was used. The procedure of measure- 
ment was the usual one.® The correction for dis- 
persion of phase change was negligible, as was 
seen from the agreement between wave-length 
values obtained with spacers of different length. 
The correction for air conditions was also neg- 
lected, being less than the experimental error. 


5 Details have been described by K. W. Meissner, 
J. Opt. Soc. Am. 31, 405 (1941). 
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TABLE II. Wave-length values obtained with vacuum arc 
compared with those of other sources. 








Atomic beam Datta and Values listed in 





Int. Vacuum arc Table I c.g.* ose M.I.T. tables 
st 8126.452 0.452 

0.378 0.52! 
w 8126.230 0.231 
Ww 6707.915 0.912 0.950 

0.811 0.844? 
st 6707.768 0.761 0.728 
sat. 0.664 
st 6103.654 0.649 

0.612 0.521 0.642? 
w 6103.540 0.538 
st 4971.748 0.745 

0.717 =—0.743 0.990 
w 4971.662 0.661 : 
st 4602.896 0.894 

0.871 0.863 0.8633 
w 4602.829 0.826 
st 4273.128 0.127 

0.107 0.070 0.284 
w 4273.067 0.066 
st 4132.192 0.191 

0.173 0.244 0.294 
w 4132.140 0.135 
st 3985** 0.538 

0.520 0.553 0.794 

Ww 3985** 0.485 
st 3915** 0.346 

0.329 0.343 0.04 
w 3915** 0.295 








* Center of gravity wave-length. 

** Strong bands prevented measurement. 

2W. F. Meggers, Bull. Bur. Stand. 14, 371 (1918). 

2C. W. Hetzler, R. W. Boreman, and Keivin Burns, Phys. Rev. 
48, 656 (1935). 

3S. Datta and P. C. Bose, Zeits. f. Physik 97, 321 (1935). 

4 A. Fowler, Report on “‘Series in line spectra.” 


The spacers employed ranged in length from 6 
mm to 66 mm. The proper size was selected in 
such a way as to resolve clearly the fringe pat- 
terns belonging to the different components of 
the doublet structure. Fortunately, a convenient 
property of the Perot-Fabry patterns is that 
with a properly selected spacer all doublets of 
equal interval Av can be resolved at once, re- 
gardless of their wave-length. Optimum resolu- 

SLet P=p+e be the order at the center of the P.F. 
fringes, where p is the integer order of the first bright 
fringe and « the fraction. Then, for two lines with wave 
= "1, 7 v2 PS 1 ate A ai and P2=2tv2. There- 
ore, vo—¥1 = (P2—P1)/2t= (pot €2— pi— a1) /2¢= [(D2— pr) 
+(€2—«:)]/2t. Introducing the .range of ‘arden (Ay) 
= 1/2t we get vz— 1 = (Av)(k+e2—€1). The integer k deter- 
mines the number of overlapping orders. For constant 


ve—v; the differences ¢:—«, are constant, independent of 
wave-length. 
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tion of a doublet is obtained if the fringes of 
one component fall just midway between the 
fringes of the other component. In our case, all 
of the doublets of the sharp and diffuse series 
were clearly resolved with available spacers of 
8, 10, and 20 mm. For higher accuracy, however, 
it is necessary to employ higher order numbers, 
i.e., spacers of greater length. To this end, a 
spacer of 36 mm (producing overlapping of two 
orders) was used for most of the lines. In the 
case of the line at 6103A, a spacer of 60 mm 
(overlapping of three orders) proved to be 
satisfactory. 

In general, it was not possible to obtain the 
rather weak satellites of the PD combinations. 
It was only in the case of 6103A that we were 
able to separate clearly the satellite and the 
strong component. This required the selection 
of a spacer which produced a pattern in which 
the 2?P4;2—3*P3;2 and 2?P3;2—3?Ds5/2 lines were 
coincident and, the 2?P3;2—3?Dz32 line fell just 
midway between the former lines in the pat- 
tern. Utilizing the results of preliminary measure- 
ments with 20-mm and 36-mm spacers it was 
easy to calculate a suitable spacer size fulfilling 
these conditions. A spacer of 66 mm, formed by 
combining a 60-mm and a 6-mm spacer, gave 
the desired result. The weak satellite appeared 
clearly between the orders of the superimposed 
patterns of the strong components. A spacer of 
this size was necessary in order to resolve the 
interval of only 0.015A. 

The application of the same method for ob- 
taining the satellites of the higher members of 
the D series is difficult since they are much 
weaker and since the ?D splitting decreases 
rapidly. Therefore, no great effort was made to 
obtain the satellites and to measure the splitting 
of the higher *D terms directly. 


Ill. RESULTS 
A. Wave-Lengths with Atomic Beam 


Table I contains the final wave-lengths and 
wave numbers obtained with the atomic beam 
source. Numerical values of estimated intensities 
have been omitted since they would be without 
any value. Only in the case of the hyperfine 
structure of 6708A have the theoretical intensity 
values of the observed components been added. 




















The estimated relative intensities correspond 
closely to these values. The principal quantum 
numbers used in the last column are the theo- 
retical ones indicating the shell of the ‘‘running”’ 
electron. The numbers on the upper right of the 
term symbols of 6708A are the fine quantum 
numbers corresponding to a nuclear moment of 
3. The wave-length values are given to the 
nearest thousandth of an angstrom. The experi- 
mental error is, however, generally smaller than 
this. 


B. Measurements with Vacuum Arc 


As was mentioned in the introduction, the 
wave-length data available in the literature con- 
cerning lithium contain serious discrepancies. 
In some cases the values are so uncertain that 
they could not be used for the determination of 
the correct order number of spectrograms taken 
with such large plate separations (36 to 60 mm) 
as were used with the atomic beam source. It 
was, therefore, necessary, to carry out an addi- 
tional series of measurements using smaller 
spacers. Thus all ambiguity in the assignment of 
order numbers could be eliminated. 

Since most of the wave-length values ob- 
tained with the atomic beam disagreed with 
those of the literature, it was decided to carry 
out further interferometric measurements with a 
vacuum arc. 

The electrodes of the arc consisted of graphite 
cylinders of 10 mm in diafneter. The anode was 
provided with a bore of about 5 mm in diameter 
and 10 mm in depth. The cavity was filled with 
LiCl or metallic lithium. When used on a 220- 
volt d.c. line with the current limited to 1.5 to 
2 amperes a rather stable arc was obtained. The 
vacuum was maintained below 1 mm Hg. 
Numerous spectrograms were taken and of these 
the fifteen best ones selected for the final wave- 
length determinations. Spacers of 6 mm and 8 
mm were used. The results of the different runs 
agreed with each other within a few thousandths 
of an A. Greater accuracy could not be expected 
since the interference fringes were rather broad 
due to the high temperature of this source. 
However, the fringes were sufficiently narrow 
for a clear separation of the 2?P splitting. 

The resonance line 6708A exhibited a peculiar 
behavior caused by strong self-reversal which 
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made the interpretation of the interference pat- 
terns rather difficult. This difficulty was over- 
come by feeding the arc with sodium to which 
a small amount of lithium was added. 

The results obtained using the vacuum arc 
are presented in Table II. For purposes of com- 
parison, the wave-lengths obtained with the 
atomic beam and those published by other in- 
vestigators have been included. The agreement 
between the atomic beam and the vacuum arc 
values is very satisfactory, the differences being 
within the limit of error of the vacuum arc 
measurements which may be estimated as 
+0.005A. 

The close agreement between our vacuum 
arc and atomic beam values shows clearly that 
the discrepancies between our values and those 
of the other investigators must be due either to 
lack of resolution or to inadequate methods of 
comparison employed in the earlier investiga- 
tions. We believe that the latter is true with the 
measurements given by Datta and Bose who 
employed a grating. Lack of resolution may be 
the reason for the disagreement with the inter- 
ferometric measurements of Hetzler, Boreman, 
and Burns. Their value for 6707.844A comes 
very close to the average of the atomic beam 
values 6707.837A, a result one would expect if 
the patterns were overexposed. Their value 
6103.642A, on the other hand, is rather close to 
the value of the strong component. 

Since these authors used an interferometer, 
it is surprising that they were unable to resolve 
the doublet structures; they may, perhaps, have 
used plate separations which were not favorable 
for this resolution. 


C. Structure of 2D Terms 


Table I, listing the results of our measure- 
ments, contains the resonance line 6708A, four 
members of the sharp series, and four members 
of the diffuse series. Only one doublet of the 
latter, 6103A, could be resolved completely, 
whereas the three others appeared only as 
double lines with indication of the:satellite. 

The splitting of the 32D terms can be obtained 
directly from the patterns of 6103A as difference 
of the wave numbers of satellite and strong com- 
ponent. The splitting of the three other members 
of the series can be obtained only in an indirect 
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TABLE III. 2?P1;2—2?Ps3/2 values in cm. 

Wave- Jackson and 

length Atomic beam Kent Kuhn 

8126 0.336 +0.001 0.340 

6708 0.3366+0.0005* 0.336 

6708 0.3360+0.0005** 0.3372 
+0.0005 

4971 0.337 +0.002 0.339 

4273 0.334 +0.004 

3985 0.337 +0.005 








* From patterns with unresolved hyperfine structure. 
** From measurement of hyperfine structure patterns. 


way. The lines of these members are the two 
strongest components of the 2?7P—m?D com- 
bination (m=4,5,6) namely 2?P1;2—m?D3/2. and 
2?P3;2—m?D5;2. The observed intervals (Av) of 
these lines involve the 2?P1/2,3/2 splitting (AP) 
as well as that of the 7D terms (AD). Employing 
the relation Av=AP—AD one can find the 
splitting of the D terms AD as difference between 
the AP splitting and the measured interval Av. 
The AP splitting can be found from measure- 
ments of the resonance line and members.of the 
sharp series, where AP appears directly as in- 
terval of the measured doublet lines. The fact 
that all observed Av values of the diffuse series 
are smaller than the AP splitting reveals that 
all m?D terms (m=3,4,5,6) of Li’ exhibit regular 
term order since the 2?P term is known to be a 
regular term. 

Unfortunately, the lines of the sharp series 
are rather weak in the atomic beam source, and 
the strongest member (” =3) lies in the infra-red 
(8126A). Therefore, precision measurements of 
AP by employing these lines are difficult. The 
resonance line, on the other hand, is very strong 
and good interference patterns can be obtained 
with rather short exposure times. However, in 
this case the line structure is more complex since 
the splitting of the 22S term, due to the nuclear 
moment, is of appreciable size and gives rise to 
hyperfine structure. With small spacers (8 and 
10 mm), the hyperfine structure was not re- 
solved and, therefore, the Av values derived 
under these conditions must give values very 
close to the true AP. On the other hand, employ- 
ing suitable greater separation of the inter- 
ferometer plates gives complete resolution of the 
hyperfine structure (due to 22S splitting), and 
by employing theoretical relative intensity 
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values of the observed component one is able 
to obtain the AP splitting with sufficient ac- 
curacy. 

Both methods have been employed. The AP 
value obtained from patterns with unresolved 
h.f. structure agrees within the limit of error 
with that found by Jackson and Kuhn’ who 
investigated the resonance line by means of an 
atomic beam in absorption. The AP value de- 
rived from the resolved h.f. pattern is decidedly 
smaller than their value. A possible explanation 
is given below in Section IIID. 

Table III is a compilation of the Av-values of 
the sharp series and the resonance line. For the 
measurement of these separations more plates 
were employed than for the wave-length values 
in Table I. Therefore, slight differences with the 
Av values derived from Table I may occur. The 
values of Table III are more reliable than those 
obtained from Table I. As most probable value 
of the AP splitting we accept 0.3366+0.0005 
cm=!, a value which is in good agreement with 
that of Jackson and Kuhn, 0.3372+0.0005 cm“. 

Table IV is a compilation of the results ob- 
tained for the members of the diffuse series. 
The Av values presented in the third column 
represent the separation of the strong and weak 
components. The difference between AP = 0.3366 
cm-! and these Av Values gives the splitting of 
the D terms and is presented in the fifth column. 
In the case of 6103A a direct measurement of 
the D splitting was possible and the value ob- 
tained directly is in agreement with that ob- 
tained by this calculation. 

In principle, the presence of the weak satellite 
which is unresolved from the strong component, 
may increase the apparent Av values of this 
series. With the low exposure employed in the 
work with the atomic beam, however, it is felt 
that the. satellite would be so greatly under- 
exposed that the effect would not be noticeable. 
On the other hand, we believe that the greater 
values measured by Kent and by us with the 
relatively intense vacuum arc may be due to 
the action of the satellite, which with higher 
exposures shifts the apparent position of the 
strong component towards longer wave-lengths, 
increasing in this way the measured Av. A rough 


7D. A. Jackson and H. Kuhn, Proc. Roy, Soc. A173, 
278 (1939). 

















calculation by means of the theoretical in- 
tensities of a PD combination confirms this 
assumption. In the case of 6103A, we obtain 
for the wave-length difference between the center 
of gravity of (strong line+satellite) and the 
weak component the value AX\=0.113A, which 
is in agreement with A\=0.114A obtained with 
the vacuum arc and with A\=0.115A obtained 
by Kent. 

It is seen from Table IV that the observed 
Av values of all observed D doublets increase 
regularly with m, approaching the value of the 
AP splitting. From this behavior one concludes 
that the 2D terms of Li’ are regular. The steady 
decrease of AD with m is also quite normal. 


D. Hyperfine Structure of 6708A 


Originally it was not intended to study the 
hyperfine structure of the resonance line 6708A. 
However, several plates taken with a spacer of 
36 mm exhibited the hyperfine structure so well 
defined that we decided to evaluate them, 
inasmuch as one can also obtain the AP fine 
splitting from these patterns. 

The procedure for evaluating the patterns has 
been described by Jackson and Kuhn’? who made 
a thorough investigation of the hyperfine struc- 
ture of Li 6708A. They employed the absorption 
method using highly collimated beams. The 
resolving instrument was a compound inter- 
ferometer consisting of two Perot-Fabry inter- 
ferometers of 5-mm and 50-mm plate separation. 
They derived from their measurements the fol- 
lowing intervals: 

Multiplet splitting AP 1/2, 3/2 

AP =0.3372+0.0005 cm=, 

Hyperfine splitting of 27.Si/2 

Av, =0.0275+0.0003 cm“, 
Hyperfine splitting of 2?P1/2 
Av2=0.0015 +0.0009 cm. 


The respective values derived from our own 
measurements are AP=0.3360-+0.0005 cm”, 
Avi =0.0278 — 0.0008 cm— and Av2 = 0.007 — 0.002 
cm", 

The values of Av; agree rather well with each 
other but are not in accord with the most reliable 
value 0.026805 cm=! found with the radiofre- 
quency method.® Our value for AP, however, is 


8 P. Kusch, S. Millman,.and I. I. Rabi, Phys. Rev. 57, 
765 (1940). 
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TABLE IV. Observed Av values of diffuse doublets and 
calculated term separations Am?D3y2, 5/2 in cm™. 











m ny Atomic beam Kent Am?*D3/2, 5/2 Kent 

3 6103 0.2996+0.0005 0.309 0.0370+0.0008 0.027 
0.0374 -+0.0005* 

4 4603 0.332 +0.001 0.328 0.015 +0.002 0.008 

5 4132 0.327 +0.002 0.010 +0.003 

6 3915 0.332 +0.003 0.005 +0.003 








* From direct measurement of satellite and strong component. 


decidedly smaller than that of Jackson and Kuhn 
and is also smaller than our value found from 
patterns obtained with smaller spacers in which 
the hyperfine structure was not resolved (see 
Section IIIC). The values of Av, disagree com- 
pletely. 

It is difficult to find a satisfactory explanation 
of those discrepancies. Since the compound in- 
terferometer used by these workers eliminates 
overlapping orders we are inclined to assume 
that the deviations are due to insufficient sepa- 
ration of the hyperfine components on our plates. 
In this case the Oldenberg effect® can influence 
the values appreciably and produce a “‘shrink- 
ing” of the measured intervals. Employment of 
larger spacers or of a compound interferometer 
could decide this question, but we did not ex- 
tend our efforts in this respect since the AP 
value is already known more accurately than 
the other factors (Av values of lines of the diffuse 
series) which are involved in the calculated 
values of the D-term fine structure. 


E. Isotopic Shift 


Several strongly exposed plates taken with a 
10-mm etalon showed very clearly a weak com- 
panion line in the patterns of 6708A. The pres- 
ence of this line was first mentioned in the paper 
of Kent? and has been investigated several times 
since.!° According to the explanation of Schueler 
and Wurm, this line is the weak doublet com- 
ponent of the resonance line of Li®. The values 
of the isotopic shift of the weak component, 
given in different papers, lie between 0.15 and 
0.16A, which is about the value of the AP split- 
ting of 6708A. This particular circumstance 


9Q. Oldenberg, Ann. d. Physik 67, 253 (1922). 

10 H. Schueler and K. Wurm, Naturwiss. 15, 971 (1927); 
D. S. Hughes and Carl Eckart, Phys. Rev. 36, 694 (1930) ; 
D. A. Jackson and H. Kuhn, see reference 7. 
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causes a blend of the weak component of Li’ 
with the strong component of Li®. Therefore, 
the line complex consists of only three lines in- 
stead of the expected four ones. 

A thorough investigation of the isotopic shift 
of lithium was carried out by Jackson and Kuhn’ 
who employed a liquid air-cooled Schueler tube. 
They found for the shift of the weak com- 
ponent of Li® the value Avy=—0.345 cm™ 
(AX=+0.156A). Furthermore, they derived in 
an indirect way the isotopic shift of the strong 
component as Ay= —0.365 cm (AA = + 0.164A) 
and arrived at -the result that the multiplet 
separation of the isotope Li® equals 0.317 cm 
while that of Li’ is 0.3372 cm7. 

We were able to determine the wave-length of 
the Li® line as \=6708.072+0.001A, whereas 
the wave-length of the corresponding Li’ line, 
as given in Table I, is 6707.912A. From this 
follows the isotopic shift of the weak compo- 
nent. A= +0.160A(Av= —0.356+0.002 cm-). 
In principle, it is possible to find the value of 
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the isotopic shift from the Perot-Fabry pat- 
terns of the line complex directly, as Jackson 
and Kuhn did, but considering the strong over- 
exposure of the Li’ fringes we preferred the 
evaluation from wave-length measurements car- 
ried out with patterns of normal exposure. Our 
value derived from the complex patterns is 
+0.159A and agrees with the first one within 
the limit of error. 

Our value of the isotopic shift is decidedly 
larger than that of Jackson and Kuhn and we 
are not able to account for this discrepancy. 
On the other hand, we can confirm their result 
that the effective wave-length of the blend is 
shifted towards longer wave-lengths by +0.002A 
(—0.004 cm), but we consider the accuracy of 
our values not sufficient for drawing conclusions 
regarding the doublet splitting of the two 
isotopes. 

We plan to continue the investigation of iso- 
topic shift in lithium by employing samples 
enriched in Li®, 
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Ordinarily it is assumed that interaction between charges occurs along light cones, that is, 


only where the four-dimensional interval s?=#—r? is exactly zero. We discuss the modifications 
produced if, as in the theory of F. Bopp, substantial interaction is assumed to occur over a 
narrow range of s? around zero. This has no practical effect on the interaction of charges which 
are distant from one another by several electron radii. The action of a charge on itself is finite 
and behaves as electromagnetic mass for accelerations which are not excessive. There also 
results a classical representation of the phenomena of pair production in sufficiently strong 


fields. 








UANTUM electrodynamics is built from a 
classical counterpart that already contains 
many difficulties which remain upon quantiza- 
tion. It has been hoped that if a classical electro- 
dynamics could be devised which would not 
contain the difficulty of infinite self-energy, and 
this theory could be quantized, then the problem 
of a self-consistent quantum electrodynamics 
would be solved. For this reason many successful 
attempts have been made to produce such a 
classical theory. The field equations can be 
made non-linear,! the. fields produced by or 
acting on an electron can be redefined,?:* or one 
may resort to some averaging of the fields over 
space or time.‘ These theories have, however, 
met with considerable difficulties when an at- 
tempt has been made to quantize them. In this 
paper a consistent classical theory is described 
which the author believes can be quantized. 
Some preliminary results of the quantization of 
this theory will be discussed in a future paper. 
Some of the physical ideas of the classical form 


1M. Born and L. Infeld, Proc. Roy. Soc. London A144, 

425 ‘we 

A. M. Dirac, Proc. Roy. Soc. London A167, 148 
(1938), An excellent discussion of these matters is given 
by C. J. Eliezer, Rev. Mod. Phys. 19, 147 (1947). 

ot. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 
17, 157 (1945). 

‘There are many theories of this nature. The author’s 
theory is essentially that of F. Bopp, Ann d. Physik 42, 
573 (1942). R. Peierls and H. McManus have developed 
a theory in which the electron is pictured as a rigid dis- 
tribution of charge in both space and time. The theory can 
be shown to be exactly equivalent to the present one, at 
least for a class of f functions. Their physical ideas may 
offer advantages over the present one in which the function 
f is not so directly interpretable. I thank Dr. McManus 
for a copy of his thesis. For a summary of another bg 


of this type see B. Podolsky and P. Schwed, Rev 
Phys. 20, 40 (1948). A somewhat different type is that of 
N. Rosen, Phys. Rev. 72, 298 (1947). 
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of the theory are sufficiently interesting in them- 
selves to warrant their discussion first in a 
separate paper. 

The potential at a point in space at a given 
time depends on the charge at a distance r from 
the point at a time previous by t=r (taking the 
speed of light as unity). Speaking relativistically, 
interaction occurs between events whose four- 
dimensional interval, s, defined by s?=#—7?, 
vanishes. There results, however, an infinite 
action of a point electron on itself. The present 
theory modifies this idea by assuming that 
substantial interaction exists as long as the 
interval s is time-like and less than some small 
length, a, of order.of the electron radius. When ¢ 
is large since A(s*) = 2¢-A¢ this means a spread in 
the time of arrival of a signal of amount of 
order a?/2t. For charges separated by -many 
electron radii there is, therefore, essentially no 
effect of the modification. For the action of an 
electron on itself, however, there is a considerable 
modification. The result is to reduce the infinite 
self-energy to a finite \walue. For accelerations 
which are not extreme, the action of an electron 
on itself appears simply as an electromagnetic 
mass. If desired in the classical theory, all the 
mass of an electron may be represented as electro- 
magnetic. (In the quantum theory this cannot 
be done in a reasonable way as the electromag- 
netic mass comes out quite small under reason- 
able assumptions for a.) We have, therefore, a 
consistent classical theory whick does not dis- 
agree with classical experience. 

In the remainder of the paper we formulate 
this idea mathematically, and draw one or two 
simple consequences. We then discuss a curious 
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feature of this theory. It can give a classical 
representation of the phenomena of pair pro- 
duction in sufficiently strong fields. This is of 
interest because the physical ideas may possibly 
be carried over to give a clearer understanding 
of the hole theory of positrons. 

The main result which is to be carried over to 
quantum problems is this: In any process in 
which there is no permanent emission of quanta 
one must assume the field quanta to have a 
“density” g(k4,K) in frequency, and wave num- 
ber space. This replaces the usual assumption 
that the frequency k, equals the magnitude of 
the wave number, K, and that the density in 
wave numbers K, is uniform (corresponding to 
g(ks,K)=6(k2—K?*)). The properties g(k.,K) 
ought to have are discussed more fully below. 


MATHEMATICAL FORMULATION 


_ It is most convenient (but not necessary) to 
formulate these ideas in the language of action 
at a distance. Hence a brief summary of that 
point of view is given here. We start with 
Fokker’s action principle that the action 


S=> ma (da,da,)' 
+2, "Cats f f 5(Sas?)da,db, (1) 


is an extremum. Here a, represents, for 4=1 to 
4, the three space coordinates and the time 
coordinate of a particle a of mass ma, charge éz. 
We shall later consider them as functions of a 
parameter a, say. The }, are corresponding 
quantities for a particle b, etc. The symbol 
XyVp Means X4ys—XY1—XeYo—Xgy3 and Sqs?= (a, 
—b,)(a,—b,). The 6 is Dirac’s delta function. 
The integrals are taken over the trajectories 
of the particles. The >>’ means the sum over 
all pairs a, 6 with a+b. We consider varying 
the path a,(a) of particle a. Defining 
A, (x) =e, f 5(S257)dby, (2) 
where x stands for x,, a point in space time, 
we can write (1) as 


a ba 


S=) a} (d ud wWitd DL a A,( )d pe 
S=2 maf a,da caf a)da 
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The result of seeking an extremum of this is to 
lead in the well-known way to the equations of 
motion, 


d ~) day = F(a) 
Moa— =€g— »”(a), 
drag\dtq drqb#a , 


(3) 


where we can call F uv» (x) the field at x caused 
by particle b. It is given by 


Fy» (x) = 0A, (x)/dx,—0A »)(x)/AX,. 


We have written dr,=(da,da,)' for the proper 
time along the path of a. 

Since [ }?8(s20?) = 495(x1— 1) 5(x2—b2)5(x3— D3) 
X 6(x4—b,), where [_}??=(0/dx,)(0/dx,), Eq. (2) 
gives 


002A, (x) =4me, f 5 (x1 —b1) 8(¢2 —bs) 


X 5(x%3—b3)6(x4—b4)db,, (4) 


which is 47 times the current four-vector of a 
point charge ey. Thus F,, (x) satisfies Maxwell’s 
equations. But the special solution (2) is not the 
usual retarded solution but is rather half the 
retarded plus half the advanced solution of 
Lienard and Wiechert® (since 6(#—7*) =(1/2r) 
X (6(¢-+r)+6(t—r).) Thus we may write (dots 
representing derivatives with respect to ta, and 
the fields being calculated at the point x,=a,), 


M aly = Cady z. (FF, ret + $F yy adv): (5) 
bya 


This can be compared to the usual theory which 
just uses retarded effects by writing it in the form 


M gly = Cady 2. Fo, ret +3 =. [Fo,, adv 


ba all b 


FP wt] = $([FO,, adv FO, ret | : (6) 


as in the paper® by Wheeler and Feynman. As in 
that paper the first term is the retarded field of 
other charges, the second term vanishes in a 
world where all emitted light is eventually ab- 


5 This use of advanced and retarded potentials is really 
unnecessary for an understanding of the modifications of 
electrodynamics which is the main point of the paper. It 
results from the aurhor’s desire to start with a principle 
of least action, for it is in this form that the transition to 
quantum theory can be made. 
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sorbed,® and the third term, depending only on 
the motion of a, is the force of radiative damping. 
Thus (1) is equivalent to (6) and thus satis- 
factorily describes the known laws of classical 
electrodynamics. There is no self-energy. 

According to the above, a particle does not 
act upon itself, as the term with a=) in the 
sum )0'q,s€af-°-: in the action has been 
omitted. (Radiation resistance is pictured as 
in indirect effect of source on absorber and 
absorber on source.) The field of each particle 
must be kept separate in order to exclude, when 
asking for the force on a particle, the field of 
the particle itself. 

There is no need to do so, but it is an interest- 
ing question to try to reinstate the idea of a 
universal field. This requires that a particle be 
allowed to act on itself and the term a=0 in- 
cluded in the action sum. This leads immediately 
to an infinite self force. This difficulty can be 
eliminated if the 6(saz”) is replaced, as Bopp* has 
suggested, by some other function f(s?) of the 
invariant Sqs”, which behaves like 6(sq:?) for large 
dimensions but differs for small. (We shall dis- 
cuss the properties of this function later, but as 
an example to keep in mind, consider f(s?) 
= (1/2a*)exp(—|s|/a) for s?>0, and f(s?) =0 for 
s?<0 with a of order of the electron radius 
e?/mc?.) 

We study the consequences of replacing (1) 
by the law that S is extremum if 


S=> mz, | (da,da,)' 


+4D Eel [fcuhdodby. (1) 
a b 
The term with a=b may be written 


fe,? f f f(s*aa’)da,da,’, (8) 


where a and a’ are two points on the world-line 


6 That the second term vanishes in these circumstances 
may be seen as follows. If a source radiates for a time, at 
a very long time afterwards the total retarded field van- 
ishes, for all the light is absorbed. But also the total ad- 
vanced field vanishes at this time (for charges are no 
longer accelerating and the advanced field exists only at 
times previous to their motion). Hence, the difference 
vanishes everywhere at this time and, since it is a solution 
of Maxwell’s homogeneous equations, at all times. 
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of a. The variation problem clearly leads to 


Mali, = ein x F,@)+Fh | (9) 


ba 


where 
P,, (x) =dA,(x)/dx,—dA,(x)/dx, (10) 


and the bar over the field quantities indicate 
that they are calculated from the f function 
rather than the 6 function. That is, 


A, (x) =e, f f (Six?) db,. (11) 


This theory differs from the usual in two re- 
spects: A. There is an extra force h, = ead, F’,, (a) 
on particle a depending only on the motion of a. 
This we shall study in a moment and show that 
it represents inertia. B. The fields of other 
particles are given by the curl of a potential but 
the potential (11) no longer solves the Maxwell 
equations (4). However, since f(s?) is close to 
5(s?) this means that except for particles very 
close together nothing is changed very much. 
Thus f(#@—?r’) is large only when t=r is nearly 
satisfied, but for large ¢ near +7, say, f(#—r*) 
=f(2t(t—r)) so that the. function which has 
width a? in its argument s*? has width a?/2¢ in 
t—r. Thus for increasing distances from the 
source the potentials satisfy Maxwell’s equations 
ever more accurately. 
The analog of Eq. (6) becomes 


M ally = Cady yo (F)©,, ret 
ba 


+3 be [F,, adv— F,, ret} 


allb 


—$[F,, ody — FCO, ret J+ PO,, ’ (12) 


where we define (F)ree=P+3Fret—}Faav. Thus 
only the 6 part, so to speak, of the fields becomes 
retarded. It would not do to replace F by F 
throughout in (6) for then we could not deduce — 
that the second term is zero at the source be- 
cause it was zero at infinity for it would not 


-then be a solution of Maxwell’s equation in 


empty space. The damping term is unaltered. It 
plus the self-force can be written (F),» ret (see 
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footnote 5), so in practice one can write simply 


M ally = CoG, .w (F)®,, ret- 
alld 


The effect of the modification in the theory 
using retarded fields is therefore to change, 
slightly, the field of one particle on another when 
they are very close, and to add a self-force h,. 

We now turn to a study of the self-force hy. 
This can be calculated directly from the for- 
mulae (10), (11) but a simpler way is from the 
action term (8). This term in the action can be 
re-expressed approximately if we assume that 
the accelerations are not too great. Only values 
of a’ near a are important. Let us define a 
parameter along the path and say a corresponds 
to the value a of this parameter, a’ to the value 
a’=a+e. Assuming a’ not to vary too rapidly 
with ¢€ we can approximate Saq?=(a,—a,’) 
X(a,—a,') by ¢(da,/da)(da,/da) =(dr4/da)?. 
Likewise da,da,’ is to sufficient accuracy 
(da,/da)(da,/da)dade. Thus the self-action term 
is approximately 4e,?f [f(@(dra/da)*) - (dra/da)? 
Xdeda. Then calling »=«(dra/da) we can write 
this as . 


ue { (dre/da)da=wa { (dayda,) (13) 
where we have set 
womdee f f(oP)dn. (14) 


That is, the self-action term to this approxima- 
tion represents pure electrodynamic mass. The 
term readily combines with m,fdr,. for the 
mass is correctly invariant. We can go further 
and assume that originally m, is zero and all 
mass of electrons is electrodynamic, but for 
protons this would then not be so. 

The function f(s?) is to be normalized such that 


f sepa =1. (15) 


_ The condition (14) says the range in 7 of f(n?) is 
of order e?/y, or if u is the electron mass, of order 
of the electron radius. The function f(s?) is 
chosen so that it is symmetrical near past and 
future light cones since any asymmetry drops 
out in the form (7) of the action. Other than 
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these conditions, there are strictly no further 
conditions on f(s’). It is convenient to assume 
f(s?) to be zero if s? is negative (space-like). It 
is also very desirable to have f(s?) fall rapidly 
away from the light cone, rather than oscillate 
indefinitely, and to have f(s?) finite everywhere. 

By taking the Fourier transform of (11), one 
can represent the field as a superposition of the 
effects of harmonic oscillators in the usual way. 
However, the oscillators corresponding to waves 
of wave number ki, ke, ks need not have a fre- 
quency k, equal to the magnitude of the wave 
number. Instead we can take the density of the 
oscillators to be kg times, g(kuk,)dkidkedk3dks 
where g is defined for positive k, only, and is 


g(kyky) = (1/42) ff (s?zy) cos(Ryu(%,—Yy)) 
X dx dxedx3dx. 


It is a function of the invariant k,k, only. The 
ordinary case, f(s?) =6(s?) corresponds to g(R,k,) 
= 6(k,k,). The condition that f(s?) be finite on 
the light cone implies that g(k,k,) can be written 
in the form 


g(bak,) = f [6(Ruks) —8(Fgky—d)IG(A)Er. (18) 
0 


Here G(A) is normalized such that /o*G(A)dA = 1, 
in view of (15). It is otherwise arbitrary, as 
f(s?) is. The \ values for which g must exist 
must be large, going up to order p/e?. 

If G is chosen as 6(A—Xo) the resulting f(s?) 
is (for s?20) the Bessel function, AoJ1(Aos)/s. 
For large ¢t, if s=(#—7r?)!, this does not die off 
fast with t—r, but oscillates with phase varying 
as do(é?—7?)!. That is, it oscillates with frequency 
do(1 —7r?/#)—* at a time corresponding to arrival 
of signals with velocity r/t and thus in quantum - 
mechanics would represent arrival of radiated 
“particles” of mass Ado. The free emission: of 
such ‘‘particles” is removed in classical theory 
by interference among the various values of A 
if a smooth distribution, G(A), of is used. This 
is required if f is to represent say a function 
decaying rather than oscillating (see appendix). 

It appears that the quantum mechanical re- 
sult is simply this: For processes without per- 
manent radiation the oscillator density g is to 
replace 6(k,k,). The negative sign in (16) proves 
embarrassing (see appendix) if quanta of mass 
Xo can be freely radiated so a wide distribution 
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in X corresponding to a monatonic f(s?) is 
preferable. As an example, for f(s?) =(1/2a?) 
Xexp(—|s|/a) find G(A) = (347A) (1 +a2d?)-5/2, 
The electrostatic potential at a distance r 
from a stationary charge, is according to (11), 


A,(r) =e f “(@—r dt. (17) 


For large 7, in view of (15) this is readily seen 
to be e/r. At the origin r=0 however, it is finite 
being e/_.*f(#)dt or 2u/e. This has a simple 
interpretation if all mass is electromagnetic. 
The energy released in bringing a positron and 
electron charge together and so canceling out all 
external fields is just 2u, the rest mass these 
particles have in virtue of their fields. Or put 
otherwise, the rest mass particles have is simply 
the work done in separating them against their 
mutual attraction after they are created. No 
energy is needed to create a pair of particles at 
the same place. (These ideas do not have direct 
quantum counterparts since in quantum theory 
all mass does not appear to be electromagnetic 
self energy, at least in the same simple way.) 
There may be a maximum field of attraction 
between two like charges at some separation 
since, for some functions f the force arising from 
(17) vanishes at the origin, and of course again 
at infinity. 

There remains to discuss a curious point about 
the solutions of the least action principle (7) 
with the mechanical mass term m, absent. First 
let us study the simple problem of an ordinary 
single particle of mass yu in a potential A, (caused 
by other charges) which depends only on one 
coordinate x. Call the time ¢, and use this for 
the parameter a. The action is 


s=uf (1 —#)at+e [Aut (18) 


Now suppose the potential A, is zero outside a 
small band in x say |x| <b/2 (potential barrier) 
and that it is large positive, and constant within 
the region. Consider, in Fig. 1, the paths from a 
point 1 to a point 2 which make S a local maxi- 
mum. A typical solution is the solid line which 
is kinked out of the straight line so as to increase 


the time integral of A,. This represents a par- 
ticle moving from 1 rapidly toward the barrier, 
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Ag=0 Aqg#0 Ag=O0 





of 
2 


Fic. 1. If two points 1, 2 are separated by a high po- 
tential barrier, there are two paths which make action an 
extremum. One (solid line) represents passage of a fast 
electron. The other (dotted line) has a section reversed in 
time and is interpreted as the effective penetration of the 
barrier by a slow electron by means of a pair production 
at Q and annihilation at P, section PQ representing the 
motion of the positron. 


entering the region of high potential, losing 
energy and thus going slower in tHis region. The 
high velocity is regained on passing out of the 
region to 2. Slow particles cannot penetrate 
the barrier. 

But there may be another local maximum. 
Consider the path 1P@Q2. In the interval PQ the 
proper time integral must be taken positively 
as can be verified from a study of the derivation 
of (13). Now moving the point P upward by At 
might be expected to increase the action by over. 
2uAt because the length of P1 and PQ are both 
increased. On the other hand, the integral {A .dt 
is now negative and if A, exceeds 2u such a 
curve may be a local maximum. Thus for A, 
greater than 2y there is a new way that slow 
particles can penetrate the barrier. This is a 
classical analog of the Klein Paradox. 

How would such a path appear to someone 
whose future gradually becomes past through a 
moving present? He would first see a single 
particle at 1, then at Q two new particles would 
suddenly appear, one moving into the potential 
to the left, the other out to the right. Later at 
P the one moving to the left combines with the 
original particle at 1 and they both disappear, 
leaving the right moving member of the original 
pair to arrive at 2. We therefore have a classical 
description of pair production and annihilation. 
The particle whose trajectory has its proper 
time opposed in sign to the true time ¢ (section 
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PQ) would behave as a particle of opposite 
sign, for changing the sign of db, in (7) is equiva- 
lent to changing the sign of e,. This idea that 
positrons might be electrons with the proper 
time reversed was suggested to me by Professor 
J. A. Wheeler in 1941. 

The field at x=+0/2 is infinite. If it is finite 
the action (18) does not show such a local 
maximum, the sharp corner at P becoming a 
cusp which can go indefinitely into the future. 
On the other hand, if the correct self-force from 
(7) is used instead of the approximation (13), a 
path reversal again becomes a possibility. It 


is only necessary that the field exceed a critical, 


value, namely, that maximum value of attraction 
of two unlike particles mentioned above. This 
field represents a potential of 2u in a distance of 
the order of an electron radius and must be as 
great as this to get the pair of newly created 
particles apart over the potential barrier of their 
mutual attraction. (The actual field required to 
produce pairs in quantum mechanics is 137 
times weaker. One might ascribe this to a quan- 
tum mechanical penetration of the potential 
barrier over a Compton wave-length.) 

There are many interesting problems pre- 
sented by these ideas. For example, will pairs 
be produced ad infinitum by the field, or only 
to that extent that we can guarantee that the 
positrons will be annihilated by electrons in 
the future? Again, in a weak field can a large 
number of pairs be created which separate 
slightly in the field (which is insufficient to tear 
the two apart) and thus produce a large polariza- 
tion of that field? It is hoped that an application 
of these ideas to a study of positron hole theory 
will appear in a future paper. 

I should like to thank Professor J. A. Wheeler 
for inoculating me with many ideas without 
which this work would not have been done. 


APPENDIX 


The difficulties in a theory such as the one 
presented here have been discussed by many 
authors. A very brief discussion of them will be 
given in this appendix. 

The first point is that the action S defined in 
(1) or (7) is infinite and meaningless because of 
the infinite extent of the integrals along the path 
of the particles. The principle of extreme action 
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which we mean to apply can be more rigorously 
defined as follows. Consider any given variation 
in paths 6a, such that 6a,—-0 as a+. Then 
define 6S as the limit of the quantity 6S calcu- 
lated from (7) with this path variation, the limit 
being taken as the range of integration passes to 
infinity. Then the law of motion shall be 6S=0 
for all variations which satisfy 62,0 asa-+ ©. 
The equations of motion (9) are then conse- 
quences of the action principle, of course, but 
not all solutions of these equations satisfy the 
principle of least action.as defined here. There 
are certain runaway solutions of the equations 
of motion, such as those discussed by Dirac? in 
the case of Eq. (6), in which the kinetic energy 
and momentum of a particle increase exponen- 
tially with time. These are excluded for they 
do not satisfy the principle of least action. - 

Bopp‘ has studied in great detail the conse- 
quences of equations of motion. However, he 
assumes that the function f acts only at retarded 
times. He finds that the radiation resistance of 
an oscillator decreases below the normal value 
with increasing frequency of the oscillator. How- 
ever, if an oscillator is enclosed in a large, light 
tight box the fields at the walls of the box are 
effectively unchanged by the use of f rather than 
5. (We are assuming that f decays and does not 
oscillate. Below, we discuss the situation if f 
oscillates.) Hence the energy absorbed by the 
walls will not, apparently, decrease with the 
increase in oscillator frequency and the radiation 
resistance will not keep up with it. In the modifi- 
cation described in this paper, in such a box, 
only the 6-part of f is to be retarded. The radia- 
tion resistance has its normal value at all fre- 
quencies, and the energy lost will all be found 
eventually in the walls of the box. 

The conservation of quantities like energy 
(and momentum) can be demonstrated directly 
if a theory starts from a principle of least action, 
the form of which action is invariant under a 
change of origin of the time (and space). For the 
action (7) consider the quantity 


2= | marble 4,0 (@)| 


a at apu(ao) 


—L Ld Cte f f 2(a,—b,)f’ (Sav?)da,db, (19) 
a 6b —«o “Bo 
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where f’ (x) =df(x)/dx. The points ao, Bo,. . .are an 
arbitrary set of points, one chosen on the world- 
line of each particle. In virtue of the equations 
of motion (9) the derivative of g, with respect to 
any of the a’s is zero. This is a generalization 
of the usual conservation of energy. Ordinarily, 
we would choose all the a such that all a4(ao) 
are equal, and find g, is independent of this 
common value of a. The energy is seen to 
consist of a self-energy, an energy caused by the 
presence of the potential on each particle, and 
(since this last would count each interaction 
twice) a further correction to interaction energy. 
This is described as a line integral over the paths 
of the particles, but since one point is in the 
future and the other in the past, the actual 
range of integration does not extend beyond the 
time during which b could interact with a at ao 
and that a could interact with b at Bo. This is 
the way in which energy which is usually spoken 
of as being in the field is represented in a theory 
of action at a distance between particles. Since 
it is an integral only over a limited range, the 
energy of motion of the particles is conserved in 
the long run. (It is easy to generalize (19) to the 
case that paths may reverse themselves in time.) 

We now consider the situation in which the 
function f oscillates rather than decays. If, as 
was discussed by Bopp‘ and others (e.g., 
B. Podolsky and P. Schwed‘), f is replaced by a 
Bessel function oJi(Aos)/s, the theory corre- 
sponds as we have seen to that of interaction 
through ordinary ‘‘quanta” minus those corre- 
sponding to a mass fo. The f function does not 
appear as a pure 6-function at large distances, 
but another component appears if the frequency 
of the source exceeds Ao. Thus, a source at high 
frequency w emits waves of two wave-lengths, 
light of wave number K =w and ‘‘do-quanta”’ of 
wave number K = (w?—),)!. Again Bopp’s equa- 
tions (using retarded potentials only) show that 
the radiative resistance force on a dipole oscil- 
lator of amplitude x, frequency w, is constant at 
2e*w*x?/3c3 for w<Xo and falls off as w exceeds Xo, 
as (2e%x?/3c*)[w® — (w?-+ $0?) (w?—Ao?)#], remain- 
ing positive, however, for all frequencies. The 
decrease at higher frequencies must correspond 
to a negative contribution to radiation resistance 
accompanying the emission of ‘‘\9-quanta.’’ That 
is, the A o-quanta behave as though they had 
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negative energy. That this is so and that it 
results in fundamental difficulties may be seen 
from a few examples. If through interference the 
rate of emission of “‘Ao-quanta”’ can be enhanced 
relative to the rate for the ordinary light quanta, 
a net negative radiation resistance will result. 
For example, a set of two vertical dipoles oscil- 
lating in phase (at frequency w= 2) /3!), sepa- 
rated horizontally by one-half the wave-length 
of light, and one-fourth the wave-length of the 
Ao-quanta of the same frequency, shows a nega- 
tive net radiation resistance. It would oscillate 
with ever-increasing amplitude, the large emis- 
sion of negative energy Ao-quanta supplying the 
increase in energy of the oscillators and the 
energy of the light quanta emitted. Again a beam 
of Ao-quanta passing through a medium con- 
taining damped (energy-absorbing) oscillators 
increases in amplitude. The wave of A9-quanta 
scattered by the oscillators in the forward direc- 
tion which ordinarily interferes destructively 
with the incident wave, in this case has a re- 
versed sign and enhances the incident wave. 
(The light scattered forward has the incorrect 
wave-length to make an appreciable effect by 
interference.) A beam of A9-quanta can be sepa- 
rated from light of the same frequency by having 
the radiation from a source of a given frequency 
impinge on a diffraction grating of scattering 
centers. The Ao-quanta and light quanta will 
then be scattered in different directions as they 
have different wave-lengths. 

What results if instead of using only retarded 
waves for \o-quanta, we start from the least 


‘action principle and analyze the situation of a 


source enclosed in a box? Then the derivation of 
Eq. (12) is still incomplete as (F);e¢ still contains 
both advanced and retarded components (of 
\o-quanta) at large distances. We could now split 
off the advanced parts for Ao-quanta just as we 
did for light. The resulting equation is just 
that used by Bopp, namely all retarded inter- 
actions but negative contribution of A9-quanta 
to radiation resistance, and therefore leads this 
time to conservation of energy but to diverging 
solutions. Such diverging solutions are, as indi- 
cated above, excluded by the least action prin- 
ciple so this form of the equation is not con- 
venient. Non-divergent motions do exist. To see 
this it is better to split off the retarded part of 
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the A»o-quanta. What results is that light goes 
by retarded waves, Ao-quanta by advanced 
waves,’ and the radiation resistance of both 
contribute positively. Thus an accelerating 
charge will emit light, but it is predestined that 
negative energy A9-quanta were coming toward 
it to be absorbed, still further increasing the 
radiation resistance. This avoids the divergent 
solutions only to predict observable advanced 
effects. 

For these reasons it is better to restrict one- 

7 This may be understood in that, as indicated above, 
the energy-absorbing walls of the box absorb retarded 
light waves, but cannot be presumed to absorb retarded 
Ao-quanta. Instead, in fact, they spontaneously emit such 
waves (warming up in the process) and non-divergent 
solutions result only if they emit just exactly the do- 


quanta which can later be absorbed by the accelerating 
charge at the center. 
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self to the case of a decaying f-function (dis- 
tribution of \) for which a consistent theory 
can be made. Then the modifications of classical 
electrodynamics will only appear at very small 
distances from a charge. On the other hand, 
these distances are well within the Compton 
wave-length so that modifications caused by 
quantum mechanics would in any case appear 
before the ones here discussed. There is, there- 
fore, little reason to believe that the ideas used 
here to solve the divergences of classical electro- 
dynamics will prove fruitful for quantum elec- 
trodynamics. Nevertheless, the corresponding 
modifications were attempted with quantum 
electrodynamics and appear to solve some of 
the divergence difficulties of that theory. This 
will be discussed in a future paper. 
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A thermal diffusion plant for the enrichment of He*® has been constructed consisting of 
cylindrical columns followed by a hot wire column. In the case of the cylindrical columns 
excellent agreement with the theory of Jones and Furry has been obtained. In the case of the 
hot wire column, discrepancies exist between the observed performance and that predicted by 
theory. Under continuous operating conditions it was possible to produce with the expenditure 
of 16.6 kw, 14 std. cc of helium per day having a He®/Het‘ ratio of 0.0021 when well helium was 


used as a source of gas. 


N view of the great interest in He’, both as 
a tool in superflow studies of liquid helium and 
as one of the simplest nuclei whose properties 
need to be determined, an investigation has been 
started to determine the effectiveness of thermal 
diffusion as a means of concentrating this isotope. 
A thermal diffusion plant was constructed con- 
sisting of two cylindrical columns followed by a 
hot wire column. While the general design was 
similar to that proposed by Jones and Furry,} 
the dimensions were somewhat different. 
Figure 1 shows a schematic drawing of the ar- 
rangement of the columns. The concentric cylin- 


1R. C. Jones and W. H. Furry, Rev. Mod. Phys. 18, 
151 (1946). 


drical tube sections, 1 and 2, consisted of elec- 
trically heated steel tubes surrounded by brass 
water jackets. The hot wire section (3) consisted 
of a fine platinum wire surrounded by a brass 
water jacket. Table I gives dimensions and 
miscellaneous operating details for the plant. 
Well helium, He?/He*= 1.5 X 107, is caused to 
circulate past the bottom of section 1. Since sec- 
tions 1 and 2 are joined by a tube approximately 
11 cm long and 6 cm in diameter, no special 
circulating system is needed at this point. The 
circulating system between sections 2 and 3 con- 
sists of 900 cm of 0.4-cm i. d. copper tubing in 
series with a small centrifugal blower. A continu- 
ously heated palladium thimble 10 cm long and 




















0.3 cm in diam. connected to the circulating line 
removes most of the hydrogen which is concen- 
trated at the top of section 2. A second palladium 
thimble at the top of section 3 removes any 
hydrogen missed by the first thimble. The effec- 
- tiveness of the columns in separating hydrogen 
from helium is such that without the palladium 
thimbles even a trace of hydrogen impurity con- 
centrates so strongly at the top of the plant as 
to make the helium isotope separation process 
ineffective. 


PERFORMANCE OF CYLINDRICAL AND HOT 
WIRE SECTIONS INDIVIDUALLY 


Steady State Operation 


If helium is removed at a constant rate o from 
the top of a uniform column of length L while 
the isotopic composition is held constant at the 
bottom, the ratio of He* concentration at the top, 
cy, to that at the bottom, c¢;, is given by formula 
(231) of reference 1 as 


C;/ex=(1+n)/(e*420+") +n), (A) 


where n=o/H and A and H may be computed 
in terms of constants of the gas and dimensions 
of the column. For the columns and operations 
discussed here n<1 and 2AL>0. Thus (A) re- 
duces to (B) 


c;/¢;=1/n=H/e, (B) 


from which H may be computed for comparison 
with theory inasmuch as c;/c; and o may be de- 
termined experimentally. Table II shows perti- 
nent data as well as a comparison between the 
experimentally and _ theoretically determined 


TABLE I. Dimensions and operating details for 
thermal diffusion plant. 











Section 1 Section 2 





concentric concentric Section 3 
Type cylinder cylinder hot wire 
Length (cm) 350 350 254 
Hot wall 
Material steel steel platinum 
Radius (cm) 3.02 4.75 0.018 
Temperature °K 600 600 1100 
Power (kw) 10 5 1.6 
Voltage 220 a.c. 220 a.c. 130 d.c. 
Cold wall 
Material brass brass brass 
Radius (cm) 3.65 2.38 0.466* 
Temperature °K 300 300 300 








* This dimension was incorrectly reported in reference 2. 
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TABLE II. Experimental determination of H. 








A (std. liters/day) 
Pressure a Experi- 





atmos- _—_— Std. mental Theo- 
pheres liters/day cys/cc H=acs/ci retical 
Hot wire column 7.8 0.050 330 16.5 9.5 
9.7 0.080 310 24.8 14.8 
Cylindrical column 7.8 0.667 386 257 266* 








* This value has been corrected for cylindricity by Jones and Furry’s 
Eq. (100) assuming a Maxwellian gas. Without the correction the value 
would have been 247. 


values for H for the two columns. The gas con- 
stants used were those cited by Jones and Furry,! 
except that a, the thermal diffusion factor, was 
taken as 0.059? rather than 0.0758. H (theo- 
retical) was computed by the methods employed 
by Jones and Furry. Although the cylindrical 
column employed here consisted of two sections 
of different cross sections, it is assumed that the 
entire column has the cross section of the larger 
section inasmuch as the change in cross section 
has negligible effect on Eq. (A). 

It is to be noted that there is good agreement 
between the experimentally and theoretically de- 
termined values of H for the cylindrical column. 
On the other hand, although the ratio of the 
experimentally determined values of H for the 
hot wire column at two pressures varies as the 
square of the pressure as predicted by theory, the 
absolute values are in serious disagreement. This 
disagreement will be discussed later. 
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2B. B. McInteer, L. T. Aldrich, and A. O. Nier, Phys. 
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TaBLeE III. Experimental determination of 2A. 
Cylindrical column Hot wire column 
Sections 1 and 2 Section 3 

Pressure (atmos.) 7.8 9.7 7.8 9.7 

(c4/ci)/cit (day) 60 69 80 112 

w (std. liters/cm) 0.039* 0.048 0.0033 0.0041 

M (std. liters) 2.0 2.5 0.060 0.000 

A (std. liters/day) 257 400** 16.5 24.8 

2A experimental (cm~!) 0.017 0.012 0.023 0.019 

2A theoretical (cm!) 0.020*** 0.014" 0.052 0.062 








* These values for u and the results for (2A) refer to section 2 while 
(#) is that for section 1. : 
** Calculated from the experimental result for H obtained for 7.8 


atmos. 
*** These values have been corrected for cylindricity by Jones’ and 
Furry’s Eqs. (100)-(108). 


Time Rate of Increase of c; with No 
Draw-Off (¢=0) 


Another test of the performance of the columns 
which can be made conveniently is to observe the 
manner in which the concentration increases 
with time at the top ends with no draw-off, while 
the concentration at the lower ends is maintained 
constant. Such a test was made and for both the 
cylindrical columns (sections 1 and 2) and the 
hot wire column (section 3) a linear increase in 
concentration is observed as may be seen in 
Fig. 2. 

Jones’ and Furry’s Eq. (384) may be modified 
slightly to give an approximate value of the slope 
which may then be compared with that observed 
here. Jones and Furry showed that for a column 
with no reservoir at the top, operated as were 
the columns in the present test, the initial con- 
centration rise with time would be given by 


cy—¢:= He t/(u/2A), (C) 


where »=amount of gas contained in a unit 
length of column. This equation assumes that 
the entire transport of He® at the lower end, 
Hc;, accumulates in a short length at the upper 
end which effectively acts as a reservoir contain- 


ing an amount of gas »/2A having a He* concen- 


tration c;. Because of the fact that the actual 
columns employed had small reservoirs at the 
top, the equation was modified to include the gas 
stored in them. Thus one obtains 


cy—¢5= Het/((u/2A)+M), (D) 


. where M is the mass of gas stored in the small 
reservoir at the top of the column: This equation 
may be used to calculate 2A inasmuch as all of 
‘the other quantities in the equation may be de- 
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termined experimentally. The value obtained 
may then be compared with that calculated di- 
rectly from the constants of the gas and the 
dimensions of the column. Table III shows the 
results obtained. As was true in our determina- 


- tion of H, the agreement between experimental 


and theoretical values is good for the cylindrical 
column but poor for the hot wire column. 

The reason for the disagreement in the latter 
case is by no means obvious. The low theoretical 
value for H could be due to the fact that a, at 
the higher temperature of the hot wire column, 
is more than was assumed in the computations. 
This would not, however, explain the low value 
of A actually observed unless imperfections in 
the column or other spurious effects reduced A 
more than enough to make up for the fact that 
the value of a is undoubtedly more than was 
assumed. Such a hypothesis is not completely un- 
reasonable inasmuch as spurious effects are gen- 
erally believed to reduce A more than H. In any 
event, really close agreement is hardly to be 
expected since the theory of the hot wire columns 
assumes that helium atoms behave as Maxwellian 
molecules, a very rough assumption. 


Performance of Cylindrical and Hot 
Wire Sections in Series 


From the data obtained in the previous sec- 
tions a calculation may be made as to how the 
plant would operate under continuous draw-off 
conditions if all three sections are connected in 
series. Since the rate of draw-off is small and 
2AL for each of the three sections is large, Eqs. 
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Fic. 2. Increase of He*/He‘ ratio at tops of cylindrical 
column (sections 1 and 2) and hot wire column (section 3), 
when operated individually with no draw-off at top. 
He*/He‘ concentration at bottoms maintained constant at 
1.5<10-? (well helium). Pressure =9.7 atmospheres. 
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(A) and (B) may be assumed to hold for the 
plant as a whole or the hot wire section alone. 
Table IV gives the results of such a calculation 
for the plant operating at a pressure of 7.8 
atmospheres and the supply concentration hav- 
ing an average He*/He?‘ ratio of 1.15 10-7. This 
concentration corresponds to a removal of about 
25 percent of the He* from the well helium 
supply. 

A test was made with the columns operating 
at a pressure of 7.8 atmospheres and with a 
constant draw-off of 14 std. cc/day. After a 
steady state was reached, data were taken for a 
week of continuous operation. The concentra- 
tions observed at the top of the plant and at the 
top of section 2 were 2.1110-* and 1.9X10-*. 
‘It is seen that these results are in excellent 
agreement with the corresponding figures in 
Table IV. In the course of the experiments a 
number of other results were obtained. For ex- 
ample, in one test it was found that the hot wire 
column alone could have a separation factor 
between its ends of at least 10*. Since the produc- 
tion capacity of the plant is strictly limited by 
the HT of section 1 (or, in words, the size of sec- 
tion 1), another manner of operation which was 
employed was to isolate section 3 from 1 and 2 
and allow enriched He?’ to accumulate at the top 
of section 2 for several weeks. If the isolating 
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TABLE IV. Calculated performance of entire plant 
based on measurements on individual sections. 











ri 
Rate of "Slee 
draw-off, Concentration Concentration Over-all draw-off 
o std. at top of at top of enrich- 
cc/day plant section 2 ment days 
28 1.05 X10-* 1.8X10-* 9,100 7 
14 2.10 X 107 1.8X10-6 18,300 14 
7 4,20 x 10-3 1.8 10-6 36,600 29 
ES 8.40 x 10-3 1.8 10-6 73,000 58 








valves were then opened, the concentration at 
the top of section 3 would rapidly rise to a high 
value. By this means it has been possible to 
produce several hundred standard cc of gas hav- 
ing a He*/He‘ ratio of as much as 0.0086. 
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The quantization of the pure radiation field in a uniformly moving refractive medium is 
carried through both in the Hamiltonian and in the symmetrical four-dimensional form. The 
total energy and momentum are diagonalized. For a medium velocity larger than c/n there 


occur photons with negative energy. 





PART I. THE PURE RADIATION FIELD 
AND ITS QUANTIZATION 


1. Introduction 


N the.classical description of electromagnetic 
phenomena in matter two points of view have 
been found useful. The first, which also is the 
historically older one, is the so-called phenomeno- 
logical approach. In this the actual properties of 
matter are considered only in so far as they can 
be directly expressed in terms of the electro- 
magnetic field quantities. For isotropic insulators 
these properties are embodied in the two charac- 
teristic constants: the dielectric constant e and 
the magnetic permeability yu. This theory gives 
no information about the actual values of ¢ and 
uw nor of their dependence on the frequency of 
the radiation or dispersion. ; 

In the second approach matter is described in 
terms of the fundamental properties of the con- 
stituent elementary particles. The field equa- 
tions of the phenomenological theory appear as 
equations between certain average values of the 
field quantities in this theory taken over volumes 
containing a large number of particles. The ac- 
tual values of the phenomenological constants 
and yu as well as their frequency dependence can 
be expressed in terms of the fundamental proper- 
ties of the elementary particles. It is at once 
evident that the latter approach is more funda- 
mental and far-reaching. 

The quantum mechanical formulation of the 
electromagnetic field equations has so far been 
applied principally to the second case. That is, 
the quantization is applied to the field equations 
for a vacuum only and the interaction of the 
field with matter is usually introduced as a direct 


* Now at Institute for Advanced Study, Princeton, New 
Jersey. 


interaction of the field with elementary particles. 
As far as we are aware, no systematic develop- 


_ ment of the quantum theory of phenomenological 


electrodynamics exists. It is clear from the fore- 
going remark that from such a theory there can- 
not be expected any new results, That is, if the 
quantum electrodynamics for a vacuum were 
completely satisfactory it would contain all the 
results that could be derived from a phenomeno- 
logical theory and in addition it would reduce 
the phenomenological constants to the funda- 
mental parameters in the theory such as the mass 
m and charge e of the interacting particles, 
Planck’s constant h and the velocity of light c. 
However there are primarily three reasons why 
it seemed to us desirable to have this theory 
developed. First, the theory presents certain 
interesting aspects from a purely formal point 
of view. Formally it appears as an extension or 
generalization of the quantum electrodynamics 
of a vacuum in which it goes over in the limiting 
case e—1, w—1. Second, it seems that certain 
types of problems can be handled much more 
easily in the phenomenological than in the 
atomistic theory. This is the case, for instance, 
for the discussion of the Cerenkov radiation and 
the radiation of charged particles passing a dis- 
continuity in e or uw. In the third place, we were: 
interested in such a theory with a view to a 
possible application of the theory for a vacuum. 
It is well known that the hole theory predicts 
a polarizability of the vacuum. So far, this pre- 
diction could not be taken seriously because the 
field-proportional part of the polarization is di- 
vergent. A phenomenological approach might 
give new information as to the possible form 
which such a vacuum polarization can have. 
The relativistic invariance of this theory is 
guaranteed if we use the four-dimensional tensor 


950 














QUANTUM-ELECTRODYNAMICS 


notation. However, it must be kept in mind that 
such a theory always introduces a preferred co- 
ordinate system, usually the system for which 
the medium is at rest. When applied to a polar- 
izable vacuum the relativity principle in such a 
theory is thus violated in the sense that it is 
possible in principle to detect an absolute motion 
by referring it to the motion of the medium.! 


2. The Classical Radiation Field 


The fundamental equations for an electro- 
magnetic field in a medium were given in the 
relativistically invariant form by Minkowski.? In 
the absence of charges and currents they are, for 
the medium at rest, 


VXE=-—B, V-B=0, 
VXH=D, (1) vV-D=0, (2) 
D=e, 
and (3) 
; B=uH. 


For the relativistically invariant formulation we 
use the notation x° = —x 9=ct, x*=x,, (k=1, 2, 3). 
Furthermore we shall put ?=¢eu for the index 
of refraction. Equations (1) and (2) may then be 
written in tensor form by introducing the follow- 
ing two antisymmetrical tensors 


0 B; —B, +, 
i~mae © B, +£, 
a ae an oe 
—E, -—-E, —-E3 0 
and 
0 B; —B, +n*k, 
By —B; 0 +B, +n*E, 
Gm = +B, —B, 0 +n*E3\|" (5) 
—nE - = nF = n°E3 0 


It is easily seen that the field equations (1) and 
(2) are then identical with the tensor equations: 


nF wt. rt+d,Py.=0, (6) 
and 
0,G™=0. (7) 
Here 0,=0/dx". 
It follows from Eq. (6), that Fy, can be derived 
from’ a four-vector potential 


Fu = 9b — Our. (8) 


1 An interesting special case where the results are inde- 
pendent of the medium velocity is to be discussed in 
Part III. 

2H. Minkowski, Géttinger Nachrichten, p. 53 (1908), 
Math. Ann. 68, 472 (1910). 
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With this choice of F,, Eq. (6) is identically 
satisfied. The connections (3) between E and D 
on the one hand and H and B on the other can 
be written in relativistically covariant form by 
introducing the four-vector v* of the medium 
velocity. Here v¢=dx*/dr, where 7 is the proper 
time of the medium (vv,=-—1). Introducing 
further the abbreviation x=n?—1 we have, 


Gy. = Fyyt x(Fyev0 — Fy.07,). (9) 


Since in the system for which the medium is at 
rest, v'=0, v°=1, it is easy to verify that (9) 
reduces in this case to (3). 

Equation (9) can be solved for F,,. We need 
simply remark that the transformation from G 
to F is the same as that from F to G with e and yu 
replaced by 1/e and 1/y respectively or x replaced 
by —«/(1-+«). We obtain in this way without 
further calculation: 


K 





(GyrodVp — Gye¥0). (9’) 


iaaliatis'” 


+K 


Equation (9’) can also be verified directly by 
substituting it back into the right-hand side 
of (9). 

The field equations for the four-vector poten- 
tial are obtained by introducing (9), together 
with (8), into (7). Here one can make use of the 
freedom of choice of the ¢, by imposing on the 
¢ the subsidiary condition 


xX =0°, — Kv"0,0", = 0. (10) 
We find then from (7) 
(040, — x0,v“0,v") V* =0, (11) 
where 
WA = p— xg"0,0*. (12) 


Since (12) can be solved for ¢* by the linear 
transformation 


K 





P=Yr+ W7,0", (13) 

1+x 
we see that the vector potential ¢* also satisfies 
(0*0, — kd,v"0,v") ¢* = 0. (14) 


Equations (8) and (14), together with the sub- 
sidiary condition (10), may be considered as the 
fundamental equations of the theory. 
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3. The Lagrangian for the Radiation Field 


In order to prepare the theory for the quantum 
formalism we shall first show that the field equa- 
tions can be derived from a variational principle. 
For that purpose we consider the Lagrange 


function 
L= f Ld'x, 


with the Lagrange density function defined by 


L=- t(Opbe Za Oobp) (0°? ‘a 0°p") 7 3x? 
ii 3k(0"p? = 0°”) (Opdo = Oop) Uy. 


The variational principle, 


5 { Lax =0, 


leads then at once to the differential equations 


(8/8(a#)) =0. (18) 


(15) 


(16) 


(17) 


Since 


OL 
= — (0xGy — Ouhr) — KL (Aube — Dohy) Vr 


0(0*$*) 
— (Arbo — Aor) 0, | 
—(Zru—K%)x, (19) 
the Eqs. (18) are equivalent with 
D Gru + O(Lru— KV) xX =O, 


with G), given by (9). 
From this follows, since Gy,= —G,, 


(00 —= KO*'V,0"V,) X => 0. 


(20) 


(21) 


Equation (20) is only equivalent to (7) or (14) 
if we impose the subsidiary condition x=0. This 
can be done by requiring that x=0 and x=0 for 
all positions at a given time. It follows from (21), 
which is a partial differential equation of second 
order in the space and time variables, that x =0 
holds then for all times. From this it is evident 
that (17) or (18) together with the condition (10) 
is equivalent to (14). 


4. Hamiltonian Formalism 


The canonically conjugate variables 7, are 


defined by 
dL 


T= 
3 (dop*) 


AND K. 
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From (19) it follows that 
T,=G,°— (g.° — xv°v,) x, (22) 


where g,* is the metric tenser and x is given by 
(10). In particular for .=0, we have 


To= — (1+ Kv9")x, 
and for w=k, (k=1, 2, 3), 
We = Gyo + Kv v¢x. 


(23) 


(24) 


The Hamiltonian may then be written as 


H= [ses 


KH = ty" —&. 


' with 


(25) 


In this expression we must consider the ¢* as 
functions of x*, @, and their space derivatives. 
The canonical equations 


Ty ae 5H /5¢*, 
and 
(26) 


are then equivalent to Eqs. (8), (9), and (20). 
The explicit expression of H is very complicated. 
In the following, however, it will not be used 
since we restrict ourselves to the special case in 
which the subsidiary condition (10) holds, which 
corresponds to the Maxwell field. In this case the 
Hamiltonian can be calculated explicitly. In 
order to do this we use a three-dimensional vector 
notation: v, ¢, x, V and W are the vectors with 
components v%, ox, mt, Ve=Fo and Wi=Fi; 
(i, 7, k cyclic). On account of (10) we have then 
™=0 and 


¢4= 6H/ém,, 


wi;=G,. 
For ¢ we have in this notation 
¢=V+V oo. (27) 

By vial space and time parts in (9) we 
obtain 

V(1+ Km?) —xv(v-V) =x+xn°(vxW). 
This equation can be solved for V in the follow- 
ing form 

1 K 


a+Kv(vxW)+ 
1+ Kv9? 1+kx 


(28) 


(x-v)vt. (29) 


By substituting V into the right-hand side of 


* 
~ 
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(27) we obtain ¢ as a function of the space 
derivatives of ¢ and of x alone. On account of 
mo = 0 we shall not need the expression for ¢p. The 
expressions for ¢“ may be substituted into (25) 
and we obtain in this way for the Hamiltonian 
the following result: 


1 


5K = ———— 4 x-xt2xv°(vXW)-x 
2(1 + xn?) 





(x-v)?-+x(vX(vxXW))-W 


K 


K 
tp 
1+ 


+3W-W+2-Voo. (30) 


The last term can be removed because it is 
equal to 
n+ Vdo=V-(x- G0) — (V+) do. 


The first term is a space divergence and will not 
contribute anything to the total Hamiltonian. 
The last term is zero, because from (20) and (22) 
it follows 


Om, = —2(1-+ Kr?) 0°~% +2xv°(V-v)x, 
or with the help of (23) 
V-m= — (1+ Ku?) 0° %+2xv9(V-v)x=0, 


on account of (10). We denote this new Hamil- 
tonian density with 3): 


1 
seo=—__l ar 
2(1-+ Kv") 
K 


1+« 





+2xv°(v XW) -x+ (x-v)? 


+4(0x(¥XW))-W}+4W-W, (31) 


5. Quantization of the Radiation Field 


The quantum theory of the radiation field is 
obtained by interpreting the field variables as 
operators which satisfy certain commutation 
rules. In doing this we can choose either the 
Schrédinger or the Heisenberg representation. 
In the former the canonical variables are con- 
stant operators depending only on the space vari- 
ables x but not explicitly on the time t=x°. The 
Schrédinger functional Q(q, ¢) is then time de- 
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pendent and satisfies the Schrédinger equation 
HQ(q, t) =i2(q, 2). (32) 


In the Heisenberg representation the Schrédinger 
functional describing the state of a system is 
constant and the operators depend explicitly on 
time. The connection between the time-depend- 
ent and the time-independent operators is 
given by 


r(x) =e gy (xe, 
and 


W(x) =e" tr, (x)e— "Ft, (33) 


In the canonical formalism we postulate be- 
tween the time-independent field variables the 
commutation rules 


[oa(x), mu(X’) ]=2g,,5(x—x’), 


where 6(x—x’) represents the three-dimensional 
5-function. All other variables commute. 

Since there is complete analogy between com- 
mutators and Poisson brackets in classical me- 
chanics and since the canonical equations (26) 
can always be written in terms of Poisson 
brackets, it follows that the canonical commuta- 
tion rules lead back to the Eqs. (8), (9), and (20), 
which now hold as operator equations. Here the 
time derivative of any operator 0 not depending 
explicitly on the time (such as ¢(x) or 7,(x)) 
is defined by 


(34) 


0=i(H, 0]. (35) 


In particular, it follows again from (20) that 
the operator x defined by (10) satisfies the equa- 
tion (21). This enables us to specialize our field to 
the Maxwell field by imposing on the Schrédinger 
functional the subsidiary condition 


x2(q, t) =0. 


Since Eq. (21) is of second order in ¢ it is obvi- 
ously sufficient to require only the initial con- 
ditions‘ 


x(x)Q(q, 0) =0, 


3 Here and in the following we shall always use the 
notation x=(x°, x!, x2, x8) and x=(x!, x?, x%) to describe 
four vectors and space vectors. 

4For a more detailed discussion of the analogous situa- 
tion in the vacuum case, cf. G. Wentzel, Einftihrung in die 
Quantentheorie der Wellenfelder (Wien, F. Deuticke 1943), 
p. 111ff. The notation here used is the obvious generaliza- 
tion of Wentzel’s notation. 


(36) 


and x(x)Q(g,0)=0. (37) 
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The relativistic invariance of the canonical 
quantization procedure is most easily shown by 
transforming the commutation rules to the sym- 
metrical four-dimensional form. This can be done 
by introducing the field variables (33) which de- 
pend explicitly on the time. We shall show that 
the commutation rules (34) are a consequence of 
the commutation rules 


i[ by(x) ’ oy(x’) ] =T),D (x —x’), (38) 
with 


Ty, = Pig +—wny,. P (39) 
1+« 


The D-function which occurs here may be defined . 


by the integral 


(40) 





Diy)=+ 





1 f os hs") , 
(2r)tJo- kk? —kv vk ke 


Here the symbol C-- below the integral sign indi- 
cates the path of integration for the k° variable, 
which is defined in the following way. Let k’, k’”’ 
denote the two roots for k° of the quadratic 
equation 








kok? — xv°v°k,k, =0. (41) 
The explicit expressions for these roots are 
¥ x(v-k)v°+ ((1-+ xv?) k? — «(v-k)?)3 
oy 1 a KUp" ; 
and (42) 
os x(v-k)v° — ((1-+ xv?) k? — x(v-k)?)3 
iz i oh KUo” 


The sign of the radicand is always greater than 
zero, and the roots k’, k’”’ therefore always real, 
since by Schwartz’ inequality 


(1-+ xv?) k? — x(v-k)? 
= k?(1+«)+«(v?k?—(v-k)*) >0. 


The integrand in (40), therefore, has two poles 
on the real axis. The paths indicated by C+ are 
such that they go along the real axis in the 
k°-plane from —© to + deformed into the 
negative (C_) or positive (C,) imaginary half 
plane so as to avoid the poles at the points 
k°=k’ and k®=k’’. Which of the two paths is to 
be chosen is determined by the sign of y® as 
follows: Cx for y°>0, C_ for y°<0. The sign in 
front of the integral must be chosen so that 
either the upper or lower sign applies throughout. 
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If we carry out the integration over k® accord- 
ing to this prescription we find for y°>0 


D(y) = ; dke-y 
(2a) 4(1 + x00") 








e—ik*y® 
x f dk (43) 
cy. BYOB) 


+ 


The integral over k® can be evaluated with the 
residue theorem. 


e~ ik*y? 2a1 





fete 
Cy (R9—R')(R9— Rk") RR! 
x fenik''v" ¢-ih'v], (44) 


This gives for (43) 





D(y) = 
Gat a 


d®k d 
oF | efky { e—ik’’v° _ 9—ik'y?} 2 
hk’ —p! 


Since from (42) we have k’(—k)=—k’’(k) we 
can transform this last integral into 








D = 
OO GDXLba) 





os {sin(k-y —k’’y°) 
xf sin(k-y—k’’y 
R’—R” 


—sin(k-y—k’y®)}. (45) 


Exactly the same result is obtained for y°<0. 
From (40) it is obvious that D is an invariant 
function of its arguments. The form (45) however 
is. more convenient to verify the following 
relations: 


: D(y)~-0= D(y) =0, (46) 
D(y) yoo =8(y) /(1+ xno’), (47) 
d:D(y)yp0=0, (¢=1, 2, 3) (48) 
(0,0° — xd°u,0°V,)D =0. (49) 


It remains to be shown that the commutation 
rules (34) follow from (38). We notice first that 
on account of (12) and (13), (38) may also be 
written 


tLWr(x), byu(x’) ]=SyD(x—x’). (50) 
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Since x= VW, it follows immediately that 
iLx(x), by(x’) ]=0,D(x—x’), 
iLx(x), Fy, (x’) ]=i[x(x), Gy, (x’) ]=0. 


Moreover, 


Lx(x), x(x’) ] 
= (040, — x0 ,v°d,v’) D(x —x’) =0, 


(51) 
and 
(52) 


(53) 


on account of (49). 
From (38) we obtain: 


iL F(x), $o(x’)] = (OT — 9,0.) D(x—x’), 
and with the help of (9) 


iG, (x) ’ $5(x’) ] os { OnZuv aaa Oukr» 


+ KOqV? (Trp — Tw) }D(x = x’) A (55) 


With the help of (22) and (51) we obtain finally 


ila (x) ’ $>(x’) ] = { Ong” ies 0°gn, 
+ «d,v7(T),v° —T,°v) 


—0,g)°+ nvv,}D(x—x’). (56) 


By specializing this expression for x» =o’ and by 
using the relations (46), (47), (48), this reduces to 


aL (x) . $,(x’) ] _ Lr (x ee x’) : 


which is Eq. (34). In order to complete the proof 
that (38) reduces to the canonical commutation 
rules it remains to be shown that all the other 
variables commute. For the components ¢, this 
is an immediate consequence of (38) and (46). 
Furthermore from (23), (52) and (53) it follows 
also that [m, 7; ]=0. A rather lengthy, although 
straightforward, calculation shows then that the 
space components 7; commute also among them- 
selves. This completes the proof that (38) are 
the four-dimensional invariant commutation 
rules of the radiation field. 


6. Transition to Momentum ‘Space 


We ‘carry out the transition to momentum 
space by introducing the new variables Q,(k) and 
P,(k), 

od, = (on) [ ak, (ke, 
and (57) 


T= (Qn) f aEP,(k)e —t-s, 
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The reality conditions for ¢, and z, require that 


Q,*(k) = Q,(—) 
P,*(k) =P,(—k). 


The operators Q, and P, satisfy the canonical 
commutation rules 


iLP,(k), Qu(k’) ]=g,5(k—k’) 


while all the other variables commute. Substitut- 
ing (57) into the Hamiltonian (31) and using the 
vector notation for the spatial components of Q 
and P we have 


(58) 


(59) 


1 
H=3 fa] | P+-P-+2xio%v-Q) (k-P) 
1+ Kup? 


— 2xiv®(v-t)(Q-P)-+-——(P+-v)(P-v) 
1+« 
— KV EXO) (7X XQ) } 


+4(0exQ*) (x0) | (60) 


This expression can be simplified by using the 
subsidiary condition (36) and its consequences. 
It follows then that the second term in (60) 
vanishes. A further simplification is introduced 
if we choose for each k a special coordinate 
system by putting 


kXv kX (k Xv) k 
ei= 5) es eee, 
|kXv| |kxX(kxXv)| k 
P=P%e,+Pe.+Pe;, 
Q = 0%e,+0°%e.+0e3. 


This coordinate system is orthogonal and nor- 
malized 


and (62) 


(e;-e;) =6;;. (63) 
We obtain thus for 
Po =(P-e)), 
0 =(Q-e), 
P-v= —»P® |sina| +vP® cosa 


(kX Q) =k(—Qe1+Qe2) 


(vX (kX Q)) =v-k(—Q™ cosa e; 
—Q® cosa €2—Q® | sina| es), 


(64) 


(65) 
(66) 


(67) 
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where a is the angle between v and kK. Since e,; 
and e; change sign with k, the reality conditions 
(58) are now 


Q+(k) = —QM(—k), 
Qt (kk) =Q°(—k), 
Qt®(k) = —Q®(—k), 
P+ (k) = —P®(—k), 
P+®(k) = P®(—k), 
P+®(k) = —P®(—k), 


(58’) 


In these variables we obtain for (60) : 


i=- for] . { pom-pom 
2 1+ Kv 


Kv? sin?a 
+Pe+pa(1+ )| 


1+«x 
Kv? Cos?a 
+H(1 as 
1+ Kv¢? 











Joeman 





we 
4+ H( “ws Jere 
1 + KUg" 
—2xivv-k cosa(QM PY +9°P%)| (68) 


The operators Q®, P™ satisfy the commuta- 


tion rules 
i[Q(k) P® (k) ]=6,,6(k —k’), (69) 


since the transformation (62) is orthogonal. 

It is possible to diagonalize this Hamiltonian 
by introducing the absorption and emission 
operators a(k), a+(k) by setting 


1 
Q (kK) = tee) —a;*(—k)), 


ae | 
PO (K) =—~(ait() +0x(—W)), 
(70) 
0 (ke) =—(as(k) +as*(—K)), 
and 


i 1 
P® (kk) =— —(a2+(k) —a2(—1)). 
(k) = (as*(e) —a2(—B)) 


The factors a and B will be determined later. 
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The inverse formulas are 


it 
i(k =—};-Q0 Lat ! ’ 
a,(k) —|-0(e) +3 P00 ()| 
(71) 


and 


ies | 
o(k = —._. J —.f )(2) k , P+) k f 
aa(k) az? (k) +48 ao} 


From these follow the commutation rules for the 
a’s in the form: 


[a;(k), a;+(k’) ]=6,,6(k—k’). (72) 


Introducing the a;(k) of (71) into (68) we can 
make the cross products of the form a;(k)a;(—k) 
and d2(k)a2(—k) vanish by choosing a, B accord- 
ing to the following expressions: ; 

a =[k?(1+ Kuo? — xv? cos*a) tT 


(73) 





- + KU? — xv? =] 
Lo R46)? 


The Hamiltonian (68) reduces then to 


Hy=}4 > J @kexta,()a,*() +a,* (6)ar(k)}, (74) 








with 
xv°(v-k) + VR2(1+ Kuo?) — x(v-k)? 
¢.=k'= - . (75) 
1 + KUp” 
The operator NV,(k) defined by 
N(k) +3 =3{a,-(k)a,+(k) +a,+(k)a,(k)}, (76) 


is the operator for the photon number associated 
with the state (k, 7). It has the eigenvalues 
0, 1, 2, ---. The total energy operator is thus 
diagonal in-a representation which makes the 
N,(k) diagonal since we have 


‘h= f (N,(k) +4)exd°k. (77) 


This last result shows that the quantum theory 
of this field behaves in every respect like the 
quantum theory of the radiation field in vacuum. 
There is one important difference, however. In 
the expression (75) for ¢, there occurs only the 
positive square root. For the vacuum case this 
corresponds to the fact that only the quanta with 
positive energy k°=k’ contribute to the total 
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energy. Indeed the expression (75) reduces for 
x—0 to k. However, unlike the vacuum case the 
expression for « is no longer positive under all 
circumstances, on account of the first term. If the 
velocity of the medium is sufficiently high it may 
become, negative. The critical velocity for which 
this may occur is obtained from the equation 


Kv°vk = (k2(1-+ xv?) — xv?k?)}, 


v?(1+v?) = (1-+4)/x. (78) 


In terms of the ordinary velocity u=c 
-(v/(1+v?)4) this means 


u=c(1/(1+«)*) =c/n. (79) 


This singularity of the radiation field for a 
medium velocity larger than the critical one is 
intimately connected with the occurrence of the 
Cerenkov radiation. The appearance of negative 
quanta is necessary in this case because when a 
particle with velocity greater than c/n is trans- 
formed to rest by introducing the codrdinate 
system which moves with the particle, such a 
particle may spontaneously radiate under emis- 
sion of quanta corresponding to the Cerenkov 
radiation. It is well known, however, that for 
such a process energy and momentum cannot be 
conserved with positive energy for the quanta. 
The detailed theory of the Cerenkov radiation 
will be dealt with in the second part of this paper. 

We complete the discussion of the radiation 
field by calculating also the total momentum of 
the quanta. An expression for the total momen- 
tum may be obtained from a discussion of the 
canonical energy-momentum tensor 


Tw = [0L/9(d"p") ]0,4° — Sw. (80) 


This expression is not symmetrical in the indices 
uw and v. Furthermore, it involves the potentials 
explicitly. We shall not enter here into the well- 
known difficulties which arise from the am- 
biguity of the energy-momentum densities.® Here 
we shall need only the expression for the total 


5 For a discussion of these questions see W. Pauli, 
Relativitatstheorie, Encyklopadie der Math. Wiss. V, 665ff. 


energy and the total momentum. We shall as- 
sume, moreover, that we are dealing with a 
Maxwell field where the subsidiary condition 
x =0 holds. For the total momentum we obtain 
then 


P;= [tas- f= 0 :°d*x. (81) 
0(0°p?) 


We may transform this integral into one which 
involves only the field quantities Fy, Go, by 
adding the term 


OL OL 
- ar. +9( +.) 
0(0°p*) 0(0°¢°) 


+ 20° :(Zp0— KU pV0) x. (82) 


The first term on the right may also be written as 


=i —¢; )— (1+ ane) x. 
ors #)= o(—— +) tbl: 


Thus apart from terms proportional to x and x 
the total momentum is given by 


dL 
P;= f Fd*x 
0 (0°?) 


= - [Go Fea'x= — [aria (83) 


We note here in passing that the tensor 
Tw a Gup Fv? — ZurL, 


is essentially the energy-momentum tensor used 
by Minkowski? in his phenomenological theory 
of classical electrodynamics. 

In momentum space the expression (83) for 
the total momentum is 


P,= f dkk(N (kt) +3). (84) 


We note in particular that in the rest system 
the energy of a photon with momentum & is 
given by «=k/n. 


eee See te et a ied coh acne ae Ee caer: Peso iete aden atten 
—ccadafh Nae tot ks Sa ARE ap ehlie ate in giao aD OME RAO RE SOL Soot 8 tay age ; 
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The diffraction of a scalar plane wave by an aperture 
in an infinite plane screen is examined theoretically. The 
wave function at an arbitrary point in space is expressed 
in terms of its values in the aperture, and constructed so 
as to vanish on the screen, in accordance with the assumed 
boundary condition. An integral equation to determine the 
aperture field is obtained from the continuity requirement 
for the normal derivative of the wave function on trav- 
ersing the plane of the aperture. Utilizing the integral 
equation (whose solution is generally unobtainable), the 
amplitude of the diffracted,spherical wave at large dis- 
tances from the aperture is exhibited in a form which is 
stationary with respect to small variations (relative to the 
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correct values) of the aperture fields arising from a pair of 
incident waves. This expression is independent of the scale 
of the aperture fields. The transmission cross section of the 
aperture for a plane wave is found to be simply related to 
the diffracted amplitude observed in the direction of 
incidence. The variational formulation is applied in detail 
for a wave incident normally on a circular aperture. By 
comparison with the exact results available for this problem, 
it appears that the use of suitable trial aperture fields in the 
variational formulation yields approximate, yet accurate, 
expressions for the diffracted amplitude and transmission 
cross section over a wide range of frequencies. 








1. INTRODUCTION 


HE steady-state problem of diffraction by 

an aperture in an infinite plane screen has 
attracted attention for many years. Exact 
solutions are restricted to a few cases where the 
aperture is of simple geometric shape and may be 
conveniently described in a coordinate system 
in which the wave equation is separable; the 
available theoretical methods for approximating 
these solutions, and those of other cases, are 
valid for only a limited range of frequencies or 
wave-lengths. 

The diffraction of waves in a scalar field is 
considered in treatises on physical optics, after 
requiring that the wave function vanish on the 
(perfectly conducting) screen, as befits a rec- 
tangular, tangential component of the electric 
field intensity.! A brief description of the ap- 
proximate and exact theoretical methods follows; 
these have all been applied in detailed calcula- 
tions for a circular aperture. 

A well-known approximate solution is due to 
Kirchoff, in which the aperture field is identified 
with the incident field, and the normal derivative 
of the wave fiinction is assumed to vanish on the 
back side of the screen. This procedure is not 
self-consistent, for the transmitted field so deter- 


1 According to a form of the Babinet principle (see 
reference 5), this wave function, appearing in the role of a 
velocity potential, also describes the diffraction of sound 
by a rigid disk in the form of the aperture, as well as the 
radiation of sound by the freely vibrating disk. 
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mined from the incident field in the aperture does 
not vanish on the screen. The results possess a 
measure of validity only when the aperture . 
dimension is large compared to the wave-length 
of the vibrations, since then the-back side of the 
screen lies in the shadow and the diffracted field 
is relatively small; such a condition is amply 
realized for light diffraction by apertures of 
macroscopic dimensions. 

Another approximate solution is due to Lord 
Rayleigh,? whose results in the case of plane 
waves incident normally on the screen are ap- 
plicable when the aperture dimension is small 
in comparison with the wave-length. The pro- 
cedure stems from the observation that in the 
neighborhood of the aperture (at distances from 
it large in comparison with its dimension, yet 
small in comparison with the wave-length), the 
conditions are essentially static, or the same as if 
the wave-length were infinite. These conditions 
are described by reference to known solutions for 
the steady flow of incompressible fluids. The 
nature of the field at large distances from the 
aperture is readily determined from the aperture 
field. 

An integral equation formulation of the related 
mathematical problem of normal acoustic dif- 
fraction is deseribed by King.* An indication is 

2Lord Rayleigh, Phil. Mag. 43, 259 (1897); Sci. Pap. 


IV, p. 283. 
3L. V. King, Proc. Roy. Soc. A153, 1 (1935). 




















given of its solution by a method of successive 
approximations, based on the known solution of 
the corresponding equations in potential theory. 
Due to the increasing difficulty of computation 
in higher approximations, King furnishes only 
the numerical coefficients of the first few terms 
in a development of the diffracted amplitude in 
ascending powers of the characteristic parameter, 
radius of disk/wave length. Sommerfeld‘ gives 
a more elegant and detailed mathematical dis- 
cussion of the integral equation, involving an 
expansion in characteristic functions and the 
approximate determination of some of the coef- 
ficients; the results also apply for small values of 
the parameter. 

Bouwkamp® presents an exact theoretical 
analysis of the problem of diffraction of a scalar 
plane wave by a circular aperture, based on the 
construction of normal solutions of the wave 
equation, which is separable in oblate spheroidal 
coordinates. The wave function on the far side 
of the screen, with the character of a diverging 
spherical wave at large distances from the aper- 
ture, is expanded in an infinite series of these 
normal solutions (which have the proper sym- 
metry with respect to the plane of the screen, so 
that the individual terms fulfill the boundary 
condition on it). The expansion coefficients are 
determined in the course of satisfying a boundary 
condition in the aperture. From the amplitude 
of the asymptotic spherical wave, the energy 
passing through the aperture is obtained, and 
then the transmission coefficient, ¢ (transmission 
cross section/area of aperture), on division by 
the incident energy flux through the same area. 
To simplify the numerical calculations, Bouw- 
kamp considers only the case of normal incidence, 
in which the entire field possesses rotational sym- 
metry. The transmission coefficient is evaluated 
for a number of wave-lengths in the range 
«© >)d/a>0.6, where a is the radius of the 
aperture; at shorter wave-lengths the computa- 
tions are progressively more difficult, owing to the 
slow convergence of the series involved. 

It is clear from this survey that a general 
formulation which permits accurate numerical 

4A. Sommerfeld, Ann. d. Physik 42, 389 (1942). 

5C. J. Bouwkamp¢ Theoretische En Numerieke Be- 
handeling van de Buiging Door Een Ronde Opening (Dis- 


sertation, University of Groningen, 1941); R. D. Spence, 
J. Acous. Soc. Am. 20, 380 (1948). 
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evaluation of the diffracted amplitude and trans- 
mission cross section for a wide range of fre- 
quencies, is of considerable interest. The purpose 
of this and a companion paper is to illustrate the 
utility of variational principles for such calcula- 
tions. The present paper describes a reformula- 
tion of the scalar diffraction problem for an 
arbitrary aperture in terms of a first variational 
principle. An important role is assumed by the 
amplitude of the diffracted spherical wave at 
large distances from the aperture, expressed in 
terms of the aperture field. For plane-wave ex- 
citation, this quantity is a function of the direc- 
tions of propagation of the incident wave and of 
observation for the diffracted wave. 

When a plane wave is incident on the aperture 
from direction (1) and the diffracted wave ob- 
served from direction (2), the amplitude obtained 
is equal to that of a reverse situation, in which 
the wave is incident in direction (2) and observa- 
tion made from direction (1). Using this reci- 
procity relation, the amplitudes are exhibited in 
a form which is stationary with respect to small 
variations (relative to the correct values) of the 
aperture fields arising from the two incident 
waves. In addition, this expression is independent 
of the scale of the aperture fields, and is therefore 
suitable for a first approximation with simple 
forms of the aperture fields. 

From a consideration based on the fact that 
the energy transmitted through the aperture is 
the same as that appearing at any remote surface 
which intersects the plane of the screen, the 
transmission cross section is recast in appropriate 
limiting forms at low and high frequencies. From 
the first of these, the (wave-length)-* propor- 
tionality is obtained (as in Rayleigh’s theory of 
diffraction by obstacles small compared to the 
wave-length), independently of the assumed 
aperture field, provided the boundary condition 
at the rim of the screen is satisfied. The second 
form, on identification of aperture and incident 
fields, leads to the geometrical optics result, 
where the cross section is simply the area of the 
aperture projected on a plane normal to the 
direction of the incident wave. 

Owing to the restricted class of trial aperture 
fields, in virtue of the imposed boundary con- 
dition, the first variational principle is most 
useful in the low frequency range. Here the 






























ae 7 







ro ie ae Spee ters 
dS pan tae cae a cate ot 



























Fic. 1. Diffracting aperture in a plane screen. 


qualitative information concerning static aper- 
ture fields allows accurate calculations of ampli- 
tude and cross section at higher frequencies than 
are feasible with the existing approximation 
procedures. Corrections to the geometrical optics 
result are more difficult to achieve with this 
formulation. To improve the accuracy of high 
frequency calculations, 
principle for the diffracted amplitude is devised, 
with details relegated to a separate paper. In 
this, the discontinuity in normal derivative 
of the field at the screen (akin to the surface 
current in the optical problem) replaces the 
aperture field, although there are additional 
modifications arising from the infinite extent of 
the screen. The trial functions adopted for the 
discontinuity in normal derivative are unre- 
stricted with regard to a boundary condition at 
the rim of the screen. In particular, the approach 
to the geometrical optics result with increasing 
frequency can be well approximated if this 
function is calculated from the incident field on 
the illuminated face of the screen. 

The distinction between these variational 
principles in the choice of trial functions is not 
uniquely related to the boundary condition 
assumed for the wave function. For a boundary 
condition which requires that-the wave function 
have vanishing normal derivative at the screen, 
a pair of analogous variational principles exist, 
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a second variational , 
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based on (i) the normal derivative of the field in 
the aperture and (ii) the discontinuity of the 
field at the screen. Only in the second of these is 
it necessary to impose a boundary condition on 
the trial field. Thus it appears that derivatives of 
the field variable are not restricted by conditions 
at the boundary of their domain, whereas this is 
so for the field variables themselves. The reason 
is that Green’s functions and their derivatives, 
respectively, are factors which naturally ac- 
company these quantities in the formulation, 
and non-integrable singularities arise in the 
latter case unless the boundary conditions are 
satisfied. : 

To obtain a practical test of the degree of 
approximation afforded by the variational prin- 
ciples, detailed application is made in this and a 
companion paper to the evaluation of the trans- 
mission coefficient for normal incidence on a 
circular aperture. Numerical results of the varia- 
tional and other calculations are compared with 
the exact values obtained for this problem by 
Bouwkamp. In addition, the extent to which the 
two variational principles complement (and 
agree with) each other for the entire range of fre- 
quencies provides a general estimate of their 
accuracy. 


2. INTEGRAL EQUATION FORMULATION FOR AN 
APERTURE OF ARBITRARY OPENING 


We consider an infinitesimally thin plane 
screen S», of infinite extent, which is perforated 
by an aperture S,;. A rectangular coordinate 
system is chosen with origin at some point of the 
aperture, and oriented so that the screen lies in 
the x,y plane (Fig. 1). 

A plane wave is incident upon the aperture in 
the half-space z <0, and it is desired to investigate 
the diffracted field. The incident wave, propa- 
gating in the direction 3’, g’ (#’ measured from 


the positive direction of the z axis, and ¢’ from 


the positive direction of the x axis in the x,y 
plane) is described by the scalar wave function 


aii att exp(tkn’-r) = expLth(x sind?’ cos¢’ 


(2.1) 


where n’ is a unit vector in the direction of prop- 
agation, k=2m/\ is the free space propagation 
constant, and \ the corresponding wave-length. 
The harmonic time dependence, exp(—7kct), with 


+y sin?’ sing’ +2 cos?’) ], 





















c the velocity of wave propagation, is omitted 
throughout. 

The wave function describing the complete 
(incident+diffracted) field satisfies the wave 
equation 


(V?-+*)o(r) =0 (2.2) 


at all points of space, and is subject to the pre- 
scribed boundary condition 


¢(r)=0, ron S32; (2.3) 


in addition, the wave function and its normal 
(i.e., z) derivative vary continuously on passing 
through the aperture. 

In one method of formulating this boundary 
value problem, it is convenient to classify the 





$(r) = 27 sin(kz cosd’) exp(zkn’ - 0) 
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wave functions (2), (3) according to their sym- 
metry in the z coordinate. A symmetric function 
has vanishing normal derivative in the aperture, 
whereas an antisymmetric function has the same 
form as though the aperture were absent. The 
wave functions of opposite symmetry, appropri- 
ate to the incident wave (1), are obtained from 
the solution of individual boundary value 
problems in. the half-space £0; with these we 
construct, by suitable combination, the wave 
function in the problem of physical interest. 

A solution of the wave equation (2) at any 
point in the half-space z<0, which assumes (as 
yet) arbitrary values in the aperture and satisfies 
the boundary condition (3) on the remainder of 
the plane, is given in terms of a Fourier integral, 








” d jexplt {ke(x—x’) +hy(y—y’) + (k?— kz? — ky?) *#(2’ —2) } ] 
+f fo o@re—| ? 
81% kz ky 4n7i(k? —k,?—k,?)! — 


02’ 


dkdkdS', (2.4) 


where @ denotes a position vector in the x,y plane, and dS’ an element of area in the x’,y’ plane. It 
is readily verified that (4) is a solution of the wave equation; furthermore, on performing the 


indicated differentiation, we find 
$(r) = 27 sin(kz cos?’) exp(zkn’ - 9) 


i) 


47? 
= Oo 


1 
* J $(f’) 20 exp[1 {kz(x—x’) +k,(y—y’) = (k?—k,*—k,?)'2} Jdk.dk,dS’, 
SiV kas ky 


and thus, using the integral property of the Dirac delta function, 


: Z ") Lik '\ +k . k.dkasS' 
(80 J | J ole ean (x—x!) +Ry(y—y’)} hed heyd 


1 


= $(r),-0= (0), @ on Si, 
=0, oon S:, 


in accord with the boundary values. 


= f (1) 2_05(x—x’) 5(y —y’) dS’ 
Ss 


Introducing the free-space scalar Green’s function, 


* exp[i{k.(x—x’) +k, (y—y’) +k.(2—2’) } ] 





nel 


4n|r—r’| 823 J_, 





k2+hy+k,2—k? — 
(2.5) 


ip” exp[i{ke(x—x’) +hy(y—y’) + (R? ke? —ky?)*| 2—2'| } J 


dk.ak, 





= 
82? J_., 


(k?—k,2—k,?)! 
|r—r’| =((x—x’)?+(y—y’)?+(s—2')?)}, 
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tion, 


(V?+k?)G(r, r’) = —d(r—-r’), (2.6) 


and the radiation condition,® the wave function 
(4) becomes 


$(r) = 22 sin(kz cos?’) exp(ikn’ - 0) 
te) 
—2] o(0')—G(r;x’, y’,0)dS’, 2¢0. (2.7) 
S1 dz’ i 


The first term of (7) describes the field in the 
absence of an aperture, being a superposition of 
incident and specularly reflected waves, whose 
phases are adjusted so that the combined wave 
function vanishes at all points of the screen. We 
denote this antisymmetric function of z by 


doaa(F) = 27 sin(kz cosd’) exp(ikn’-). (2.8) 


On requiring that the z derivative of the wave 
function (7) vanish in the aperture, we obtain 
the integral equation 


k cosd’ exp(ikn’-) = 7 o(0')K(e, e’)dS’, 


S1 


oon S;, (2.9) 


K(o, 0’) = (8/dz)(0/d2’)G(x, y, 0; x’, y’, 0) 
= K(o0’, 0), 


for the determination of the aperture field, and 
the resultant symmetrical function of 2, 


Peven(T) =—21 sin(k | 2| cosd’) exp(zkn’ me 0) 


+2 4(0’)(0/d2’)G(r; x’, y’, 0)dS’. (2.10) 
§1 


The upper or lower sign in (10) is to be used for 
z<0, z>0, respectively, since G is an even 
function of z—2’. . ; 

To describe the physical situation arising from 
the incidence of the plane wave (1) upon the 
aperture, we combine the antisymmetric and 
symmetric functions (8), (10). The resulting 
wave function has different forms on opposite 
sides of the screen, owing to the asymmetry of 


°The radiation condition requires that the Green’s 
function describe outgoing spherical waves; this imposes 
the restriction arg(k?—k,?—k,*)§2 0, 
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which satisfies the inhomogeneous wave equa- 
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excitation; these are 


o(r) oo 4[ doaa(P) + deven(r) ] 


=] $(0')(0/d2’)G(r; x’, y’, 0)dS’, 
81 
z>0 (2.11) 
and 


¢@ (r) = 41 doaa(P) + deven(Fr) ] 
= 2i sin(kz cos’) exp(ikn’ - 9) 


7) 
— | o(e)—G(r; x’, 9’, O)dS’, 
Si Oz 


2<0. (2.12) 


The wave functions (11), (12) vanish on the 
respective faces of the screen, and are equal at 
any point of the aperture 


 (e) =2¢(e) =o (9), 


furthermore, their z derivatives are continuous 
across the aperture, in consequence of the 
integral equation (9). In particular, it may be 
noted that 


gon Si; (2.13) 


F) 1 0 
—o (x, y, 0) =— —doaa(x, y, 0) 
OZ 2 dz 


0 
=—gire(x, y, 0). (2.14) 
Oz 


Thus (9), (11), (12) constitute the formal solution 
of the diffraction problem. 

The preceding formulation involves the iden- 
tity of the two regions z<0, z>0. An alternative 
treatment, which is also applicable when such 
symmetry does not exist, is based on the repre- 
sentation of the field in each region by an appro- 
priate Green’s function. The Green’s function 
for our problem, that for a half-space, can be 
obtained by the method of images, and is 


I(r, r’) =G(r, r’) —G(r, r’—2n,.n,-r’) 
=I(r’, 1), 
I(x, y, 2; x’, y’, 0) =0, 


(2.15) 


where n, is a unit vector in the gz direction. 
We write 


220, 
2<0, 


o(r)=o(r), 


=$-(r), (2.16) 




















and consider the application of Green’s second 
scalar identity in the form 


f Cr(e’, 2)(V2-+8*)6(2') 


—4(0')(V2+R)E(e', 2) dr! 
) 
= f[r@. noe) 
On 


0 
—¢(r’)—TI(r’, nis’, (2.17) 
on’ 


where the derivative in the surface integral is 
taken in the direction of the outward normal at 
each point. 

In the half-space z2 0, we find with the use of 
(2), (3), (6), and (15) in (17), that the wave 
function at any point assumes the form 


0 
oM(r)= fF oP (9’)—T(r; x’, y’, 0)dS’ 
Si 02’ 


F) 
=| ¢(e’)—G(r; x’, y’, 0)dS’, (2.18) 
S1 dz’ 


where ¢*(9)=3¢(o). On the remote surface 
which intersects the plane of the screen, ¢+(r) 
and [(r,r’) have the character of diverging 
spherical waves, and the two terms of the 
integrand cancel. In the half-space z£0 of the 
incident wave, the contribution from the corre- 
sponding surface integral supplies just the field 
in the absence of an aperture; thus 


¢@ (r) = 27 sin(kz cosd’) exp(ikn’ - 0) 
fs) = 
-f o)—Ge*,¥, 048". (2.19) 
S1 02’ 


The reversal in sign of the integral in (19) as 
compared to (18) is a consequence of the op- 
positely directed normal derivatives at the plane 
of the aperture. Equality of the z derivatives of 
the functions (18), (19) in the aperture provides 
an integral equation identical with (9), and com- 
pletes the formal solution. 

We shall confine our attention to the properties 
of the diffracted field at distances from the 
aperture large compared.to its dimensions and 
the wave-length, since a rigorous and explicit 
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solution of the integral equation (9) is not in 
general feasible. For effective use of approximate 
solutions to the integral equation, we cast the 
far field amplitude in a form which is stationary 
with respect to small variations of the aperture 
fields about their correct values. 

On introducing the asymptotic form of the free 
space Green’s function 


G(r, r’) ~exp[tk(r—n-r’) ]/4ar, 


n=r/r, r>0 


(2.20) 


in (11), we obtain the transmitted field in the 
form of a diverging spherical wave, 


go (r)~— (tk/42) cosd(e*"/r) 


X | ¢n’(o’) exp(—zkn-o’)dS’, (2.21) 


Si 
with explicit indication that the aperture field 
is generated by a wave incident in a definite 
direction n’. It is clear from (11), (12) that a 
similar spherical wave appears on the other side 
of the screen. In terms of the amplitude 


A(n, n’) = —(tk/42) cos? 


X J on’(o) exp(—tkn-e)dS, (2.22) 
Si 
of the spherical wave (21), we have 
Lim r?|¢(r)|?=|A(n,n’)|*. (2.23) 


We assume as the expression for the time 
average energy flux per unit area, 


S = Re(1/ik)$*(r)V4(r), 


and verify that this corresponds to dissipation- 
less transport of energy by the waves, for 


V-S=ReV- ((1/tk)$*(r)V9(r)) 

= Re(1/ik)(|Vo(r) |?—2?| o(r) |?) =0. (2.25) 
Since (0/dr)¢(r) ~iko(r), r>0, we find 
with the use of (23), (24) that the average power 


transmitted into the solid angle dQ, about the 
direction n is 


P(n, n’)dQ=|A(n, n’) | dQ; 


(2.24) 


(2.26) 


thus, the ratio of the total transmitted power to 
that falling on the aperture per unit area normal 
to the direction of the incident wave (transmis- 
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sion cross section) becomes 
Qa r/2 
o(n’) = f f |A(n, n’) |? sinddddy. (2.27) 
0 “9 


A simpler expression for the transmission 
cross section can be derived as follows. We note 
that the power transmitted normally through 
the aperture is the same as that appearing at 
any remote surface which intersects the plane 
of the screen; thus, from (24), 


o(n’) = Re(1/ik) f $*(p)(a/a2) 
S1 


Xo (x, y, O)dS. (2.28) 





(The same result is obtained on integrating (25) 
in the volume bounded by this surface and the 
plane z=0, and observing that the wave function 
and its complex conjugate vanish on the screen.) 
Using (13), (14) the expression (28) becomes 


a(n’) =4Re coss! f on’*(o) exp(tkn’- o)dS 
S1 


= —(24/k)ReiA(n’, n’)* 


=—(2n/k)ImA(n’,n’). (2.29) 





1 1 
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(4x/k?) [. bu(0)K(0, 0')-n-(e")dSdS" 
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The transmission cross section is thus propor- 
tional to the imaginary part of the amplitude of 
the transmitted spherical wave observed in the 
direction of the incident plane wave. A relation 
of the form (29) holds generally in scattering 
problems, its physical interpretation being that 
a decrease in amplitude of the incident wave is 
consequent to the generation of scattered waves. 


3. VARIATIONAL PRINCIPLE FOR DIFFRACTED 
WAVE AMPLITUDE 


If we multiply through in the integral equation 
(2.9) by ¢n-(@) and integrate over the area of the 
aperture, there results 





n’(g) exp(tkn’: 9)dS 
S1 


cos’ 


=(1/tk) | dn(9)K(o, o’)dn(9’)dSdS’. (3.1) 


S1 


Since the right-hand member of this equation 
is symmetrical in n’, n” (or the angular coor- 
dinates #3’, ¢’, and #2”, ¢’’), division by the left- 
hand member and a similar term in which n’ and 
n” are interchanged, and use of (2.22),-yields 














A(n”, n’) A(—n’, —n’’) 


Si 


Here ¢_n(@) denotes the aperture field generated 
by a plane wave incident in the direction opposite 
to n. Equality of the wave amplitudes A (n’’, n’) 
and A(—n’, —n”) describes a reciprocity con- 
dition for incidence and observation along a pair 
of directions in space. 

The expression (2) is homogeneous in the 
fields ¢n-(9), -n--(@) and stationary with respect 
to independent first-order variations about.their 
correct values (determined by integral equations 
of the form (2.9)). Thus, on performing such a 
variation, we obtain 


5A(n”, n’) | on(o)K(o, 0’)b-n(0’)dSd.S’ 


Si 


(3.2) 


cos?’ cosd”’ gn’'(o) exp(—tkn”- 0)dS f o_n’’(o) exp(zkn’- o)dS 
Si 





-{ ib (@)d| (84/4) cos?’ cosd’”’ 
Si 
Xexp(—ikn”’-9) j $-n-(9) exp(ikn’ -9)dS 
—A(a", 0") f K(o, o)6-0-(9')d8'| 
+ i6-av(e)ds| (k?/42) cos?’ cosd”’ 
Si 


Xexp(ékn’- p) f $a-(p) exp(—ikn”’-9)dS 
Si 


~an".ay{ Ke. o)oa-(od5' (3.3) 


Si 























ik cos’ exp(tkn’ - 0| — (ik/4m) (cosd’’/A(n’’, n’)) on’'(o) exp(—tkn”- eds -{ 
8 


Si 
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If A is stationary for arbitrary variations, the quantities within brackets on the right side of 
(3) must vanish. From the latter of these we find 


K(e, 0’) dn’ (e’) dS’ 


1 


which, with the exception of the (constant) factor in brackets, is just the integral equation (2.9) for 
gn'(o).” Similarly, ¢-n,-(@) obeys a corresponding integral equation. 
We next examine the forms assumed by the transmission cross section (Cf. (2.29), (2)), 


f oa(@) exp 
Si 


—tkn-o)dS | _n(e) exp(ikn-o)dS 


S1 





a(n) = —$k cos*3Im 


’ (3.4) 


on(0)K(0, 0’)¢_-n(0’)dSdS’ 


S1 


in the limits of low and high frequencies, respec- 
tively. The frequency expansion of the Green’s 
function, 


G(r, r’) =exp(tk|r—r’|)/4a|r—r’| 
=G,(r, 1’) + (tk/4a) — (k?/8m) |r—2’| 
— (tk®/24m)|r—r’|?+O(k'), 


where 
G,(r, r’) =1/4e|r—r’| 
is the static value, yields 


K(e, 9’) =K.(o, 0’) +(tk?/127), 
K.(0, 9’) = (1/41) (0/dz)(0/d2’)(1/|r—r’|) 2, =o 
(3.5) 


in the lowest order of real and imaginary terms. 
Thus, in the static limit the integral equation 
(2.9) becomes 


tk cosd = (3.6) 


$n(o')K.(0, o')dS’, 


Si 


which shows that the corresponding aperture 
field ¢,(e@) is wholly imaginary and independent 
of the incident direction, save for the constant 
factor cos?. Introducing (5) in (4) and omitting 
indices as well as scale factors for the aperture 
fields, we find as the leading term in the fre- 
quency expansion of the transmission cross 


7The bracketed term is actually equal to unity, by 
(2.22), so that the integral equations are identical; how- 
ever, this is not essential to the argument. 












section, 


ds 
kt ( i o(e) ) 


o(n) =—— cos*? : 


24r 2 
( $(0)K.(e, o)(e')dSas' ) 
Si 





k-0. (3.7) 


The frequency (or wave-length) dependence 
contained in (7) agrees with that of Rayleigh’s 
general theory of diffraction by obstacles small 
compared to the wave-length. In addition, the 
correct angular variation of the cross section is 
secured independently of the form of the aperture 
field. As remarked in the introduction, the class 
of admissible trial aperture fields in (7) is re- 
stricted to those satisfying the boundary condi- 
tion (2.3) on the rim of the screen. Additional 
terms in the frequency expansion of the cross 
section can be obtained; these, in common with 
(7), are independent of the scale of the aperture 
fields. 

At high frequencies, we assume as the aperture 


field 


on(0) = By (0)dni"*(0) = , (0) exp(zkn- 0), 


¢-n(e)=¢n*(o), (3.8) 


where ®,(o) is a real function which is slowly 
varying over distances comparable to the wave- 
length. Inserting this field and its complex con- 
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jugate in (4), we obtain 
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(f. Sa(e)dS) 


(3.9) 





a(n) = —$k cos*d Im 


f ®,(o)exp(zkn- 
S81 


Employing the Fourier integral representation 
(2.5), the integral in the denominator of (9) 
becomes 


83? 
Xexp[t{a(x—x’)+B(y—y’) } JdkadkydSdS’, 


where 


“S8 J. J OL 


a=ksind cosg+k.z, B=k sind sing+ky,. 


As k-—o, the phase variations of the ex- 
ponential factors in the integrand occur with 
increasing rapidity, so that the range of the 
variables x,y may be extended over the entire 
plane z=0. Introducing 


x—x'=§, y—y'=9 


and ignoring the variations of é, » in the argu- 
ment of @n(@), we find that integration’ with 
respect to the new variables leads to 


1 00 
Ix ff (bth!) 
2 S1¥%_w . 


X 6(k sind cose+kz) 
x 6(k sind sing+k,)dkdk,dS’ 


1 
=—k cost f Py7(0)dS, 
2 S1 


and finally, 


_(f,sies) 


(3.10) 


ko, 





a(n) =cosd . 


f _2(0)dS 
S1 


The expression (10) is stationary for first-order 
variations of the function @,(@) about a constant 
value, the cross section being equal to the pro- 





0)K(o, 0’) Pa(o’) exp (—zkn-0’)dSdS’ 





jected area of the aperture on a plane normal to 
the direction of the incident wave. This cor- 
responds to the limit of geometrical optics, in 
which the aperture field is identified with the 
incident field, and the energy falling on the 
aperture is transmitted without diffraction 
effects. By appealing to the Schwarz inequality, 
it follows that the cross section obtained from 
(10) with any other form of the function $n(@) 
is necessarily smaller than the geometrical optics 
result. The representation of the cross section by 
an asymptotic series in reciprocal powers of k 
requires a more elaborate analysis. 


4. DIFFRACTION BY A CIRCULAR APERTURE 


In this section we illustrate the utility of the 
variational formulation by applying it to the 
case of normal incidence of a plane wave on a 
circular aperture. We calculate, in particular, the 
transmission coefficient ¢ of the aperture as a 
function of the charatteristic parameter, 


ka =27(radius of aperture) / (oave-leneth). 


The expression (3.2) for the diffracted amplitude 
A observed in the direction of incidence (#=0) 
involves a single aperture field; on introducing 
polar coordinates p, g in the plane of the aperture 
(with origin at its center), and noting that the 
common aperture field is independent of y, we 
obtain 


) (/4n)( #(o)odede ) 
S1 


A= (4.1) 





$(p)K (0, 0’)¢(p’)pdpd gp'dp'd¢y’ 


S1 


To evaluate A we expand the aperture field in 
the complete set of functions (see Appendix 1 and 
reference 4), 


$(p) = 4 A,(1- (p?/a?))»-3 


(4.2) 
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where the A, are arbitrary coefficients; the 
individual terms of this expansion satisfy the 
boundary condition (2.3) on the rim of the 
screen. We define 


Bn= | (1—(0?/a))"“pdpdy 


S1 


=2na?/(2n+1), (4.3) 


and 


Con f (1 — (p?/a?))™*K (9, 9’)(1—(p’*/a?))"4 


X pdpd gp'dp'’dy'’=Crm; (4.4) 


thus (1) becomes 


i) 


AX AmAnCun=(k/4e)(X AnBn)*. (4.5) 


m, n=1 n 

On differentiating (5) with respect to Am, it 

follows, in view of the stationary character of A, 
that® 


A & AnCmnn=(R?/4e) Bm > AnBa, 
n=1 n=1 


m=1,---. (4.6) 


We next define a set of coefficients D, by the 
relation 


An=(k*/4eA)Dn ¥ AnBr (4.7) 


n=1 
and find, on multiplying through by B,, and 


summing over n, 


A=(k?/4n) 5 BaDy. 


n=1 


(4.8) 


Finally, by inserting (7) in (6), we obtain the 
infinite set of inhomogeneous linear equations to 
determine the coefficients Dn, 


>) a m=1,-:: 


n=1 


(4.9) 


with which to calculate A from (8). 
A rigorous solution of (9) is not attempted; 
rather, we reduce these to a finite set of linear 


8 We use a symmetrical formulation, although it is only 
the relative amplitudes A,/A that are important for the 
variational calculation. 
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equations by placing B,, D,=0, n>N. The cor- 
responding approximation to A is given by 


N 
A) =(k?/4r) > BDz, 


n=1 


(4.10) 


N 
Li CunDr=Ba, m=1, Po’ N. 


n=1 


(4.11) 


It will now be demonstrated that a few terms 
of (10) suffice to give a very accurate approxima- 
tion to A. For this purpose we require explicit 
knowledge of the quantities Bn, Cn. Bn is 
obtained directly from (3); to determine Cnn we 
make use of the integral representation for the 
free-space Green’s function,® 
exp(tk|r—r’ L- 

p@k|r—r'|)_ 1 Te) 
4n|r—r’| 0 


se ¢ expl — (¢?—k?)*(z—2’) J 
(¢?—k?)4 
R=(p?+p'?—2pp!' cos(y—¢’))!, 








dg, z—2’/>0, (4.12) 


where Jo denotes the Bessel function of order 
zero, and the path of integration avoids the 
singularity {=k by an indentation below the 
singular point, and 


arg((?—k*)#=0, [>k; =—2/2, 5<k. 
Inserting (12) in (4), and employing the addi- 
tion theorem for Bessel functions, 


Jo¢R) = z (2—S0n)Ia(to)In( to") cosn(y—¢’), 


0, pq 
bnq= (4.13) 
1, p=q 


we find, on performing the angular integrations, 


re) a p? m—} 
Com — ef r(e—eytdr f o(1-=) 
0 0 a? 


p”? n—} 
x Ju(to)de f #(1-=) Tolto")dp’. 
a 


0 


*G. N. Watson, A Treatise on the Theory of Bessel 
Functions (Cambridge University Press, Teddington, 
1945), p. 416. 
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With the change of variables 
p=asind, p’=asind’, 


and use of Sonine’s first finite integral,}° 


f J,(z sind) sin*t3 cos?’*138dd 
0 . 


(4.14) 


= 2T (y+ 1)2-°FY Jy rr4i(2), Ren, i :, 
we obtain 


Con = —2ma(2/ka)m*"*T(m+4)0(n-+4) 


x f y— (mtn) (y2— 1) 4 Tinga (Rav) 
0 


XIniy(Rav)dv. (4.15) 
The integral 
Fnn(a@) = f ya (mtn) (v? OP 1)} 
0 
X Jims; (av) In44(av)dv (4.16) 


can be reduced to a suitable form for numerical 
evaluation. An indication of this procedure, 
which is the more laborious for large values of 
m,n, is given in Appendix 2. 

Resolving Frmn(a) into real and imaginary 
parts, ; 
(4.17) 


F'nn(a@) = Rinn(@) —tInn(a), 
where 
1 
Inn (a) -{ y— (mtn) (1 —y?)4 
0 
XJTn43(00)Inay(av)dv (4.18) 
and | 
Rinn(a@) -{ ya (mtn) (v? wid 1)3 
1 
x J n44 (av) J nth (av)dv, (4. 1 9) 


we find, for the first few values of m, n, 


a 1 1 
I11(a) centres aa) 


2r Tra 8a 


2a 1 2a 
So(t)dt—— f t—1$,(t)dt, 
4a Jo 


16a? 0 a 


10 See reference 9, p. 373. 
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a? 41 3 3 1 

I43(a) =——-——-——_+ So(2a) +—S1(2a) 

9r 427 82a? 1603 8a? 

=) f- So(t)dt 
ne —( . 
2a 

pe = 

ra tS, (t)dt, 






a’ a 3 45 


T22(a) rec ter meee 


367 127 327a " elimat 








9 5 
- (: —— }S(2a) 


32a? 4a? 
1 9 
rag 
16a 2a? 
1 
-—(1-- =) f- ~— 
. 16a ao 16a‘ 
27 2a 
=e t1S,(t)dt, 
64a3 


Rii(a) = Ae) S Jo(t)dt 


= Jul - =Ji(20) 


a? 


neared) 


3 
~o(2a) -— hie), 





ieee ae yg To(tdt 
2a? 16a4 


5 
3202 1-=.) 14020) -—_(14— Ji(2a). 
a a? 


mani 


a 





In these expressions So, S; and Jo, J; denote the 
zero- and first-order Struve and. Bessel functions, 
respectively. 

With this information relating to Bn, Cnn, we 
return to (10), (11) and prepare for the detailed 
evaluation of the first two approximations to the 

















transmission coefficient. With N=2, we find 
(B2Ci1.—BiC 2)? 
4nL Ci | ae a 
k? (B2Cu— B1Ci2)’ 
An Cu(CuCn— Cus’) 
thus, using (2.29), 


AD wane 





k? = 


(4.20) 
= A0)4.. 





2 
t) = ——_JmA) 
ka? 


k Bi? 
wie Im| — 
27a? Cu 








(B2Ci1—BiCi2)? 
Ci1(Ci1C22 — C12”) 
(B2Ci1—BiCi2)? 
={) — m 
2ma? = LCi1(Ci11C22— C12”) 





|: (4.21) 


Inserting the expressions for B,, Bz, C1, C12 and 
Coz in (21), it follows that 








4 1 
) =—kalm 
Qr  Fyx(ka) 
4 Iy1(ka) 
onli (4.22) 
On (Is(ka))?+(Rir(ka))? 
and 
ulin: aan 2k 


Fi,(ka) 

ka)? F i(k 
{Beilin + (1/25) (a) "Fi ad (4.23) 
Or Fi: (ka) F.2(ka) — F\2?(ka) 





Numerical values of the transmission coef- 
ficients ¢™, ¢@ are given in Fig. 2, for the interval 
0<ka<10, together with exact values calculated 
by Bouwkamp. The approximation ¢™, based on 
the aperture field ¢“(p) =[1—(p?/a?) ]* (a con- 
stant factor is of no importance here), exhibits 
considerable accuracy if 0<ka<2.5. Using the 
expansions 





2a* 4a5 16a’ 
I(a) =—— + wens 
27m 675m 551252 
1 a’® at 
Riu (a) =-—-—+—— : : 
3 15 140 


(see Appendix 2) in (22), we obtain the trans- 
mission coefficient in a form appropriate to 
small values of ka: 


+ = (8/27m?) (kaJ*[1 +0.32(ka)? 


+0.049061(ka)*+-++]. (4.24) 
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The Rayleigh approximation, comprising the 
first term of (24), is obtained by determining the 
magnitude of ¢(p) in the low frequency limit 
(see Appendix 1); its restricted range of validity 
is evident from Fig. 2. 

On comparing (24) with Bouwkamp’s result, 


t= (8/27m2)(ka)*[1-+0.32(ka)? 
+-0.027427(ka)* 


—0.004393(ka)®+---], (4.25) 


we note that the numerical coefficients of the 
first two terms in the expansion of t® coincide 
with the exact values." 

The approximation ¢®), derived from an aper- 
ture field of the form 


¢ (p) =A1(1—p?/a*)*+A2(1 —p?/a’)}, 


holds exactly for values of ka. ranging up to 4.5. 
The expansion of ¢® in powers of ka, 


1) = (8/272) (ka) [1 +0.32(ka)? 


+0.047823(ka)*+---], (4.26) 


differs almost negligibly from ¢™ in the numerical 
coefficient of the (ka)* term (within brackets), 
as can be anticipated from Fig. 2. This behavior 
indicates that successive variational approxima- 
tions yield improved values for the entire set of 
coefficients in similar expansions. 

It is of interest to examine the behavior of the 
approximations ¢®, #@ at high frequencies, 
where the correct transmission coefficient tends 
to the value unity. Using the asymptotic forms 


Ti1(a) ~a/2r, Ti2(a) ~a?/9r, Io2(a) ~ai/2 Wr, 
Ri(a), Rie(a), Ree(a)~0, 


(see Appendix 2), in (22), (23) it follows that 
—~(4/9n)(ka/Ts1(ka))~(8/9), ka—>co (4.27) 


a— eo 


11 Equation (36) of King’s paper (reference 3) is given 
incorrectly, and should be replaced rid 
ij iad 1 a) 12? ] gre 
x= pike [1+(G- (ea) 7 (ba)*| cosa 


the corresponding asymptotic Si of the pan 
wave on the far side of the screen is, to terms of relative 
order (ka)?, (in our notation) 


tkr 
gPM(r2- (2/3n)ea'| 1 +(; ints an) (ka) | cost 
From this we find 
t=2 + 7|o(x) |? sinddd = (8/2722) (ka)! 


x [1+ (8/25) (ka)?], 
in agreement with (24), (25). : 














and 
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(4.28) 





t(2—~—k 


On T11(ka)I22(ka) — I192(ka) 


In general, the asymptotic values of the high 
frequency approximations to the transmission 
coefficient are more conveniently obtained by 
use of (3.10). Recalling the expansion (2), and 
defining 


Bn= | (1—p?/a?)""'pdpdy = 2na?/(2n+1), 
S81 


Cmn= | (1—p?/a*)™*""'pdpdg=na?/(m+n), - 
81 


we find, as in the derivation of (10), 
N 
t™=2 > D,/(2n+1), ka—-« (4.29) 
n=1 


where 


> D,/(m+n) =2/(2m+1), 


n=1 
m=1,-+:,N. (4.30) 


With the latter relations we readily obtain 
the values of ¢™, ¢® given in (27), (28); more- 
over, it appears that for the Nth approximation, 


tM~1—[1/(2N+1)?], kao. (4.31) 


For purposes of comparison, the transmission 
c¥;ficient on the basis of the Kirchoff approxi- 
mi, ion is also included in Fig. 2. The wave 
function here is obtained by identifying the 
aperture field with the (constant) incident field, 


re) 
ox (r) =2f —G(r;x’, y’,0)dS’, (4.32) 
Si 02’ 
and the transmission coefficient turns out to be 


tk =1+J,(2ka)/ka— (1/ka) f ; Jo(t)dt 
: (4.33) 


Sei 


’ 


ka> I, 
~/(ka)?/6, ka<1. 


An improvement of the Kirchoff result (33) at 
low frequencies cannot be obtained from the 
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variational formulation by using a constant 
aperture field. The reason is that this field violates 
the boundary condition (2.3) on the rim of the 
screen, and the multiple integral in (1) involving 
a product of such functions together with 
K(e, o’) diverges. The correct field at high fre- 
quencies is constant over most of the area of the 
aperture, with variations confined to a distance 
of the order of a wave-length from the rim; it is 
only in the limit of vanishing wave-length that 
the boundary condition for the aperture field is 
relaxed. 

The assistance of Miss J. Klimas and Mrs. D. 
Abkowitz with numerical calculations is grate- 
fully acknowledged. This work was supported in 
part by the Office of Naval Research Contract 
NSori-76, T.O.1. 


APPENDIX 1. 


Solution of the Integral Equation (2.9) for 
Normal Incidence on a Circular Aperture 


On employing the differential equation (2.6) satisfied by 
the space Green’s function, the integral equation for 
normal incidence, “ 


k= — J) 6(0')(02/a2*)G(6, ¢, 05 0', ¢', O)e'dp’de’ (A.1) 
may be written 


id d i AY A a 
2 Ft) J o(0)G(6, p'o'de’ =ik, — (A.2) 
where 
ry , wad , , 
G(p, p ) =f G(p, Y 0; P,>Y, 0)d¢, 
exp[ik(p?+ p?—2pp’ cos(y— ¢’))#] 
4m(p?+ p”—2pp’ cos(e—¢’))! 


Integrating (2) as an inhomogeneous Bessel differential 
equation, we find 


Sf" (0G, o'o'de’ = (i/k) +A Jolko), 





G(p, ¢, 0; p’, ¢’, 0) = 


(A.3) 


with the linearly independent function No(kp) absent, by 
virtue of its singularity for p=0. The integration constant 
A is conveniently obtained from (3) on taking p=0; thus 
‘ , 

=—(i/B)+4J, $(0) explike)dp. (AA) 

In order to solve the integral equation (3), we construct 
an expansion of G(p, p’) in terms of a product of orthogonal 
functions which form a complete set in the region of the 
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rh) 
1.0 + 
Fic. 2. Transmission coeffi- a = =— BC Rg a 
cient of circular aperture for -_ °° 2 2) Sees 
normally incident plane waves, t er" 
as a function of the parameter 7 
ka = 2x(radius of aperture/wave- ” 
length). Scalar wave function 6 ‘ bs EXACT VALUES CALCULATED . oat rns em pace pare ir 
bY : FIRST VARIATIONAL APPROXIMATION, BASED ON R 
assumed to vanish on the screen. oL l J ‘ at (-2)" J 
/} j t'2) : SECOND VARIATIONAL APPROXIMATION, BASED ON APERTURE FIELD OF THE 
ar / FORM a, ('- Ay + aa('- ey" 
3 ; tk *KIRCHOFF APPROXIMATION ~~ 
ty! RAYLEIGH APPROXIMATION 
2e- ae 
{-— | 
aul a a ee ee OM fear. ENE 
fo) ' 2 3 4a 5 6 7 8 9 10 
ko 
aperture, 0< pKa. This representation is facilitated by exp[ika(sin*é+sin?t’—2 siné sint’ cos(y—¢’))*] 
the change of variable p=a siné, whence (3) takes the form 4n(sin?é—sin*é’—2 sing sink’ cos(y—¢’))4 
am /2 ‘ 
Jy #(@ sine)G(é, &”) cose’ sine’de! =! } :, ()-"P (0) Pv™ (0) Pi (cost) 
= (i/ka?)+(A /a?)Jo(ka sin). (A.5) F 
; : é Pv™(cosé’) explim(e—¢’) ] 
Referring to (2.5) we find, on introducing kz=x cosy, e 
ky=«xsiny, along with x=a siné cosy, y=a sin sing (and f x( (ka)? — x*)“472()jur(x)dx, (A.8) 
4 A , , 
similarly for x’, y’), ee 
exp[tka(sin?£+sin?¢’—2 siné sint’ cos(y— ¢’))*] 
ncpeuhieesteias oe sint’ cos(y— ¢’))# Ge, ¢’ nat Py i VA 1-P21(0)Pa1(0) 
24 tl 
“ial, 4 wl, Ceara ay ee eenie tt X P2i(cost) P2v-(cost’), 
—ix sint’ cos(y’—y) ]. o . j 
( J A Ww =f «((ka)?— x?) —4j21(k) jor *(x)dk. (A.9) 


From the plane wave expansion in normalized Legendre 
functions, 


exp(ix cos) = ZaiQi+ 1) j1(x)P (cos) 


) l 
=2 PI z= : t'74(x)P ™(cosé) 


xP (cost’) exp[im(y—¢’) ], 


cos9 =cosé cost’+siné sint’ cos(g—¢’), 
Ju(x) = (w/2x)4 S144 (x) 


Jf" Pim(cost) Pv (cost) singd= di, 
we obtain, with ¢’=72/2, 
expLix sing cos(g—y')]=23 2 itis) 
xPim(cost) expLim(e—¢')]. (A.7) 


Inserting a pair of the latter type expansions in (6), and 
performing the integration with respect to y, it follows that 








By contour integration, it may be shown that 


Aw=f~ x( (ka)? — x*)4jor(x)ho (x)dx, I’ <1, 
hy (x) = (w/2x)4(ju(x) +2mi(x)) ; 


the latter form is suitable for the development of Aw in 
powers of ka. In particular, as ka—0, 


Aw=- [wi /2 C81 / (44+ 1)], 


and (9) reduces to a summation with a single index. 
The representation (9) in terms of an orthogonal set of 
Legendre polynomials for the interval 0< < x/2, 


x [2 
FS P2(cost)P2(cosé) sinédé = 462 (A.10) 
permits the solution of (5) by an expansion in these func- 
tions, provided a similar expansion of the einen 
term Jo(ka siné) is known. Thus, we write 


¢(a sin) cost= E BiPu(cost)/Pu(0), (A.11) 
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where the relation (¢=2/2) 


2 B:=0 


t=0 


(A.12) 
eliminates a singularity of the field on the rim of the 


screen. Placing g’=0 in (7), and integrating with respect 
to ¢, 


t. exp[ix sint cosg Jdg = 2xJ (x siné) 
=4n Pa (—)*Jor(x)P21(0)P2i(cosé), 
which provides the desired expansion, 


Iofe sing) = E CPa(0)Pulcost), C= 2(—)inle). (A13) 


Inserting (9), (11), (13) in (5), and using (10), we obtain | 


2 (—)-"AwBrPu(0)P2(cosé) 


1,uU=0 
= (1/ka)— (iA /a)Jo(ka siné) 
= E [(2/ka)b0— (6A /a)C:JPu(0)Pai(coss), 


and by identifying the coefficients of P2:(cosé), 


> (—)-"AwBry =(2/ka)bi0—(tA/a)Ci. + (A.14) 


l/=9 
From (4), 
a /2 
A=—(i/k)+(a/2) ii (a siné) cosé exp(ika sinz)dé, 


whence, using (11), 


A= —jta 3 B,D, 
l=0 
(A.15) 
a /2 
Di=(1/2P2(0)) f P2:(cost) exp(ika siné)dé. 


Substituting (15) in (14), we arrive at the set of in- 
homogeneous linear equations to determine the expansion 
coefficients B; in (11): 


B, Bel(—)-" Aw +iC.Dv'] = (2/ka)b10— (1/ba) Cy, 
1=0,1,---. (A.16) 
Finally, the relation (12) can be used to eliminate Bo from 
(16), with the result 
E Bel(=)'{(—)"Aw Ao} +4Cs{Dr—Do}} 
=(2/ka)5i0—(1/ka)Ci, 1=0,1,---. (A.17) 


The preceding analysis thus furnishes a complete set of 
functions for the expansion of the aperture field, as in 
(11), or equivalently, in the original coordinate 

(0) = 2 Bi(1—p2/a?)+4. (A.18) 
as | x 

A study of the coefficients reveals that the leading term 

in the expansion of B; is of order (ka)?*-!,1> 1. Thus (11), 
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(18) represent expansions of the aperture field in ascending 
powers of the frequency; clearly, these contain the most 
suitable trial functions for use in the variational principle. 

If we solve (17) for the coefficient B, (taking B2=B; 
=---=(Q), it turns out that 


B,=1(4ka/3mr), ka—0, 
and thus, since By= — Bi, we obtain from (11), 
@)(p) = — (41ka/x) (1 — p*/a*)!. 


Inserting this aperture field in (2.21) and neglecting the 
phase variations of the exponential factor, we obtain the 
asymptotic form of the diffracted field, 


o*) (r) ~— (2/31) ka? cosd (e***/r), , ka—O (A.19) 


1 0 


in agreement with Rayleigh’s solution.? The transmission 
coefficient computed from (19) is equal to the leading term 
of (4.24) (see reference 11). 


APPENDIX 2. 


Evaluation of the Integrals Inn, Rmny 
Eqs. (4.18), (4.19) 


We consider first the integral 
1 ' 
Tnn(ae) = f° 0-+™)(1—08)4Jin 44 (c20) Inga (ado ; 
on introducing the product representation 


mr [2 
J, (2) J,(z) = (2/x) f. Ju+»(22 cos?) cos(u— v) ddd, 
Re(u+v) >—1, (A.20) 
we find , - 
Lan )=(2/x) y~ (m+n) (1 — yp?) idv as ms 
mn\a& A " m+n+1 
X(2av cos?) cos(m—n) ddd. 


Writing v=sing and interchanging the orders of integra- 
tion, 
am [2 a [2 
Inn(e) = (2/r) ff, cos(m—n)3d0f Inns 
X (2a cos# sing) sin~*™ ¢ cos*gd¢. 
The integral with respect to g can be performed by means 
of the general result” 
/2 , 

f . Ja(z sing) sin!—*y cos +1 ody = 2!-#g- +8) 

X (1/T (@))sa46,6-a41(2), Rep >—1, 


where Sy, r(2) is a Lommel function. Taking nx=m+n-+1, 
v=}, it follows that 


Tmn (oe) = (2/x)2-™*™) (1 /E(m+n-+1)) 
x ci mm cos(m—n)d- (2a cos?)-4 


XxX Sm+n+( 3/2), —(m+n—}) (2a cos?) di. , 


(A.21) 


12 See reference 9, p. 374. 
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From the recurrence formula 
Sut2, (2) =3"*!—[(u+1)?—v* Joy, (2), 
we obtain the more useful expression 
Tmn (a) = 2'-™—"(1/a0(m+n-+ 1)) 
. f, ia (2a cosd)™*"~! cos(m—n) ddd 


ar /2 
—2(m+n) f cos(m—n)8- (2a cosd?)~! 
X Sm4n—4, —(m+n—4) (2a cosd)de | « (A.22) 


The Lommel functions with half integral indices, oc- 
curring in (22), are defined by 


fo -phtl Ge fl teal [y. (2) f° s*I_y(s)ds 
—Iy(s) f” J,(s)ds| 


and are related to the Struve functions, in accordance with 
the equation 


Su, —u(2) = 21 (1/2)0(ut+4)S,(z). 


Explicit forms for a few of the Lommel functions are as 
follows 


$1/2, -1/2(2) =2~4[1 —cosz], 
$3/2, -3/2(2) =2~-#[s—2 sinz+ (2/z)(1—cosz) ], 
S5/2, -5/2(2) = 2 4[2?+4+8 cosz— (24/z) sinz ; 
+ (24/z)(1—cosz) }. 
$7/2, -7/2(2) =~ *[8+62+48 sinz+ (72/2) + (288/z) cosz 
— (720/z*) sinz+ (720/z*)(1—cosz) }» 


Thus, returning to (22), we find, with m=n=1, 
mr [2 p 
Iii(a) = (a/2m) —(1/2ma2) f° [a cos? —sin (2a cos?) 
+(1/a cos#) sin?(a cos?) ] cos*vd#. 
Writing 
i om [2 
P(a) =f. [a cos? — sin(2a cos#) 
+(1/a cos?) sin?(a cos?) ] cos~*3d#, 
we obtain on integration by parts, 
am [2 . 
P(a)= f [« sind — 2a sind cos(2e cos?) 


+ (sind /cos#) sin(2a cosd) 
_ sind sin*(@ cot a sind do, 





a Cos"? cos? 
whence 
— ar [2 nee 
2P(a) = f [« cos’? — sin (2a cos) tle cos dd 


ar [2 ‘ i 
+2 f [1—cos(2e@ cos#) ] sin’ cos 3dv. 


In terms of the Struve function S,(z), which has the 
integral representation 


2(272)” mr /2 
—T(v+9)T (4) 0 


S,(z) = sin(z cos#) sin?’8dv, 
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we readily find 
P(a) = (a/2) — (x/4)So(2a)+ (w/8a) f-" So(t)dt 
+(xa/2) f 6-15, (t)dt 


and 
I(a) = (a/2x) — (1/4ra) + (1/804) So(22) 
— (1/1603) er So(t)dt—(1/4ex) Y ie r15,(dt. 


The integrals which occur in this expression for Ji, can be 
evaluated numerically with the existing tables of Struve 
functions. Other values of Im, are obtained in similar 
fashion. 

A series expansion for Im, is easily derived from the 
product representation 


3 (—)?(2/2)4*"*2?P (y+ »+2p+1) 
2) p+ vt+pt+1)lut+pt)Dr(ot+pt+!1) 





Su(2) (2) = 


with the result 
Imn(a) = (xt /4) 


(— \o(a,/2yetttrtn-+-+ 29-41)! 
XGn-+n+p+1) T(m+p+H)l(n+p+H)rot+h 
This expansion has been used to verify the forms of Ji, 
Th2, and Is2 given in Section 4. 
The asymptotic behavior of Imn for large values of the 
argument is obtained by noting that 





(A.23) 


Inn (ae) = a™tn—1 i (1 —2/a?)tg—™ +) J, (2) Jn y(2)dz 
mamtnt [smi Jn si(2)Insi(2)d2, o>, 
and using the result 
JO PTOI. at 
royr(?>**") 


aie Mpe—ett) (teteth (testy 
2 r( 5} T » T 5} 








whence 


qmtn-1 
2m*n(m-+-n) 0 (m+4)0(n+4)’ 


For the integral 
Rann(ae) =f v- + (0 — 1) }Tmg3 (ce) Ings (oov)d, 


(A.24) 


ar ©, 





Inn (ae) = 


the representation (20) leads to 


| 
Rinn(a) = (2/7) f lends % y~(m+n) 
X (v?— 1)4In4n41(2av cos?)dv. 


Using the integral" 


fete 


_20 +1) 


qt, y—pu—1 
Re(v/2—3) >Rew >—1, 


—3*)"dx Jy—p»-1(a2), a 2 0, 


(A.25) 


13 See reference 9, p. 417. 
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we find 


a /2 
Rmn (a) = (2/x)3 f. cos(m—n)8- (2a cosd)-! 
X Jm4n—4(2a cos?) dd. 


The Bessel function occurring in (26), whose order is 
half of an odd integer, is expressible in finite terms by 
means of algebraic and trigonometric functions of the 
argument. For example, 


Rua) =(1/2a#) f “| 


(A.26) 


sin(2@ cos?) 
2a cos? 


—cos(2a cosd) | cos 23dé. 
Writing 
x /2 
P(g) = Jf. [(1/8 cos®) sin(8 cos?) —cos(B cos?) ] cosads, 


we find, on integration by parts, 


cos(8 cos#) sind? 
cos? 





w/2 
P@)= f [since cosd)6 sin’d+ 


__sin(6 cos#) sind 
B cos? 





| sind cos 3dv, 


whence 
at /2 
2P(8) =(6+1/B) J, sin(8 cos#) cos ddd 


[2 x/2 
- i cos(8 cos#)d3i —B ii sin(8 cos?) cosddd 


=x/2[ (9+1/0) f° Jotat— Jos) 8408) | 
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and 
1 1 
Ru(a) = P(2a) /2xo? = ie(!+z3) it Jo(t)dt 
1 1 
— x5 0(2a)— Ff Si(20). 


Integrals of the zero-order Bessel function are available 
in the literature.!4 Additional values of Rmn are derived by 
similar procedures. 

An expansion for Rm» is obtained by inserting the Bessel 
function series 

= (—)9(s/2)"* 
Jue) = 2 pT O+P+D 


in (26), and employing the integral 
al (m+n) 





mr /2 
m+n—2. — = 
; rk cos 3 cos(m—n)ddd (m+-n—1)2™+»-1['(m)T'(n)* 


m+n>1; 
the result is 


Rmnn(@) = (33/4) 2. 


(—)?(a/2)™*n+29-2(m+n+2p—2)! 
b\(m+p—1)\(n+p—1) 0 (m+n+pt+4)’ 

It follows from the asymptotic behavior of the Bessel 
function in (26) that Rm» vanishes for infinitely large 
argument. 


144 A, N. Lowan and M. Abramowitz, J. Math. and Phys. 
22, 1 (1943). 
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On the Multiple Production of Mesons 


G. WATAGHIN 
Departamento de Fisica, da Universidade de Sio Paulo, Sio Paulo, Brasil 
July 6, 1948 


OME years ago we proposed a description of the mul- 
tiple creation of mesons by the high energy collisions 
of nucleons on the basis of few assumptions.! Today we 
can compare this description with the observations and 
supplement it with few a remarks. From the experimental 
data we can deduce: (a) The cross section for the meson 
production by a primary proton (or by a secondary 
nucleon) is ~5X10-* cm? per air nucleus (410-26 cm? 
per nucleon), varying only slowly with the energy. (b) In 
every collision the incident particle loses a large fraction 
of its energy. (c) The multiple production of mesons 
(7, 4, neutrettos, etc.), is a fundamental process charac- 
teristic of high energy collisions of two nucleons or two 
nuclei.? The average multiplicity is given by the following 
rule: in’ the center of mass system, the mesons and 
the nucleons have, after the collision, kinetic energies 
~pc?-~108 ev.! (d) The variation with atmospheric depth 
of the number of fast nucleons, producing the local pene- 
trating showers, obeys an exponential law.’ If 6 denotes 
the coefficient of absorption of a fast nucleon due to the 
creation of mesons, and b* is the average coefficient of 
production of fast secondary nucleons, then the intensity 
of the flux of fast nucleons as function of the depth x 
(in g/cm?) is J=Ig exp[—(b—b*)x], where (b—b*) =0.01 
g/cm?. Measurements of the transition effect‘ and of the 
saturation point give us directly the value of b (because 
locally produced nucleons give rise to showers simultaneous 
to the incident nucleon and thus are not registered sepa- 
rately). We find b-!~50 and (b*)“'~100 g/cm*. Thus 
primary protons are very rare at sea level, and most of 
the fast nucleons at sea level are produced by the mecha- 
nism of “‘cascades of nucleons and meson showers.” , 

Let us consider the collision of two nucleons in the center 
of mass system, and let their energies before the collision be 
Eo =Ev2 > Mc?. Let Ey:Es2 be the energies of the nucleons 
after the collision, and let »; denote the number of mesons 
of mass y; and of average energy «; created in the collision. 
Putting Ey,;~Es2~1.1X Mc? and neglecting the eventual 
emission of other particles, we have 


Eo +Eo2—2.2 XK Me? =ZTnye; = ne. 


Now we assume thatthe distribution of the momenta of 
created mesons and of nucleons is spherically symmetrical 


VOLUME 74, NUMBER 8 


OCTOBER 15, 1948 


and that the average kinetic energy « per particle is ~yc*. 
Performing a Lorentz transformation from the center of 
mass system to the terrestrial frame, where one of the 
nuclei is at rest and the other has an energy Ep, we obtain: 


E,=2Mc(an?+bn+d), 


where a~0.03, b~0.4, and d~1.1. This formula gives the 
dependence of from Ep. In Table I are indicated some 
typical values of Ep, m and of the average energy of the 
mesons E,.5 The observations seem to support the correct- 
ness of the picture of the meson showers given above. 
Indeed, if, e.g., #100, we have n~(Ep)! in accord with 
the recent results of G. F. Chew,* who derived this relation 
from the study of fast mesons made by Gill, Schein, and 
Yngve.”? [Energetic mesons are created in showers with 
high n.] For primaries, sensitive to the earth’s magnetic 
field (E,~10" ev), we obtain plausible values for the E,. 
It seems also noteworthy that Schein and Steinberger 
obtained remarkable accord between observed and theo- 
retical spectrum of mesons starting from assumptions 
which, for E,~10", are similar to ours.* The best proof 
can be derived in the following way: let us indicate with 
adN=kEp-‘dEp and dn=k'e~‘de the spectral distributions 
of the primary protons and of the u-mesons, respectively. 
If the average multiplicity » of a meson shower is pro- 
portional to Ep’, then, assuming Ep~ne (in accord with 
our description if m>100), one has r=(s—+y)/(s—2).° 
Experimentally one finds” y=2.45, from the azimuthal 
effect for high energy mesons, and one has s =2.9, from the 
meson intensity at great depths. Then, substituting these 
values in 7, we obtain r=0.5 for high values of Ep, in 
accord with our theory. 

Let us consider the assemblage of m-created mesons and 
of two nucleons after the collision (in the center of mass 
system) at the moment when they still occupy a volume of 
linear dimensions ]~h/yc. We assume that the interaction 
between these particles at this moment is still sufficiently 
strong in order to give rise to a statistical distribution of 
energy and momenta. Then the most probable distribution 
is n;=g;i/(exp(a+BE;)+1), where g;=82/l*h-*p;7dp; and 
other symbols have their usual meaning. From the uncer- 
tainty reaction the momenta must be =h/l, and thus 
B2 uc. Now, either we assume 6-!=yc?, or we introduce 
a convenient cut-off factor; in both cases we obtain the 
properties of the showers specified above. Very similar 
calculations can be made in the case of the collision of a 
proton with a nucleus of mass number A. We can suppose 
that r nucleons (r< A) suffer simultaneous collision with 
the incident proton, the remaining (A —r) nucleons suffer- 
ing only a negligible exchange of energy during the collision. 


TABLE I. Average multiplicity » and average energy of mesons Ey are 
given in function of the primary energy Ep (in ev). 











A=1 A=r=14 
Ep n Ey n m 
5.0 X10° 3 5 X108 9 3X<108 
1.8 X1010 12 9 X108 27 4X108 
1.3 X10 1.6 X10? 8 X10° 6 X10? 2 X10° 
1.3 X10" 1.6 X108 8 X10” 6 X10* 2X10” 
1.9 X10” 6 X104 3X10” 2 X10 8 X10 
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Some results of these calculations (for r= A = 14) are given 
in Table I. The high energy mesons must also be pro- 
duced in groups. If Ep~10" ev, we find multiplicities ~10° 
mesons, and meson energies ~10" ev sufficient to explain 
the penetration of mesons at great depths." 


1Symposium on Cosmic Rays, Acad. Bras. Ciencias 129 (1941); 
i Phys. Rev. 70, 787 (1946); Comptes Rendus 207, 358 
1 

2In accord with Heisenberg’s general ion, of explosion showers. 

3G. Wataghin, Phys. Rev. 71, 453 (1947); E. P. George and A. C. 
Jason, Nature 161, 248 (1948); J. Tinlot, Phys. Rev. 73, 1476 (1948). 

4L. Janossy, Proc. Roy. Soc. A179, 361 (1941); i Janossy and 
Rochester, Proc. Roy. Soc. A183, 181 (1944); V. H. Regener, Phys. 
Rev. 64, 252 (1943). 

— i‘. about these showers can be found in our paper (see 
reference 1). 

6G. F. Chew, Phys. Rev. 73, 1128 (1948). 

7P. S. Gill, M. Schein, and V. Yngve, Phys. Rev. 72, = (1948). 

*M. Schein and J. Steinberger, Phys. Rev. wy 734 (19. 

9H. W. Lewis, J. R. Oppenheimer, and S. Ay Aon Phys. 
Rev. 73, 140 (1948). 

10 P, S. Gill and G. H. Vaze, Phys. Rev. 73, 1395 (1948). 

See Professor A. H. Compton’s remarks at the Symposium 
(reference 1). . 





Non-Rectifying Germanium 


W. C. Dun ap, JR. AND E. F. HENNELLY 
Research Laboratory, General Electric Company, Schenectady, New York 
September 3, 1948 


ECENTLY germanium of rather unique properties 

has been prepared in this laboratory. Most unique 

of the properties observed is an almost complete absence 
of surface rectification at the germanium-metal contact. 
Several ingots of this type were prepared by melting 
germanium powder at a pressure of less than 10-4 mm Hg. 
The powder was prepared by reduction of germanium 
dioxide in a hydrogen furnace. Ten-point, plane-welded 
contact rectifiers were made from one ingot. Their average 
rectification ratio for 20 volts and at room temperature was 
3.54..At —196°C the average ratio was 1.22. These units 
were weakly N-type at room temperature, P-type at 
—196°C. Hall effect measurements on larger samples 
showed that the material was P-type at low temperatures, 
reversing to N-type at 70°C. Potential distribution studies 
indicated a uniform resistivity of 17.8 ohm cm. The 


NoH775 GERMANIUM RECTIFIER 


© POS. VOLTAGE,-96 °c 
@ NEG. VOLTAGE ,-196 °C 
© Po 
x 
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NEG. VOLTAGE, 25°C 
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Fic. 1. Residual rectification characteristics for a welded contact 
rectifier made from “non-rectifying’’ germanium. At voltages below 10 
the rectification ratio is less than 1.5, both at 25°C and —196°C, but 
at voltages of the order 50 there is a slight rectification with ratio ~2 
at both temperatures. “Breakdown” occurs at 25 volts for 25°C, at 
125 for —196°C. It is the result of heating at the point of contact. 
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mobility averaged 2890 cm?/volt sec. and the Hall coeffi- 
cient 514,000 e.m.u. 

The room temperature resistivity was increased by 22 
percent by application of a magnetic field of 13,750 gauss. 
The Hall coefficient decreased by 29 percent on changing 
the magnetic field from 3600 to 13,750 gauss. Resistance of 
the point-contact rectifiers increased by about 18 percent 
in a field of 13,750 gauss, for both directions of current. 
Since this result is almost as large as the magneto- 
resistance of the bulk, one is compelled to conclude that 
practically all the resistance at the contact was “‘spreading 
resistance,”’ with little contribution from contact barriers. 
The contact resistance averaged 2900 ohms. This is roughly 
ten times the forward resistance of N-type units made 
from material of comparable resistivity. Thus the “elec- 
tric field-sensitive’’ conductivity studied by Bray, Lark- 
Horovitz, and Smith,! and by Brattain and Bardeen? may 
not appear in P-type germanium. 

Figure 1 illustrates the residual rectification of a typical 
non-rectifying unit, No. H775. For small voltages the 
rectification was negligible, at both 25°C and —196°C, 
but the rectification factor increased to a value of the 
order 2 at 20-100 volts. It seems probable that the ob- 
served rectification was due to heating and consequent 
inhomogeneity in the germanium rather than to a true 
rectification between the germanium and the Pt-10 percent 
Ru whisker. Pressure contacts utilizing brass, stainless 
steel, and dural were found to yield negligible rectification. 
A study is now being made of the relation of the above 
results to the theory of the contact properties of a P-type 
semi-conductor. 

A second point of interest is that, in spite of the appar- 
ently high degree of homogeneity in this P-type germanium, 
the magnetoresistance was large, as was the variation of 
Hall coefficient with magnetic field. Since the magneto- 
resistance of the ten test units was determined largely by 
a very small region of germanium around the point of 
contact, it seems that either the magnetoresistance (and 
probably also the variation of Hall coefficient with field) is 
intrinsic (not a result of inhomogeneity) or else the in- 
homogeneity is on a scale small compared to the dimensions 
of the point contact (~0.0002 in.). Although we cannot 
decide definitely as yet between these possibilities, a 
plausible picture retaining the second hypothesis is that 
the inhomogeneity consists of a rather uniform distribution 
of sub-microscopic lattice defects, which may also be re- 
sponsible for the P-type conduction. Work is continuing to 
test these ideas. 


“a K. Lark-Horovitz, and R. N. Smith, Phys. Rev. 72, 530 


(1947 
2W. H. Brattain and J. Bardeen, Phys. Rev. 74, 231 (1948). 





y-Radiation from Be*® 


S. DEvons AND M. G. N. HINE 
University of Cambridge, Cambridge, England 
August 19, 1948 


HE cross section for the capture of a proton by the 
Li’ nucleus, resulting in a state of Be® having an 
excitation energy of 17 Mev, shows a strong resonance 
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maximum at a proton energy, E,, of 439 kev; and the form 
of the maximum agrees, at least approximately, with that 
to be expected from the Breit-Wigner dispersion formula 
(f';=12 kev).! For proton energies very different from E,, 
the cross section does not fall away as rapidly as would be 
expected from the dispersion formula; in fact, there appears 
superposed on the resonance peak a much smaller cross 
section which varies only slowly for proton energies up to 
1.0 Mev.? The energy of the y-radiation following proton 
capture has been measured by several investigators, the 
general indication of the results being that at the resonance 
the y-radiation is predominantly of quantum energy 17.0 
Mev? (i.e., a transition to the ground state of Be®). But 
for proton energies substantially different from E,, the 
y-energy is somewhat smaller‘ (probably mostly 14.0 Mev, 
i.e., transition to the well-known excited state of Be’ at 3 
Mev).® These facts are usua!ly explained by assuming that 
the resonance corresponds to a state of Be® with odd total 
angular momentum, J, or odd parity (or both), and that 
the slowly varying cross section corresponds to one or 
more broad levels of Be® with even parity and J. Be® 
nuclei formed in the former states cannot break up into 
two a-particles; those formed in the latter states can— 
hence the marked difference in the widths of the two 
states. The approximate isotropy® of the y-radiation at 
resonance (i.e., formation by S-protons) and the large 
radiation width (10 ev) together suggest that the resonance 
corresponds to a state of Be® with odd parity and J=1 
(assuming Li’ to have odd parity). The “non-resonant”’ 
radiation arises from states of Be® with even parity and 
J=2, 4, ---. This latter radiation should therefore show 
marked anisotropy. Furthermore, if the y-transitions from 
the two states are not always of different energies and, if in 
addition both narrow and broad states can be formed by 
the same arrangement of Li’ and proton spins (i.e., Li? and 
proton spins antiparallel, if J/=1 is the correct assignment 
for the resonance level), then interference between the 
radiation from the two states can occur. A difference in 
parity in the two states will then be revealed as an asym- 
metry in the intensity of the y-radiation with respect to 
the plane perpendicular to the incident proton beam. 

We have made careful investigations, in particular of the 
angular distribution, of the y-radiation from this process 
for proton energies of 300-800 kev, and have been able 
to verify most of the features of the above interpretation. 
The main results of our investigation are: 

(1) With a “thick” Li target and protons of 500-kev 
energy, the y-radiation is not exactly isotropic but is of 
the form: 


ki 
(@ is the angle between proton beam and direction of 
y-radiation. ‘Allowance is made for center of gravity 
motion. ) 

(2) With a “thin” target and varying proton energy the 
angular distribution near resonance is of the form 1+ cos8, 
where a is positive for proton energies greater than about 
435 kev and negativefor smaller proton energies. 

(3) The forward-backward asymmetry is a maximum 


1+0.05 cosé. 





ee 
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(|a|~0.3) for proton energies of about 350 kev and 
620 kev. 

The experimental results are not sufficiently precise to 
exclude the possibility of small higher terms of the type 
cos2@, etc. The measured variation of 1(30°)/1(150°) is 
shown in Fig. 1. These results are consistent with the 
interpretation of the radiation as a superposition of electric- 
dipole radiation (from the 439-kev level) and electric- 
quadrupole radiation (from the broad level). The change in 
sign of a on passing through resonance is just that to be 
expected from the change in phase of the resonant state on 
passing through the resonance energy. The occurrence of 
maxima in @ at energies so far from the resonance energy 
is at first sight surprising, but is in accordance with slow 
variation in the amplitude of the resonance state predicted 
by the dispersion formula (namely, as (E—E,+#I,)~). 
With some simplifying assumptions the value of R=1I(0°)/ 
1(180°) is given by: 


R _a*+sin*y+2v2a cos(x —) siny 
a?+sin?y ‘ 





where a?(1) represents the relative intensities of resonant 
and “non-resonant” y-radiation, tany =2T',/(E—E,) and x 
is an angle related to phase difference of the two nuclear 
states at a particular energy. The asymmetry will clearly 
be a maximum when y~a~2I,/(E—E,), or, physically, 
the interference term causing asymmetry will have maxi- 
mum relative magnitude when the amplitudes of the radia- 
tion from the two states of Be* are of comparable magni- 
tude. From the experimental results 2r'/(E—E,) is about 
0.2 for E corresponding to maximum asymmetry; hence 
a*~0.04, a result consistent with the observed ratio of 
y-intensities from the narrow and broad levels, as deduced 
from observations at angle of 90° to the proton beam where 
the interference term vanishes. 

The above results require, inter alia, that the y-radiation 
from the broad and narrow levels contain components of 
the same energy. We have made some qualitative measure- 
ments of the variation of y-energy in the neighborhood of’ 
the resonance, and find that the component of energy 
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PROTON ENERGY. 


Fic. 1. Variation of asymmetry with proton energy. This curve is 
strongly distorted in the region near Er owing to the finite target thick- 
ness (~30 kev). 
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17-Mev is present at all energies although its intensity 
‘relative to the total y-intensity does vary by a factor of 
about two. Measurements of the y-radiation asymmetry 
near resonance, as a function of y-energy, indicate that 
the 17-Mev y-component is responsible for most of the 
asymmetry, which confirms the conclusion that y-radia- 
tion from the broad level contains an appreciable 17-Mev 
component. This result would be expected from the known 
properties of the ground state and 3-Mev level of Be’. 

In making measurements of the angular distribution, 
particularly near resonance where the asymmetry is small, 
due regard must be paid not only to the effect of the 
recoil of the Be® nucleus on the angular distribution, but 
also to the effect of the Doppler frequency shift on the 
efficiency of detection of the y-radiation. By deliberately 
increasing dependence of y-detection on y-energy, we have 
observed a change in apparent angular distribution agree- 
ing with that to be expected for a Be® nucteus recoiling 
with full energy. This is consistent with a short lifetime 
(<10- sec.) for the compound Be® nucleus. 

Details of the above measurements, and their inter- 
pretation, and of investigations of other (p, 7) reactions 
will be published elsewhere. 


1 Fowler, — Lauritsen, Rev. Mod. Phys. _ 236 (1948); 
T. W. Bonner and J. E. Evans, Phys. Rev. 73, ga - 


2 Hudson, Herb, and Plain, Phys. Rev. 57, 587 (19. 
3 McDaniel, von Dardel, and Walker, Phys. Rev. 72 ‘ses (1947). 
4 Tangen, quoted in reference (1). 
5 J. A. Wheeler, Phys. Rev. 59, 16 (1940). 
a ° Ageno, Amaldi, Bocciarelli, and Trabacchi, Ricerca Scient. 12, 139 
41). 








Nitrous Oxide in the Earth’s Atmosphere 


J. H. SHaw, G. B. B. M. SUTHERLAND, AND T. W. WORMELL 
Solar Physics Observatory, Cambridge, England 
August 30, 1948 


SERIES of solar spectra in the wave-length range 

from 2.5 to 5.0u have been obtained at the Solar 
Physics Observatory, Cambridge, England (30 m above 
M.S.L.) during the last week of July, 1948, using a spec- 
trometer with a lithium fluoride prism and a Hilger- 
Schwarz thermocouple as detector. They show convincing 
evidence of the existence of nitrous oxide (N2O) in the 
atmosphere above the observatory. 

This region of the solar spectrum contains numerous 
bands, many of which are intense absorptions due to car- 
bon dioxide and water vapor, but bands at 3.90u, 4.06, 
and 4.50u agree in wave-length with known absorptions of 
nitrous oxide! and give satisfactory agreement in position, 
relative intensity, and contour with bands delineated in 
the laboratory with the same spectrometer, using a Nernst 
filament as source and an absorption cell filled with N.O. 
Nitrous oxide also has other weaker bands at 3.57, 2.97, 
and 2.874; these are concealed, in the solar spectrum, by 
the water vapor bands in this region. 

In the region around 4.0u in the solar spectrum, one 
remarks immediately a doublet-of moderate intensity 
centered at 3.9u (Fig. la). Spectra taken at different solar 
altitudes show a marked intensification of this band at low 
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Fic. 1. (a) The solar spectrum from 3.74 to 4.24. Complete absorption 
beyond about 4.24 is due to CO:z. (b) Spectrum of sunlight, in the same 
region, after passage through an absorption tube containing 7 atmos. /cem 
of N2O. (c) Spectrum of the radiation from a Nernst filament, in the 
same region, after passage through 25 atmos./cm of NzO and about 4 
meters of air. Absorption bands due to N2O at 3.90u and 4.06u and due 
to CO2 at 4.26u. 


solar elevations and, if the beam of sunlight is passed 
through an absorption tube containing NO, the band is 
intensified but unchanged in position and general appear- 
ance (Fig. 1b). A comparison with this band, as obtained 
from a laboratory source and known amounts of nitrous 
oxide, indicates that the amount of N.O -present in the 
atmosphere above Cambridge is of the order of 1.0 atmos./ 
cm, which is in good agreement with the value estimated 
by Sutherland and Callendar? from Adel’s* work at 
Flagstaff. 

The 4.54 N2O doublet is a very intense band, but in the 
solar spectrum it is partially masked by the COz band at 
4.3u which gives complete absorption over a wide region 
of the spectrum. The central hump and longer wave-length 
half of the N2O band are, however, clearly present and 
confirm thé evidence of the 3.9u-band (Fig. 2). The band 
at 4.06u is a much weaker absorption, but its presence too 
can be observed in the solar spectrum when the sun’s 
altitude is low. 

Bands at 7.8u and 8.6u, on which Adel? based his first 
suggestion of nitrous oxide in the earth’s atmosphere, had 
previously been sought by us, using a rocksalt prism, but 
their presence in the solar spectrum could not be definitely 
established. The region around 7.8y is largely masked, when 
observing from such a low altitude station, by the edge of 
the great 6.3u4-water-vapor band. The 8.6u-band is a weak 
one, and even in this region the solar spectrum shows a 
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Fic. 2. The upper tracing is a portion of the solar spectrum from 
4.24 to 4.74, showing the nitrous oxide band at 4.5u at the edge of the 
wide CO: band. The lower tracing is a comparison spectrum of the same 
region using a Nernst filament and an absorption tube containing 
2 atmos./cm of N2O, the beam also traversing about 4 meters of air. 


number of intense narrow absorptions which would hide 
the contour of a weak band. 

The results of the present work may be considered to 
confirm Adel’s*‘ identification of nitrous oxide in the 
atmosphere and also to show that the amount present is of 
the same order both in England and in America. It is thus 
reasonably certain that its presence is a world-wide and 
not merely a local phenomenon, and it becomes a matter 
of some urgency to determine, if possible, its vertical dis- 
tribution. If the maximum. concentration is in the upper 
atmosphere, it may play an appreciable role in the atmos- 
phere’s radiative equilibrium. 


1G. Herzberg, Infrared and Raman Spectra (D. Van Nostrand Com- 
pany, New York, 1945), p. 278. t 

2G. B. B. M. Sutherland and G. S. Callendar, Reports on Progress in 
Physics (The Physical Society, London, 1942-43), Vol. IX, p. 24. 

3 A. Adel, Astrophys. J. 90, 627 (1939). 

4A. Adel, Astrophys. J. 93, 509 (1941). 





Theory of Internal Conversion 


? H. A. MEYER 
Departamento de Fisica, da Universidade de Séo Paulo, Séo Paulo, Brazil 
August 24, 1948 


HE theory of internal conversion has been given by 
Mott and Taylor! and by Hulme,? making use of a 
retarded interaction between the nuclear particle and the 
electron. 
Recently Schénberg developed a formalisrn of quantum 
electrodynamics,* eliminating all the divergences. The 
interaction between~the particles consists of two parts: 


an unquantized relativistic generalization of the Coulomb 
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forces and a field of photons with positive and negative 
energies. The unquantized part consists of an interaction 
in which each particle acts on the others by means of a 
force corresponding classically to one-half the sum of its 
retarded and advanced fields. Schénberg gave tentatively 
a physical interpretation for his formalism. In the special 
case of internal conversion, this rule leads to the result 
that the interaction between the nuclear particle and the 
electron is half-retarded—half-advanced. 

We computed the internal conversion coefficient for an 
electron on the K-shell as a function of @=mc?/hV, 
assuming a dipolar transition. The details of the calcula- 
tions will be given elsewhere. The results for an atom with 
Z = 84 are shown on curve J on Fig. 1, curve JJ representing 
the internal conversion coefficient computed by Hulme. 
For the highest energy we considered, the difference be- 
tween the two curves is about 30 percent. At the actual 
state of experimental technique a decision between the two 
interactions seems to be difficult. If the half-retarded— 
half-advanced interaction does not agree with experiment, 
Schénberg’s physical interpretation rule should be modified 
in order to obtain a correct result. 








WA 





rw 
oe 
a A 
3— 




















Fic. 1, 


We are computing now the quadripole transitions. 

We thank Professor M. Schénberg for the suggestion 
of the problem and for the helpful discussions, and Pro- 
fessor G. Beck for his kind interest. 

1N. F. Mott and H. M. Taylor, Proc. Roy. Soc. 138, 665 (1932). 


2H. R. Hulme, Proc. Roy. Soc. 138, 643 (1932). 
3M. Schénberg, Phys. Rev., in print. 





Nuclear Relaxation in Ice at — 180°C 


G. E. PAKE*t 


Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


AND 


H. S. Gutowsky** 


Gibbs Chemical Laboratory, Harvard University, 
Cambridge, Massachusetts 


September 7, 1948 


HE spin-lattice relaxation time for protons in ice 
has been measured at —180°C, using a sample of 
conductivity water which had been redistilled in quartz. 
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The sample was contained in a radiofrequency coil which 
occupied a cavity within a 2}’’X2”X3%” copper block, 
and cooling was effected by liquid nitrogen supplied to an 
adjacent cavity of the block from a double-walled reservoir. 
Temperatures were measured by means of a copper con- 
stantan thermocouple, one junction of which was set 
directly in the sample. The assembly was used in con- 
junction with the permanent magnet apparatus described 
elsewhere.! 

Measurements were made at a radiofrequency of 29.0 mc 
per sec., which was fixed throughout the experiment. With 
the r-f magnetic field sufficiently large (about 10~? gauss) 
to produce saturation, the external magnetic field was 
maintained at the resonant value until the signal decreased 
to its saturated value for that power level. The external 
field was then moved about 35 gauss from the center of 
the 16-gauss wide resonance, allowing the Boltzmann dis- 
tribution of spin states to begin to re-establish. After ¢ 
minutes, the magnetic field was quickly returned to reso- 
nance and the signal strength was measured by recording 
the peak height Y of the central maximum of the dispersion 
curve derivative. Figure 1 plots the experimental values of 
Y against re-establishment time t. The smooth curve has 
the form Y = 390 —360 exp(—#/T1), with 7; =10.0 minutes. 
It is estimated that the relaxation time T; is 10+1 minutes. 

This relaxation time, although appreciably longer than 
those thus far measured for many substances at both lower 
and higher temperatures,** falls far short of correlation 
with the Debye dielectric relaxation time 71. Bloembergen, 
Purcell, and Pound? have successfully correlated, on the 
basis of their theory, measured values of 7; in ice between 
—2°C and —40°C with dielectric data. From dielectric 
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_ Fic. 1. The maximum YF of the dispersion curve derivative, dx’/dHo. 
is plotted against the time during which the Boltzmann distribution of 
— spin states has begun to re-establish from a given saturated 
condition. 


measurements on ice extended to —139°C, Murphy‘ de- 
duces a formula which would yield a value of several 
minutes for 7: at —180°C. The graph on p. 709 of refer- 
ence 2 shows that, in this temperature range, 71:26 X10°r1, 
if both dielectric and paramagnetic relaxation are at- 
tributable to the same reorienting motions. The measured 
T; is thus too small by a factor 105, and it appears that 
ice, at sufficiently low temperatures, joins most ionic 
crystals? in possessing an unexpectedly short relaxation 
time. 

More detailed experiments on nuclear relaxation in ice 
are in progress at this laboratory. 
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Facilities for these experiments were provided in part 
through a Frederick Gardner Cottrell Special Grant-in-Aid 
from the Research Corporation. 


* Predoctoral Fellow of the National Research Council. 

+ Now at Washington University, St. Louis, Missouri. 

** Now at the University of Illinois, Urbana, I]linois. 
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Mass Deposition of Completely Resolved 
Samarium Isotopes 


A. E. SHAW 
Argonne National Laboratory, Chicago, Illinois 
August 27, 1948 


CONTINUATION of the experiments with the new 

positive ion source,! which employs a_ tungsten 
crucible surrounded by a tungsten loop filament for heating 
and ionizing the material within the crucible, has shown 
that it is suitable for producing microgram quantities of 
completely resolved isotopes. Electronic stabilizer circuits 
have been added to control both the electron bombarding 
voltage between the tungsten filament and the crucible 
and the electron emission current from the filament to 
the crucible. 

It was found that uniform deposits could not be built 
up on ordinary metallic surfaces because of the tendency 
to sputter under ion impact. Successful deposits were 
obtained with a system of rectangular metallic cups, of 
about the same open area as the individual isotope beams, 
and deep enough to suppress the loss by sputtering. As an 
example of a typical deposit laid down in such a cup system, 
about 60 milligrams of Sm2O;3 Were melted in a tungsten 
crucible having a tantalum cap with a 1-mm hole in the 
axis. The melted Sm2O; formed a glass-hard mass. The 
crucible thus prepared was placed in the source in the spec- 
trograph which was provided with a 0.250-mm slit formed 
by two jaws of pure tungsten, 0.125 mm thick. This slit 
withstood for several hours the intense bombardment of a 
positive ion beam of 8500 volts emerging from the source. 

The ion beam was monitored by a collector at the Sm'*4 
line. With a bombarding voltage of 700 volts, an emission 
current of 0.175 ampere, and an ion accelerating voltage of 
8500 volts, the average intensity at Sm™4 was 31078 
ampere and 12.9X10-* ampere in all the isotopes. These 
currents may be raised by a factor of 10 by increasing the 
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electron power put into the crucible. The total elapsed time 
for this deposit was 215 minutes. This corresponds to a 
mass of 2.65 micrograms. By recharging the crucible it 
was found possible to build up a total deposit of about 5 
micrograms of completely resolved isotopes of Sm. 

Although poor deposits were collected on ordinary metal 
surfaces, it was found possible to collect good deposits on 
a plate of pure aluminum whose surface had been micro- 
blasted with a water suspension of 325-mesh vermiculite 
under a pressure of 70 lbs/in.*. A photograph of such a 
deposit whose mass is approximately 0.9 microgram for the 
Sm isotopes is shown in Fig. 1. This was obtained under 
essentially the same conditions as the previous deposit 
except that the exposure time was 108 minutes and the ion 
accelerating voltage was 8000 volts. Figure 1 shows that, in 
the case of samarium, the oxide as well as the metal ions 
are deposited. 


1A. E. Shaw, Phys. Rev. 73, 1222 (1948). 





Long-Lived Metastable State of Te!” 


G. FRIEDLANDER, M. GOLDHABER,* AND G. SCHARFF-GOLDHABER* 
Brookhaven National Laboratory, Upton, Long Island 
September 7, 1948 


ITH the emission of beta-rays, gamma-rays, and 
Te K x-rays, Sb! (2.7 yr.) decays.! It seemed 
worth while to investigate whether the Te x-rays are 
emitted from a metastable state of Te!™. We, therefore, 
separated Te chemically from a source of Sb'® which had 
been produced in Oak Ridge by bombardment of Sn with 


slow neutrons through the reaction Sn!4(n, y)Sn*»4,5p2%, 
The Te fraction was found to be active. Figure 1 shows 
the absorption curve in Al of the electrons taken with a 
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FiG. 2. Absorption of photons from Te!* in Cd and In. 


mica end window counter. The range of ~18 mg/cm? Al 
corresponds to an energy of 120 kev with an uncertainty of 
about 10 percent. The absorption of the remaining photon 
component is shown in Fig. 2. In these experiments a 
stronger source was used. One can conclude that the 
radiation is largely K radiation of Te and that, if any un- 
converted y-rays of an energy of about 120 kev are present, 
their intensity is <1 percent of the transitions converted 
in the K-shell. We have so far only determined an approxi- 
mate value of about two months for the half-life of Te!*. 

Reid and Keston? discovered a 56-day isotope of iodine, 
which has been assigned by Glendenin and Edwards* on 
plausible grounds to I. Reid and Keston noted a Te 
activity growing out of this iodine activity, but with radia- 
tions which did not seem compatible with those of Te *. 
Dr. Keston kindly sent us an aged sample of I’ from which 
we separated Te. A weak activity was observed, and an 
absorption curve in Al measured. Within the limits of 
error this curve agreed with the electron absorption curve 
shown in Fig. 1. 

From our measurements it appears that Te!* decays 
by an isomeric transition which is probably ‘25-pole.” 
Because of the fact that this metastable state is by far 
the longest-lived known for a nucleus with a stable ground 
state and because Te™* can be obtained carrier free and 
in weighable amounts, it appears to be a particularly 
suitable example for a test of the theory of nuclear isomer- 
ism by a direct measurement of the spins of the two 
isomers. Such an attempt is at present underway in this 
laboratory. 
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We wish to thank Mr. M. McKeown for his valuable 
assistance. This work was carried out under the auspices 
of the Atomic Energy Commission. 


* Now at University of Illinois. 
1 Plutonium Project, ‘‘Nuclei produced in fission,’’ Rev. Mod. Phys. 
18, 513 (1946). 
2 A. F. Reid and A. S. eae, Phys. Rev. 70, 987 (1946). 
3L. E. Glendenin and R. R. Edwards, Phys. Rev. 71, 742 (1947). 





Analytic Behavior of Heisenberg’s S-Matrix 


R. J. EDEN 
Peterhouse, Cambridge, England 
May 13, 1948 


F scattering of a photon on a hydrogen atom is studied 
by usual quantum perturbation theory, the wave 
matrix takes the form! 


(pa’ |¥1| p°a®) = (pa’| p°a) +54(v—v')(pa’|r1| pa), (1) 


where p is the momentum, » is the energy of outgoing 
photon, and »’ = E°—Hs(a’) is determined by energy con- 
servation. The “‘partial’’ S-matrix is defined by 


(par’| Si| p°a®) = (pa’ | p'a®)+5(»—v’)(pa’|ri| pa"). (2) 


This should be distinguished from the ‘‘complete’”’ S-matrix, 
which is defined only for energies large enough to ionize 
the atom and contains elements for electron photon scatter- 
ing on a proton center. The form of 7; will depend on the 
approximation used. For total energy E° near to Hs(a’’), 
the energy of an excited state, it can be shown that the 
matrix element (pa’|r:|p%x°) taken on the energy shell is 
an analytic function of E° if Hs(a’)<Hs(a"’), and has a 
singularity at E°=Hs(a’’)+a—ib, where b is positive. 
As remarked by Wentzel,? b is related to the total emission 
probability from state (a’’). 

If a°a’a’’ denote ground level, first excited level, etc., 
the matrix element (pa°|r,|p%x°) for elastic scattering is 
an analytic function of E® even at the critical values Hs(a’), 
but the matrix element (pa’ |71| p°«°) for inelastic scattering 
is zero for E°<Hs(a’) but non-zero and analytic for 
E°>Hs(a’). This has two consequences: the partial 
S-matrix goes into the complete S-matrix for high enough 
energies, and the partial S-matrix is not an analytic func- 
tion of energy. If the complete S-matrix is analytically 
continued into the low energy region, it will satisfy the 
unitary condition SSt=J; hence the partial S-matrix is 
not unitary. 

It is desirable that a consistent physical picture be given 
by the complete S-matrix, and this requires an interpreta- 
tion of the analytic continuation of matrix elements 
(pa’ |r| p°a®) in region E°<Hs(a’) where inelastic scatter- 
ing is not possible, i.e., where (pa’|11| p°x®) =0. This is ob- 
tained by defining probability as (pa’ |r| p°x®)(p.a"|rt| pa’), 
where rt is the analytic continuation in the E® plane of 
the Hermitian conjugate to r taken for E® greater than 
ionization energy. Thus the probability is | (pa’|r|p%x®) |? 
for E°>Hs(a’), but because of a factor (v’)—+in (pa’ |r| px) 
is — | (pa’|r|p°x°)| for E°<Hs(a’). In S-matrix theory we 
require the interpretation that a negative probability 
corresponds to a physically impossible process. 
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Since this work was completed a note by T. S. Chang? 
has appeared, mentioning negative probabilities in con- 
nection with the unitary condition on S, but without 
further details it is not possible to tell if his conclusions 
are the same as ours. A fuller account of the calculations 
reported here will be published later. I wish to thank Dr. 
N. Kemmer for advice and encouragement. ' 

1P, A. M. Dirac, Quantum Mechanics, Naa Chapter 8. 


2G. Wentzel, Helv. Phys. Acta 21, 49 (194 
3 Chang, Am. Phys. Soc. (April 29, 1948). 





Neutron Deficient Isotopes of Cerium 
and Lanthanum 


J. B. CHUBBUCK AND I. PERLMAN 


Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 


August 30, 1948 
AST particle fission of bismuth in this laboratory has 
produced neutron deficient isotopes in the’ region of 
cerium.! The studies described herein were undertaken 
partly to identify some of these. 

On the neutron deficient side of stability, two radio- 
active isotopes of lanthanum assigned to La!?%3 and 
La!88 4 have been reported, but recent measurements® show 
La!88 to be stable or extremely long-lived and present in 
naturally occurring lanthanum to the extent of 0.089 
percent. Evidence is presented below for assigning the 
reported radioactive properties of La'’? to La and those 
of La!88 to La!®, 

To prepare the lanthanum activities cesium in the form 
of CsNO; was irradiated with 30-Mev helium ions in the 
60-inch cyclotron. The lanthanum fraction was separated 
and the decay curve resolved into two components of 
2.1-hour and 19.5-hour halfslives. Both of these activities, 
therefore, must belong to isotopes of lanthanum of mass 
number 136 or lower. 

A low resolution beta-ray spectrometer showed a positron 
of 0.82 Mev, decaying with the 2-hour half-life, the energy 
estimated from the visual end point of the spectrometer 
curve. No negative particles were detected. A Feather 
analysis of a beryllium absorption curve, taken soon after 
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the bombardment, gave a range ‘in beryllium of 310 
mg/cm’, corresponding to an energy of 0.84 Mev. 

A beryllium absorption curve was taken about twenty- 
four hours after the bombardment, when the 2.1-hour 
activity had decayed out. This curve showed no particle 
radiation, but a 5.2-kev L x-ray component could be re- 
solved from the harder electromagnetic radiation. The 
positron activity determined earlier therefore belongs en- 
tirely to the 2.1-hour activity. Earlier absorption curves 
taken with aluminum showed the presence of a 34-kev 
x-ray while a 0.76-Mev gamma-ray in low intensity was 
determined by lead absorption. All of the electromagnetic 
radiation noted soon after bombardment could be at- 
tributed to the 19.5-hour activity that was present; thus 
the 2.1-hour activity probably has no electromagnetic 
radiation. In the 19.5-hour activity x-rays were more 
abundant than gamma-rays by a factor of about 50, 
indicating that most of the electron capture decay goes 
directly to the ground state. 

As indicated in Table I, the 2.1-hour activity was formed 
in about 1/100 the yield of the 19.5-hour activity. With 
the energy of helium ions employed (30 Mev), the (a, 2”) 
reaction is more prolific than the (a, m) reaction.6 The 
order of the decay energies is also compatible with the 
assignment of the 2.1-hour period to La! and the 19.5- 
hour period to La", 

The radioactive isotope of cerium decaying by K-elec- 
tron capture and assigned to mass number 137 is discussed 
below. The lanthanum daughter of this isotope was not 
definitely observed, and a minimum half-life could be set 
at 400 years, based on x-ray counting rates. 

Cerium activities were produced by irradiating La2O; 
with 20-Mev deuterons in the 60-inch cyclotron. A sample 
of the chemically separated cerium resolved into two 
components: 140-day Ce and a 36-hour activity assigned 
below to Ce'*?, Pool and Krisberg’ have recently reported 
work with Ce!*® in which they found conversion electrons 
and gamma-radiation of 0.184 and 0.8 Mev, respectively. 
In the present study, the conversion electrons were con- 
firmed, the low energy gamma-ray was determined as 
0.18 Mev, but a value of 1.8 Mev was found for the hard 
component. The conversion electrons were determined as 
0.15 Mev, both with the beta-ray spectrometer and by 
absorption in beryllium. 

In another bombardment of La2O;, 40-Mev deuterons 
from the 184-inch cyclotron were employed. This bombard- 
ment produced the 36-hour activity in far greater yield 
compared to the 140-day activity than did the 20-Mev 
deuteron bombardment. These two cerium activities are 
therefore probably not isomers, and the most likely assign- 
ment for the 36-hour activity is Ce’. 

A sample containing the 36-hour activity showed a well 
defined conversion electron peak, with an energy of about 
0.23 Mev. There was no positron activity with this isotope. 
A beryllium absorption curve indicated a range of about 
45 mg/cm?, corresponding to an energy of about 0.22 
Mev. An aluminum absorption curve showed the presence 
of 34-kev x-rays while gamma-rays of 0.28 and 0.75 Mev 
were measured with lead absorbers. 
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A third bombardment of La:O; was made, this time with 
60-Mev deuterons, in an attempt to prepare the parent of 
La by the d, 6m reaction. The 36-hour Ce’ activity was 
formed in such high yield that the Ce! activity was com- 
pletely masked in the gross decay curve, but a sample of 
the cerium activity placed on the beta-ray spectrometer 
showed positron activity. Because of the great background 
from scattered radiation, the positron energy could only 
be estimated as 0.4 Mev. Integration of the area under the 
positron peaks of successive beta-ray spectrometer curves 
taken for two days indicated a half-life of about 16 hours. 
It was impossible to determine any other characteristics 
of this isotope. The activity is assigned to Ce! because it 
had not appeared in bombardments at lower energies, and 
19.5-hour La'® could be shown to grow into the cerium 
fraction at a rate corresponding to a half-life for its parent 
of about 16 hours. 

The cooperation of Dr. J. G. Hamilton, Mr. D. C. 
Sewell, Mr. J. T. Vale, Mr. T. Putnam, Mr. B. Rossi, and 
other members of the 60-inch and 184-inch cyclotron 
groups is gratefully acknowledged. This research was 
sponsored by the Atomic Energy Commission under Con- 
tract No. W-7405-eng-48 with the Radiation Laboratory, 
University of California, Berkeley, California. 

1R. H. Goeckermann and I. Perlman, Phys. Rev. 73, 1127 (1948). 

2K. E. Mounce, M. L. Pool, and J. D. Kurbatov, Phys. Rev. 61, 
38) ee Weimer, M. L. Pool, and J. D. Kurbatov, Phys. Rev. 63, 
Ort L Pool, J. M. Cork, and R. L. Thornton, Phys. Rev. 52, 239 
3G. Inghram, R. J. Hayden, and D. C. Hess, Jr., Phys. Rev. 72, 
967 (1947). 


6 G. Wilkinson, private communication. 
7M. L. Pool and N. L. Krisberg, Phys. Rev. 73, 1035 (1948). 





Anomalous Values of the Thermionic 
Emission Constant 


HEnrY F. Ivey 


Research Department, Lamp Division, Western Electric Corporation, 
Bloomfield, New Jersey 


July 19, 1948 


HE theoretical value for the thermionic emission 
constant, A, in the Richardson-Dushman equation, 
I=AT?* exp(—e¢/kT), is 120 amp./cm? deg.? In general, 
measured values are smaller than this figure. Recently two 
papers+? have appeared in which an attempt is made to 
explain theoretically the anomalously large values of A re- 
ported for some metals, and in particular for nickel. Both 
of these authors have accepted the experimental value 
of Fox and Bowie* for nickel, A =1380 amp./cm? deg.? 
X (¢=5.03 ev). As is well known and indeed is stressed by 
Wohlfarth,? the emission constants are very sensitive to 
surface impurities. Later, measurements by Wahlin‘ under 
very exacting experimental conditions have resulted in 
values of A =30 amp./cm? deg.? and ¢=4.61+0.05 ev for 
nickel. If these values are assumed correct, then the 
emission constant for nickel is not greater than the theo- 
retical value. 
A similar situation exists in the case of platinum. The 
often quoted DuBridge’ measurements gave A =17,000 
amp./cm? deg.? and ¢=6.27 ev. Later measurements by 
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Van Velzer® resulted in A=170+20 amp./cm? deg.? and 
¢=5.40+0.03 ev after severe heat treatment. The more 
recent investigations of Whitney’ have given values of 
A =32 amp./cm? deg.? and ¢=5.32 ev. In the words of 
Whitney, ‘‘Special explanations to justify the exceptional 
behavior of platinum now seem unnecessary.” 

The only other metal for which an A value greater than 
120 amp./cm? deg.? has been reported is zirconium, for 
which Zwikker® obtained A =330 amp./cm? deg.?, ¢=4.12 
ev. Recent experiments? in this laboratory seem to indicate 
that there is no anomaly for this material either, the 
values being at least as low as A = 120 amp./cm? deg.? and 
¢=4.00 ev. 

The latest measurements therefore seem to indicate that 
there is no clean metal with an emission constant larger 
than the theoretical value, and complicated theoretical 


arguments to explain such values are unnecessary. A satis- . 


factory explanation of the fact that the experimental 
values for clean metals in general are smaller than the 
theoretical value, while those for metals which are not 
clean may be larger than this value, is of course still very 
desirable. 


1Sun Nien T’ai and W. Band, Proc. Camb. Phil. Soc. 42, 72 (1946). 

2? E, P. Wohlfarth, Proc. Phys. Soc. 60, 360 (1948). 

3G. W. Fox and R. M. Bowie, Phys. Rev. 44, 345 (1933). 

4H. B. Wahlin, Phys. Rev. 61, 509 (1942). 

5L. A. DuBridge, Phys. Rev. 32, 961 (1928). 

6H. L. Van Velzer, Phys. Rev. 44, 831 (1933). 

7L. V. Whitney, Phys. Rev. 50, 1154 (1936). 

8 C. Zwikker, Physik. Zeits. 30, 578 (1929). 

®Sponsored by the Signal Corps Engineering Laboratories, U. S. 
Army, under Contract No. W-36-039-sc-33643. 





Anomalous Values of the Thermionic * 
Emission Constant 


E. P. WOHLFARTH 
Department of Physics, Leeds University, Leeds, England 
July 26, 1948 


N a recent paper! the writer has given a theoretical 
treatment of the temperature variation of thermionic 
emission constants of metals, with particular reference to 
nickel. In this treatment the effect of the overlap of the d 
and s electronic energy bands is considered, following 
earlier work by Sun Nien T’ai and Band.? It is shown that 
for nickel, for which the unoccupied energy width of the d 
band is relatively small, there is a marked decrease of the 
work function, x, with temperature. By writing the 
Richardson-Dushman equation in the form 


I=A(1—7)T? exp(—xo/kT), 
with xo constant, the current constant A, defined by 
A/Ao=exp(xo—x)|kT, 
increases with temperature, Ao being the “standard’”’ con- 
stant, 120 amp. cm~* deg.~*. It is shown, by employing 
precise values of Fermi-Dirac functions, that the increase 
is such as to make A/Ao equal to about 2 at 1400°K. The 


treatment given is necessarily rather complicated, if the 
effect of band overlap on thermionic emission is to be 
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accurately assessed. The experimental value of A for 
nickel:due to Fox and Bowie,? A = 1380 amp. cm deg.~?, 
which was thought to be the most recent and reliable, is 
about six times larger than that calculated. It has been 
pointed out to the writer by Dr. H. F. Ivey that the more 
recent values of A due to Wahlin‘ are much smaller than 
the calculated one. Various possible reasons for anomalous 
values of the current constant, either larger or smaller 
than the theoretical A, have already been given! and are 
briefly summarized below. 

In the first place, the theoretical value derived from a 
consideration of electronic energy bands does not allow for 
the effects of surface charging, thermal expansion, etc. 
These have been fully recognized and discussed by Herz- 
feld,5 Becker and Brattain,® Wigner,’ Reimann,? and others, 
who have shown that the effects introduce a multiplying 
factor which may be greater or less than unity. (The effect 
of thermal expansion on the number of electrons per unit 
volume, for example, was shown by Reimann® to be a 
decrease of the current constant by a factor which may be 
as much as 5.) Secondly, the representation of the therm- 
ionic current by a Richardson line leads to a value of logA 
as determined by extrapolation of the line to 1/T=0. 
The experimental results are usually obtained at tempera- 
tures corresponding to 1/710‘ lying between 5 and 10, 
and the long-range extrapolation may often be’ uncertain, 
leading to slight errors in logA and correspondingly larger 
ones in A. In addition, with a temperature dependent work 
function, the value of A derived by this means usually 
varies with the temperature of observation, and is thus of 
less direct theoretical significance than was previously sup- 
posed. Finally, as pointed out by Wahlin‘ and others, the 
effect of the heat treatment of the specimen, prior to 
measurement, is of predominant importance. The earlier 
measurements on nickel? were made after severe out- 
gassing, and the specimens were considered pure. Wahlin 
heat-treated his specimens even more rigorously and ob- 
tained current constants which decreased from values of 
the same order as those observed by Fox and Bowie’ to 
much lower ones of about 30 to 70 amp. cm~ deg.~*. As 
Wahlin points out, one effect of prolonged heating may be 
the diffusion of impurity atoms to the emitter surface. 
This might lead to the formation of a monatomic surface 
film, as in the case of thoriated tungsten, for which very 
small values of A have been observed,® due, possibly, to 
an increase in the reflection coefficient. Although Wahlin’s 
specimens were stated to be free from cobalt and platinum, 
minute traces of other impurities, of sufficient amount to 
form a monatomic film, might well have been present. 

In view of the many factors which are difficult to control 
and which may influence the thermionic emission to an 
unpredictable extent, it is not surprising that there are 
such marked differences among the experimental values 
of A. The theoretical calculations are believed to be 
essentially correct for the ideal metal, but they make no 
allowance for the various disturbing secondary effects. 
Until these are more fully understood, no really satisfactory 
comparison of theoretical and experimental results can be 
made. It is perhaps not irrelevant to point out that the 
more recent work raises the question as to whether the 
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apparent agreement of the experimental values of 4, 
reported earlier for many metals,® with the standard 
value of 120 amp. cm~ deg.~ is more than fortuitous. 


1E. P. Wohlfarth, Proc. Phys. Soc. 60, 360 (1948) 
> Sun Nien T’ai and W. Band, Proc. Camb. Phil. Soe, = po (1946). 
3G. W. Fox and R. M. Bowie, Phys. Rev. 44, 345 (19 

4H. B. Wahlin, Phys. Rev. 61, 509 (1942). 

5K. H. Herzfeld, Phys. Rev. 35, 248 (1930). 

6 J. A. Becker and W. H. B. Brattain, Phys. Rev. 45, 694 (1934). 

7E. P. Wigner, Phys. Rev. 49, 696 (1936). 

8A. L. Reimann, Nature 133, 833 (1934). 

9A. L. Reimann, Thermionic Emission (Chapman and Hall, Ltd., 
London, 1934). 





Erratum: The Magnetic Threshold . 
Curves of Superconductors 


[Phys. Rev. 72, 89 (1947)] 
J. G. Daunt 
Mendenhall Laboratory, Ohio State University, Columbus, Ohio 
August 24, 1948 


N a letter with the above title a misprint occurred in 
Eq. (2), giving the temperature dependency of the 
number of superconductive electrons. This should read: 


m= nol 1 —(T/T)*]. 


This is in agreement with the experimental results ob- 
tained so far by penetration depth measurements.' It also 
can be deduced, as pointed out by the author earlier, from 
the two-fluid theory of superconductivity of Gorter and 
Casimir,? provided a parabolic form*~* is assumed ‘for the 
magnetic threshold curves. A further discussion of this 
has been given by Miller.* It should be remembered that 
this result quoted above treats only the thermodynamic 
properties of the superconductor and any subsequent 
evaluation of electrodynamic properties must involve 
further assumptions. 

1J. G. Daunt, A. R. Miller, A. B. Pippard, and D. Shoenberg, Phys. 
Rev. 74, 842 (1948). 

2C, J. Gorter and H. Casimir, Zeits. f. tech. Physik 15, 539 (1934). 

id. A. Kok, Physica 1, 1103 (1934). 

4J. G. Daunt, A. Horseman, and K. Mendelssohn, Phil. Mag. 27, 

754 (1939). 


5 J. G. Daunt, Phys. Rev. 72, 89 (1947). 
*A. R. Miller, Aust. J. Sci. (June, 1948). 





Divergence Difficulty and Mixed Meson Theory 


GENTARO ARAKI 
Depariment of Industrial Chemistry, Kyoto University, Kyoto, Japan 
July 7, 1948 


HE divergence of the magnetic moment of the nucleon 
is one of the grave difficulties of Yukawa’s theory of 
mesons. Another difficulty is that the nuclear potential 
involves also divergent integrals according to the one- 
meson theory, although this fact has not yet been fully 
noticed. These difficulties can be removed by mixing a 
pseudoscalar field with a pseudovector one. The pseudo- 
scalar theory! gives the proton a positive surplus magnetic 
moment, whereas the pseudovector theory has a negative 
one. They are given by the following divergent integrals: 


wr=+(e/he)(f2/8¥2/3x) f° [eidk/(P + )] 


(pseridoscalar), 


(1) 
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up = — (e/hc)(g*/K*)(2/3x) f° [e'dk/(t+-K2)*] 


(pseudovector), 


(2) 


where f and g are, respectively, the constants of pseudo- 
vector and six-vector couplings of pseudoscalar and pseudo- 
vector mesons with nucleons, and hx/c and hK/c are, 
respectively, the masses of pseudoscalar and pseudovector 
mesons. If we consider a mixture of both fields and, further, 
if we assume (f/«x)?=(g/K)? and «<K, the surplus mag- 
netic moment of the proton becomes a following positive 
finite value: 


up = (e/2x)(f?/he)[(K/x)—1]. (3) 


This amounts to 1.86 nuclear magnetons, i.e., the observed 
value, if K =4.7«, f?=0.05hc, and M=10y, where np and M 
denote the masses of the pseudoscalar meson and the 
proton. Various experimental evidences are in favor of the 
pseudoscalar theory.? The scalar theory does not explain 
the magnetic moment of nucleons (in the Schrédinger 
approximation), and the vector theory gives the proton a 
positive surplus moment. Therefore, there is no remedy 
for the difficulty but the above-mentioned mixture. 
Schwinger’s mixture* must be ruled out in this respect. 

The present mixture removes also the divergent and r~® 
difficulties from the nuclear potential. The nuclear potential 
in the symmetrical pseudoscalar meson theory has the 
same form as that given by (4) below, but ¢ and x involve 
divergent integrals. The divergent part of ¢ represents a 
direct interaction and it can be eliminated in the relativisti- 
cally invariant way by introducing its negative in the 
Hamiltonian.? ‘ In the case of the pseudovector theory the 
sign of (4) is to be reversed and f and « are to be replaced 
by g and K. In this case ¢ and x involve the divergent 
terms also. The former can be eliminated in the same way. 
On the contrary, the divergent part of x cannot be excluded 
in such a way in both cases. However, this divergent term 
also disappears in the present mixture. The nuclear poten- 
tial becomes the following finite expression: 


U= (ee /2){(6Me®/3)6-+Ax}, (4) 


where A=3(0x)(o@x)/r?-—o@%e®, and @ and x are now 
given by convergent integrals. The function x(r) has only 
a r~ singularity as Schwinger’s mixture.‘ The term in- 
cluding ¢ is repulsive for small 7, attractive for large r, 
and it has consequently a shallow minimum in the even 
state. This feature of ¢ distinguishes the present mixture 
from Schwinger’s. This weakness of the attraction due to 
@ may give a favorable effect to the electric quadrupole 
moment of deuteron caused by Ax-term.? 

The energy spectrum of the nuclear f-decay in the 
present mixed theory is somewhat different from the 
result of the pseudoscalar theory. It is given by 


a(1+b*—2b/e)(e@&—1)3(eo— €)*ede, (5) 


where b=(g’/f’)(x/K). This reduces to the result of the 
pseudoscalar theory if we put b=0. From this and the 
experiment of Bjerge and Brostrém® we obtain the life- 
time of the pseudoscalar meson as follows :° 


ro=10-5|J|2 or 1.6X10-5|J|? sec., (6) 











986 LETTERS TO 


according to b=0.3 or 1, where J is the overlapping integral 
of wave functions (space part) of *He }S and °Li 3S. If we 
assume J=0.5 we have 7o=2.5X10-® or 4X10-° sec., 
which agrees with experiment. This value of J is quite 
reasonable. Such an agreement can only be obtained in the 
pseudoscalar theory, as I pointed out already. Other 
bearing on experimental facts was well discussed for the 
two-meson theory by Wentzel.? 

The detailed report will be published in Progress of 
Theoretical Physics. 

1G. Araki, Prog. Theor. Phys. 1, 1 (1946). 

2G. Wentzel, Rev. Mod. Phys. 19, 1 (1947). 

3 J. Schwinger, Phys. Rev. 61, 387 (1942). 

4G. Araki, discussion in the meeting of meson theory held in Tokyo, 
Sept. 26, 1943. 


5 T. Bjerge and K. J. Brostrgm, Nature 138, 400 (1936). 
6G. Araki, Sci. Pap. I. P. C. R. 40, 311 (1943). 





On the Magnetic Moment of Nucleons According 
to the Pseudovector Meson Theory 


GENTARO ARAKI 
Department of Industrial Chemistry, Kyoto University, Kyoto, Japan 
September 2, 1948 


ECENTLY I have been able to eliminate the diver- 

gency of the magnetic moment of nucleons as well 

as that of the two-nucleon potential by assuming a pseudo- 

scalar-pseudovector mixed theory of mesons.' In this calcu- 

lation I assumed that the interaction between pseudovector 

mesons and nucleons is the 6-vector coupling (g being its 
constant). 

On the other hand, we can equally assume that the inter- 
action is the pseudovector coupling (F being its constant). 
On the basis of an assumption of both the couplings we 
have still the negative surplus magnetic moment of the 
proton. It consists of two terms proportional to F? and g?, 
respectively, but it does not include a term proportional 
to Fg. The g* term was given previously. The F* term is 
as follows: 


up = —(¢/2K)(F*/he)(2/eK) J” ((k!—K%*)/(P-+K?) dk, 


where hK/c is the mass of the pseudovector meson. This 
result provides us with criteria for various mixed meson 
theories. 

We consider three kinds of the pseudovector mesons. 
The first is in interaction with nucleons by the 6-vector 
(antisymmetric tensor of the second rank) coupling, the 
second by the pseudovector coupling, and the third by 
both couplings. These will be referred to as put, pov, and pu, 
respectively. Further, we refer to the vector and the 
pseudoscalar mesons as v and ps, respectively. If we 
consider a mixture of two fields in order to eliminate 
divergencies from the magnetic moment of nucleons and 
the two-nucleon potential, we have eight possibilities as 
follows: (a) ps and », (b) ps and put, (c) v and put, (d) pov 
and », (e) pov and ps, (f) pov and put, (g) pu and ps, (h) pu 
and v. Cases (a) and (b) were already discussed. In the 
cases (a) and (f) we can eliminate the divergency from 
the two-nucleon potential but not from the magnetic 
moment.? In the cases (c) and (e) we can eliminate the 
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divergency from the latter but not from the former. In 
the case (d) we can eliminate separately from each but not 
simultaneously from both. The case (g) reduces to (b) in 
order to satisfy the above-mentioned requirement. 

In the last case (h) the conditions are (G/K1)?=5(g/K)? 
and F?=6g? for that requirement, where hK,/c is the mass 
of v, and G is a constant of the 6-vector coupling between 
v and nucleons. Further, Ki must be smaller than 1.3K 
in order that the surplus magnetic moment of the proton 
is positive and K, must be larger than K in order that the 
electric quadrupole moment of the deuteron is positive. 
Then the spherically symmetric part of the two-nucleon 
potential is repulsive for large r. If we require that it 
becomes attractive for small r, we must restrict K; more 
severely so that 1.14K <Ki<1.3K. 

We have thus examined all cases of possible mixtures 
of two meson fields and we see that only two cases (b) 
and (h) enable us to eliminate the divergencies in question. 
If we want to know which assumption is in accordance with 
experiments, the more detailed study is necessary. 

1G. Araki, Phys. Rev., preceding letter. 


2 The case (f) has been suggested by S. Watanabe in his private com- 
munication for me. 





Erratum: A Convergent Expression for the 
Magnetic Moment of the Neutron 


[Phys. Rev. 74, 2 (1948)] 
D. RIVIER AND E. C. G. STUECKLBERG 
University of Geneva, Geneva, Switzerland 


N our previous letter two misprints have occurred which 
make the text impossible to understand: The formulas 
defining JT? and 6(7?) are 


P= f—7, 
60(T?)=0, T?<0, 
6(T?)=1, T?>0. 





Dielectric Behavior of Single Domain 
Crystals of BaTiO* 


Gorpon C. DANIELSON, BERND T. MATTHIAS, AND 
JoHN M. RICHARDSON 


Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
August 26, 1948 


N accurate determination of the dielectric anisotropy 
of BaTiO; was, till now, partly hindered by the 
domain structure of the crystals. More detailed studies of 
the domain structure of crystals grown from C.P. in- 
gredients indicated that the splitting up into domains is 
largely due to impurities. Two ways of obtaining single 
domain crystals seemed possible: increase of purity or 
the use of mineralizers. The latter way proved to be 
successful. The resultant single domain crystals were large 
(0.5 cm) flat plates with the optic (c) axis normal to the 
major plane. ‘ 
The dielectric measurements were made by conventional 
methods except for the precaution of using painted elec- 
trodes in order to avoid the splitting up into domains 
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readily arising from small mechanical stresses. In agree- 
ment with previous statements! the e. for small fields was 
larger than e,. However, the ratio was found to be orders 
of magnitude larger than previously. At room temperature 
€- and €, were found to be approximately 3X10? and 
2105, respectively, and near the Curie point (122°C) 
they both reached flat peaks having maxima about twice 
the values at room temperature. 

These dielectric constants show a marked decrease with 
frequency? in the range of about 1 to 10 mc. The relaxation 
time of €. was found to be about 1077 sec. and that of « 
seemed to be about 10-® sec., although there were experi- 
mental difficulties in the latter case. 

Having a single domain, we could now verify by x-rays 
the displacement of the Ti or O ions from their symmetric 
positions. Weissenberg pictures showed this displacement 
to be ~0.16A in agreement with experimental values of 
the spontaneous polarization.’ 

Detailed results will be presented in a forthcoming 
paper. 


1B. T. Matthias, Nature 161, 325 (1948). 

2 The authors are indebted to W. A. Yager of Bell Telephone Labora- 
tories for performing these measurements. 

3H. F. Kay and R. G. Rhodes, Nature 160, 126 (1947). 





Theory of the Dielectric Behavior of BaTiO; 


JoHN M. RICHARDSON AND BERND T. MATTHIAS 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
August 26, 1948 


N the preceding letter we have presented measurements 
of the real part e’ of the complex dielectric constant of 
a single domain crystal of BaTiO; as a function of the tem- 
perature and of the frequency w along the a and ¢ axes 
(L and II to the direction of spontaneous polarization). 
Here we will advance a theory for the spontaneous polar- 
ization and for the relative magnitudes of e’ along the a 
and ¢ axes. We will also discuss in a qualitative way the 
frequency dependence. We will consider possible reasons 
for the anisotropy of the experimental dielectric measure- 
ments above the Curie point (122°C) which are in con- 
tradiction to x-ray studies.4? 

Let the BaTiO; crystal be represented by the idealized 
system consisting of a cubic lattice of cubically symmetrical 
potential wells (representing short-range interactions with 
the oxygen nearest neighbors), each containing one Ti ion 
subject to Coulomb interactions with the other Ti ions. 
Let rn be the displacement of the mth Ti. ion from the 
central position in its potential well and suppose that the 
distribution of charge in the neighborhood of the Ti ion 
be such that there is no net charge and such that when 
r,=0 there is no net electric moment. The moment of the 
nth Ti ion is U,z=grn, where q is the effective charge. It is 
now our task to calculate the average moment of a Ti 
ion when the applied field is E (average field in the 
material). 

The quantum-mecthanical density matrix p for the 
system if given by maximizing the entropy S= —kir(p logp), 
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subject to the restrictions that the average energy is fixed 
and that the density matrix is normalized. By approxi- 
mating the density p by II, pn, where px is the density 
matrix for r, and where all of the p,’s are of the same form, 
the above variational process yields the following equation 
forming the basis of a simple cooperative theory: 


()w = tr (ui exp[ — (Hi—wi-F)/kT])/ 
tr exp([—(Hi—wi-F)/kT], (1) 


where H, is the Hamiltonian operator for a Ti ion in its own 
potential well acted upon by no other forces, and where F 
is the so-called local field approximating the Coulomb inter- 
actions with neighboring Ti ions. Including mow the polar- 
izability a per unit cell associated with everything but 
the displacement of Ti ions, we find the local field to be 
given approximately by 


F=[E+ (4%/30)(f)wJ/L1 — (4ae/30)], (2) 


when v is the volume of a unit cell. Eliminating F from 
Eqs. (1) and (2) and solving for (ji), we have the final 
solution of our problem. In the case in which (ji1)4=0 and 
E=0 we find the dielectric constant (at zero frequency) 
to be 
€o= leo, 
(eo—1)/(€0+2) = (4/30) (a+earti), (3) 


where 


api = 3255 (ur, ég° Ur, i 
X Lexp[— Ai, :/kT]—exp[— Ai, ;/kT]/ 
(Ai, ;— Ai, :)])/2; exp[—Hi:/kT] (4) 


is the ionic polarizability of the Ti ion. (ui, ;; are the matrix 
elements of wu; in a representation in which H; is diagonal, 
that is, Hy, :;= Ai, ;-6;;.) It is found that with E=0 Eggs. (1) 
and (2) have a unique solution (j:)4,=0 when 


(4x/3v)(at+earti) <1, (5) 


and that when the inequality is reversed there are several 
non-vanishing solutions in addition to the solution (j11)4,=0 
which is then unstable (44/3 catastrophe). Using (ji1)y 
=(ji1)w/q as a parameter of external force, we find the 
free energy, A, of a Ti ion in the first case to have one 
minimum at (r1)y=0 and no other extrema, and in the 
second case to have one maximum at (f1)4,=0 and several 
minima at points (f1)40. Thus the existence of spon- 
taneous polarization in BaTiO; can be explained on the 
basis of this simple picture in which an excessively large 
polarizability? per unit volume causes the cubic structure 
to become unstable. 

The simple facts regarding ¢« and the direction of spon- 
taneous polarization can be understood by assuming A to 
be a cubically symmetrical 4th degree polynominal in (r1),y. 
In this case it is found that spontaneous polarization can 
occur only in a (100) or (111) direction. If a system is on 
the border line between these two types of polarization, the 


‘ dielectric constant L to the direction of spontaneous polar- 


ization will be infinite. The large ratio e./e. of the dielectric 
constants Land I] to the direction of spontaneous polariza- 
tion in BaTiO; can be explained by assuming that the 
crystal is spontaneously polarized in a (100) direction but 
is on the verge of going over to a (111) direction, 
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The frequency dependence of e. and ¢ can be fitted 
fairly well by curves based upon one relaxation time each: 
rq and r,. It is found experimentally that 74/r-~10. Pre- 
sumably there are no domains and consequently no 
hysteretic losses associated with domain boundary move- 
ments. The losses might be assumed to arise from the 
anharmonic interactions between the motion of the Ti 
ions and the other normal modes of nuclear motion. The 
anharmonicity of the motion of Ti in the a direction will 
be much larger than that of the motion in the c direction 
because of the much lower harmonic force constant in 
the former case. Hence there will be a much larger inter- 
action between the motion of Ti in the a direction and the 
other normal modes than in the case of the c direction. 
Consequently we would have ro/r->1. 

The observed dielectric anisotropy above the Curie 
point (122°C) in these experiments is still unexplained. It 
must be remembered that the sample is macroscopically 
very anisotropic, the thickness (in the c direction) being 
only a few hundredths of the length and breadth (in the 
a and 6b directions). A marked anisotropy of ¢ in the 
normally cubic crystal may be caused by strains produced 
in the growth process. Since the thickness is only a few 
micros, it is not impossible that some surface effects are 
coming in. 

The subjects discussed here will be treated more fully 
in a forthcoming paper. 


1H. D. Megaw, Proc. Roy. Soc. A189, 261-83 (1947). 

2G. C. Danielson, private communication. 

3 It is possible that an abnormally high electronic Seto of O- 
is largely responsible. See W. Shockley, Phys. Rev. 73, 1273 (1948). 





Natural and Induced Ferromagnetic Resonance 


J. B. Brrxs 
Depariment of Natural Philosophy, The University, Glasgow, Scotland 
August 23, 1948 


HE complex permeabilities of several ferromagnetic 
compounds have been measured over the frequency 
range 500-28,000 Mc/sec. by the dual impedance wave- 
guide method.! In each case, the magnetic dispersion and 
absorption have similar resonance characteristics to those 
observed in y-ferric oxide,* with the real component of 
permeability falling below unity, and the magnetic loss 
tangent passing through a maximum, at frequencies of 
3000—10,000 Mc/sec. The observations agree well with the 
theoretical formula for a damped resonance 


(u—1)/(uo—1) = vn? / (vn? — v? + ivr’), (1) 


where yo, » are the permeabilities at low frequencies and 
at frequency », respectively, v, is the natural resonant 
frequency, and »’ is the damping frequency. 

This natural ferromagnetic resonance is attributable to 
Larmor spin resonance in the internal anisotropy and/or 
strain field H, of the material.? Using the relation 


(2) 


where yz is the Bohr magneton, and taking g=2 for an 
electron ‘spin, the effective values of H, can be derived 


hyn = gush, ; 
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from the experimental values of v,. Data for typical speci- 
mens of three of the compounds investigated are tabulated 
below. 

The induced ferromagnetic resonance has also been in- 
vestigated in these compounds. Kittel* has considered the 
theory of this resonance absorption, which occurs when a 
large magnetostatic field is applied perpendicular to the 
microwave field in the ferromagnetic, and he has shown 
that the simple resonance condition 


hv; =gusH; (3) 
is valid only for spherical specimens, the relation being 


modified in other cases by the shape demagnetization 


coefficients. 
Spherical samples, 0.125’’ diameter, moulded from mix- 


tures of the powdered compounds with paraffin wax, were 


- located centrally: in an Ho: wave-guide section, \,/2 in front 


of a terminating short. The frequency of operation »; was 
9721 Mc/sec. A perpendicular magnetostatic field was 


‘applied parallel to the narrow side of the guide, and the Q 


of the wave-guide section was determined, by standing 
wave measurements, as a function of the applied field. 
The field H, at which maximum absorption occurred is 
given in the table. H, was found to be independent of the 
mixture concentration, so that the results may be taken 
as valid for the solid. ; 

If H, is substituted for H; in (3), anomalous values of 
greater than 2.0 are obtained, similar to those found by 
other observers on supermalloy* and Zn-Mn ferrite,5 who 
offered no explanation of the cause of the anomaly. In the 
table the theoretical values for a free spin are included for 
comparison, and it will be noted that there is a definite 
correlation between the magnitude of the internal field H,, 
and the deviation of H, from the free spin value. 


Material vn(Mc/sec.) Hn(Oe) H,(Oe) Hi g 
Ni-Zn ferrite 6250 2240 2630 3456 2.01 
Fe;0, 5200 1850 2940 3474 2.00 
-Fe:0; 3850 1370 3170 3454 2.01 
Free spin 0 0 3470 3470 2.00 
(Theoretical) 


It is evident, therefore, that the anomalous g values 
arise from neglecting the effect of H,. A theoretical re- 
lation has been derived for H;: 


H;= (H+ H;*)}, (4) 


which is in close agreement with the experimental data. 
The values of H; and g derived from (4) and (3) are 
tabulated. 

It is likely that the anomalous g values reported for 
supermalloy and Zn-Mn ferrite*® are due to internal fields. 
Although supermalloy is stated to have a low natural 
anisotropy, the preparation of the thin-sheet specimen 
used by Yager and Bozorth may have introduced an 
artificial strain anistropy. 

A fuller account of this work will be published later. 

1J. B. Birks, Proc. Phys. Soc. 60, 282 (1948). 

2 J. B. Birks, Nature 159, 775; 160, 535 (1947). 

3C. Kittel, Phys. Rev. 73, 155 (1948). 


a A. Yager and R. M. ‘Bozorth, Phys. Rev. 72, 80 (1947). 
W. H. Hewitt, Jr., Phys. Rev. 73, 1118 (1948). 
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The Radioactive Decay of K** 


L. B. Borst AND J. J. FLloyp 
Brookhaven National Laboratory, Upton, New York 
September 10, 1948 


OR some time we have been interested in the radio- 
active decay of K*° and its geochemical significance. 
This note reports preliminary observations made on the 
B-ray from a sample of potassium enriched 14-fold in K*, 
obtained from the Stable Isotopes Division of the U. S. 
Atomic Energy Commission, and, in addition, a test for 
argon extractable from Permian sylvite obtained from the 
Department of Mineralogy, Harvard University. 

Current interest in this problem is high because of the 
difficulty in establishing the partial disintegration constant 
for electron capture A,, because of the uncertainty in the 
partial disintegration constant for B-emission dg, and be- 
cause of the uncertainty in the energy changes involved 
in electron capture and the 8-processes and their relation 
to -emission. 

Gleditsch and Gr&f? and Birch*® have pointed out that 
too low a half-life for decay will be difficult to accept in 
view of the existence of rocks of ages up to 2X10 yr.,?>4 
which could not crystallize if the K* heat output exceeds 
some roughly known upper limit. In particular the low 
value ‘recently reported by Bleuler and Gabriel® for the 
total half-life of K*, 7,=(2.4+0.5)X10® yr., has been 
the subject of discussion®* and of detailed criticism by 
Ahrens and Evans.® These last authors report a revised 
half-life of (4.50.5) X 108 yr. based on a reinterpretation 
of older counting data and an interpretation of the trends 
in the calcium to potassium ratio of old and young lepido- 
lite samples. 

The results reported below lead to a still higher value 
for the half-life for decay of K*° of 4-12 X 108 yr. 

1. Specific beta-activity. A sample of KCl weighing 18.9 
mg, and containing 0.15+0.02 percent K*°, was studied in 
thin layer (2.5 mg/cm?) mounted on thin aluminum 
(7 mg/cm?), using a mica window counter and aluminum 
absorbers’ (Fig. 1). The data plotted are individual count- 
ing rates after subtracting the counter background. The 
broken line indicates the y-ray contribution evaluated 
from a sample of normal potassium metal. Using a ge- 
ometry of 21+1 percent, calibrated by UX2 and RaE-RaF 
counting, the measured activity at zero total absorber was 
found to be 331 counts/min., with back-scattering negli- 
gible. 19.4-mg normal KCl, measured under similar cir- 
cumstances, showed an activity of 3.0+0.6 counts/min., 
entirely consistent with the value for the enriched sample. 

From the observed activity of the enriched sample the 
partial disintegration constant for B-emission is 


Ag = (3.90.4) X10 yr.-; 


this value is slightly smaller than that of Miilhoff,* smaller 
than that derived in a complicated manner by Ahrens 
and Evans,® and also much smaller than that of Bleuler 
and Gabriel. The difference in the last case may well be 
due to back-scattering.® 

2. Beta-energy. Using standard techniques”® the Al ab- 
sorption curve of the 8-rays from the enriched sample was 
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compared with the B-rays UX: and RaE. Comparison with 
the latter by the Feather method up to 60 percent of the 
range led to an extrapolated range of 900 mg/cm?. The 
Feather analysis is shown in the insert in Fig. 1. This range 
corresponds to a maximum #-energy of 1.9+0.2 Mev, 
slightly higher than the new value of 1.70+0.15 Mev re- 
ported by Franchetti and Giovanozzi,!® and substantially 
higher than older values* ®" of 1.3-1.4 Mev. 

Within the limits of experimental accuracy, the ab- 
sorption curve of K*® is of identical shape to that of RaE. 
In contrast it is of markedly different shape from that of 
UX2, having many more low energy electrons. The K* to 
Ca* transition involves a spin change of four and is usually 
assumed to be three or fourfold forbidden.” Since high 
resolution §-ray spectra will not be available until much 
more highly enriched K** samples are available, the present 
comparison between the RaE spectrum, usually considered 
singly or doubly forbidden," and K* provides the best key 
to the shape of highly forbidden spectra. 

3. Assignment of the. gamma-transition. Ahrens and 
Evans® have determined that the y-ray energy output 
from normal potassium is 4.9+0.1 Mev/g-sec. Using the 
energy 1.55+0.05 Mev,?* the disintegration constant for 
emission of a hard y-ray is 


Ay = (0.62 +0.02) X 10-!° yr.—. 


Previous authors® *" have considered that this gamma- 
ray is associated with the electron capture decay rather 
than with electron emission because of the supposed de- 
ficiency of mass difference between K** and Ca‘. Our 
energy experiments reopen the question. 

Dr. C. D. Coryell has pointed out to us that a considera- 
tion of the packing fractions in the series Si**, S*, A**, and 
Ca*® suggests that Ca‘® is. more stable than A’ (M 
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= 39.9755),45 making it more likely that y-emission is 
associated with the emission of a very soft B-ray than with 
electron capture. This is also suggested by the twenty- 
shell argument given by Mayer.* The soft 8-ray is prob- 
ably not counted in the experiments in Part 1, nor in the 
coincidence studies of Meyer, Schwachheim, and deSouza 
Santos.!” If this is true, 4y must be added to the experi- 
mental dg recorded in Part 1, whereas if the y-emission is 
associated with a form of electron capture, A, is included 
in d. calibrated by x-ray emission® or by argon produc- 
tion.18 

4, The yield of A*. Qualitative arguments and semi- 
quantitative calibrations®* have shown that the partial 
disintegration constant for electron capture is of the same 
order of magnitude as that for electron emission, and that 
positron emission is less than 1 percent of electron emis- 
sion. Bleuler and Gabriel report X.:\g=1.9+0.4, and 

Ahrens and Evans report’ 1.4+0.2. Our modification of 
the value of \g would tend to support a higher ratio than 
the Ahrens and Evans analysis. 

The argon content of a sample of Permian sylvite 
(KCl) of estimated age 2 10* yr. was determined by col- 
lection of the total permanent gas obtained on dissolving 
in air-free water. The total gas evolved was 0.0046 cm*/g 
of K at S.T.P. No attempt was made to assay the argon 
content of the gas sample. If it be assumed that no A‘ 
was lost from the sylvite, and that no other permanent 
gases were occluded in the mineral or introduced in the 
manipulations, the partial disintegration constant for 
electron capture would be 


2.8X10- yr.-, 


if Agt+A,=4.5X10-"° is used for total B-emission. Essen- 
tially the same result is obtained if \g=3.9 X10- is used, 
associating -y-emission with electron capture. 
Contaminates in the extracted gases would make this 
value high whereas, more important, loss of A‘ from the 
mineral would make this value low. Indeed, Suess!® has 
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reported much lower limits on the quantity of A‘ - 
sylvine and carnallite, corresponding to \e=3 X10-" yr.- 

It seems reasonable to suppose that d, lies between 2 at 
12X10~° yr.-! (between two-thirds and three times our 
observed value), corresponding to a range of \.:Ag from 
0.5 to 3. 

5. Gross decay. The summation of the decay constants 
dg, Ay, and A, gives the range (5.9-16.5) X 107! yr.—! for the 
total disintegration constant, corresponding to a range in 
half-life (4-12) X 108 yr.; we have a subjective preference 
for a half-life of 6108 yr. based on A.=7 X10-" yr.—! and 
(Ag+Ay) =4.5 107! yr“. The estimated isotopic abun- 
dance of K*° at the time of nucleogenesis (~3 X 10° B.C.) 
is, therefore, about 0.5 percent. The estimated current 
heat output of natural potassium from dg and an average 
B-energy of 0.6 Mev and the known 7-energy output® is 


‘ now considered to be 20 microcal./yr. per gram of potas- 


sium, and the value at the time of petrogenesis (~2.4 
X10° B.C.) was roughly sixteen times as great—300 
microcal./yr. per gram of potassium. 


* Research work done at Brookhaven National Laboratory under the 
auspices of the Atomic Energy Commission. 
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